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A B S T R A C T  A R T I C L E  H I S T O R Y 

 

Finding an optimum design based on collapse safety assessment for bracing systems in steel structures can result in a safer 

and economical design, and therefore is highly desirable. Several works in the literature have successfully applied various 

design methodologies for braced frames. The occurrence of unforeseen events outside the scope of these designs might 

jeopardize their structural integrity. Therefore, tools such as incremental dynamic analysis and modal pushover analysis 

have been developed to assess the probability of structural collapse. However, their implementation in the design process 

is challenging because their procedures are onerous and time-consuming. To overcome this issue, a straightforward method 

utilizing empirical equation to estimate the collapse margin of the structure is used. The proposed methodology uses the 

brace locations and sections as variables. A probabilistic analysis using multi-element removal identifies the bracing layouts, 

and explicit equations determine their optimal discrete sections. The methodology creates all the possible schemes, then 

identifies the optimal one that has the highest safety index based on a targeted collapse margin ratio. Through solving four 

typical examples of steel framed structures, the practicality, and accuracy of the proposed approach are proved.   
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Notation 

 

The following symbols are used in this paper: 
opt

B
A  = optimal brace section; 

opt

b
A  = optimal discrete brace section; 

s

B
A  = total area of the bracing system; 

s

b
A   = database brace section; 

Ay  = pseudo-acceleration (g); 

B = binary matrix representing the bays; 

B’ = modified binary matrix representing the bays; 

bTC = number of brace forming the type of configuration; 

Cdt = matrix candidate; 

c_sp = count of the sub-parent; 

E = elasticity modulus of the brace (Mpa); 

fr = residual strength (Mpa); 

fy = yield strength (Mpa); 

h = structural height with respect to the ground level (mm); 

IM = intensity measure; 

Kopt = optimal lateral shear stiffness; 

kc = negative slope stiffness; 

ke = initial stiffness; 

ks = second slope stiffness; 

L = total length of the brace (mm); 

l = effective length of the brace (mm); 

Ndb = number of designable bay; 

Nopt = optimal number of the brace; 

Ntb = number total of bay; 

Nub = number of undesignable bay; 

n = number of story; 

Pos = total number of possible brace layouts of the structure; 

pc = number of possible combination for the repartition of the braces; 

pst = matrix containing all possible combinations for brace location; 

Rc = collapse strength ratio; 

SDS = design spectral response acceleration parameter at short periods; 

SD1 = design spectral response acceleration parameter at a period of 1 s; 

SI = safety index; 

SP = sub-parent; 

TL = long-period transition period; 

TS = SD1/SDS; 

T_sp = total number of sub-parent; 

T_p = total number of parent; 

T0 = 0.2SD1/SDS; 

T1 = period of the structure at 1 s; 

uc = maximum displacement (mm); 

uy = yield displacement (mm); 

V = story shear (Mpa); 

X = element of the matrix candidate; 

α = inclination angle of the brace (rad); 

αc = kc/ke; 

αs = ks/ke; 

β = dispersion of the IM; 

f
Δ  = flexure drift (mm); 

opt

s
Δ  = optimal shear drift (mm); 

target
Δ  = target drift (mm); 

opt   = optimal lateral deflection (mm); 
opt

s
  = optimal shear displacement (mm); 

f
  = flexure displacement (mm); 

ζ = damping (%); 

θ = median of the fragility function; 

μ = index ratio of the overturning moment distribution; 

μc = ductility coefficient; and 

ρtotal = total rotation of the slab (rad). 

 

1.  Introduction 

 

The basic design of braced steel structures focuses on their structural 

resistance under frequent and rare earthquakes. With the evolution of the 

computer-aided design, a wide range of design objectives integrates the bracing 

final layout, including topological, geometrical and economic aspects [1]. The 

occurrence of severe events outside the scope of the designs above might 

compromise the integrity of the braced steel structures. The urge to understand 

the unforeseen events leads the researchers to develop innovative ways to assess 

the structural collapse. However, their implementation in the structural design 

remains challenging because the procedures used for estimating the structural 

safety are often onerous and time-consuming. A design methodology based on 

safety criteria would provide a promising tool to obtain an optimal braced steel 

structures design. 

Structural collapse assessment extended to a wide range of engineering 

applications in the past two decades. The breakthrough in the understanding of 

the structural collapse due to seismic events was the introduction of the 

incremental dynamic analysis (IDA) by Vamvatsikos and Cornell [2]. The 

outcome of IDA permits to create a collapse probability curve for the studied 

structure. Although the researchers are unanimous concerning the efficiency 

and reliability of the IDA, they think that it is computationally demanding and 

remains a time-consuming process. They have solved these restrictions by 

approximating the fragility curve with a few series of time history analysis 

(THA) [3-5]. Liu et al. [6] improved the efficiency of the dynamic THA by 

considering geometric nonlinearity. The pushover analysis is also an acceptable 

method for seismic design [7, 8]. On the other hand, Han et al. [9] and Moon et 

al. [10] completely avoided the use of THA by establishing empirical equations. 
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Although this method has some limitations, it gives an acceptable 

approximation of the fragility curve and tremendously improves the calculation 

time of the collapse assessment. FEMA [11] extended the use of the fragility 

curve by proposing a collapse margin ratio (CMR), which becomes the primary 

parameter associated with the evaluation of structural safety. The higher the 

CMR value is, the safer the structure will be. However, several variables related 

to a given ground motion [12, 13], and to the structure [14, 15] might increase 

or decrease the CMR. Also, Xian, et al. [14] stated that CMR is firmly a case-

dependent factor. Therefore, the utilization of some optimization algorithm that 

evolves the use of source models [16, 17] to get the safest structure conflict with 

the present understanding of the CMR. 

Thus, the utilization of CMR as design criteria of the bracing system for a 

given steel structures implies the identification of several brace schemes, i.e. 

brace locations and optimal discrete sections. The issue of the brace locations 

involves the use of probability, more precisely, the occurrence of a given brace 

combination at a given floor and the interaction between that brace combination 

to the others from different floor level. The closest example of this procedure is 

the member removal method [18], where, in this work, the focus of the removal 

is the braces. Gholizadeh and Poorhoseini [19] use predefined brace 

combinations as variable to search the optimal layout of the steel braced frame. 

However, in this work, the authors consider every possible layout to obtain their 

respective optimal total brace sections, which increases the complexity of their 

computational work. Therefore, the proposed design algorithm should calculate 

a single optimal section for all the braces at a given floor, and utilize a database 

composed of the available commercial brace section as variables for the discrete 

results [20]. This approach may take more time and effort, but higher accuracy 

could be achieved. 

The scope of this work is to propose a design optimization of steel 

structures using concentric braces based on collapse safety assessment. The 

brace locations and sections are the variables of this investigation. This paper is 

organized as follows. The next section presents the methodology to identify all 

possible bracing locations; followed by the elaboration of the brace sizing 

optimization, and finalized by the solution algorithm based on CMR calculation 

to get the optimal design.  Examples are presented to show the application and 

efficacy of the proposed method. 

 

2.  Possible brace schemes using probabilitic analysis of multi-element 

removal 

 

2.1. Designable matrix 

 

The idea of designable matrix comes from the fact that in actual 

constructions, engineers do not always have the free choice to install the braces 

in any locations of the building, due to architectural constraints or owners’ 

preferences. The bay where the installation of braces is not permitted is named 

undesignable bay. To quickly count the number of the designable and 

undesignable bays in a given structure, an initial matrix B (B stands for bays), 

representing an elevation view of the building, is established. The elements of 

this matrix form a binary representation, as follow, 

   

( )
tb , tb

,

0 Undesignable bay
          1,..., ;  1,...,

1 Designable bay

i jn N

i j

B
B i n j N

B


=

= = =
=

  (1) 

 

where n and Ntb are the number of story and the total number of bay, 

respectively; the subscript i and j represents the story and the bay. Eq. 2 gives 

the expression of Ntb. 

 
tb db ub

i i iN N N= +    (2) 
 

with 

 
tb

db

,

1

i
N

i i j

j

N B
=

=    (3) 

 

where Ni
db and Ni

ub represent the number of the designable and 

undesignable bays at the i-th story, respectively. 
 

2.2. Matrix brace locations 

 

A probabilistic analysis of multi-element removal identifies all possible 

designable matrix, also known as parents (P), regarding the matrix B. First, the 

algorithm counts and locates each designable bay (DB), by creating a vector DB 

with Eq. 4. 

 

( )tb db

,
for 1 1,..., ;  1,..., , 1,...,i

k i j i i
DB j B i n j N k N= = = = =   (4) 

 
Then, to get all possible combinations for the brace location at the i-th story, 

the authors use the command “nchoosek” in Matlab as shown below. 

 

( ),i

k
pst nchoosek DB u=    (5) 

 

where pst is a matrix containing all possible combinations of the elements 

of DBk
i taken u at a time, and u is a number increasing from 0 to (Ni

db-1). The 

matrix pst has u columns and q! / ((q-u)! u!) rows, where q is the length of DBk
i. 

The first sub-parent, SP, for the i-th story is Bi itself, and then the remaining 

ones utilize the matrix pst as a reference by replacing the element “1” in Bi by 

“0” corresponding to the brace location in each row of pst. 

 

, _ db

if 0

if 1,..., 1

i

i c sp

i i

B u
SP

B u N

=
= 

 = −
   (6) 

 

with 

 

,

,

,

,

,

0 if & 0

0 if & 1

0 if & 0

1 if & 1

i i j

i i j

i j

i i j

i i j

pst j B

pst j B
B

pst j B

pst j B

= =


= =
 = 

 =
  =

   (7) 

 

where B’ is the modified binary matrix representing the bays based on pst 

and B; c_sp stands for the count of the sub-parent. It allocates a number to each 

sub-parent at a given i-th story. c_sp has an increasing value starting from zero 

to T_spi, which is the total number of sub-parent (T_sp) for the i-th story. 

 

( )
1

1

_ 1 ! ! !

db

i
N

i

u

T sp q q u u

−

=

= + −    (8) 

 

where T_spi is the total number of sub-parent for the i-th story. 

Eq. 9 gives the total number of the parent, T_p, resulting from the 

combination of each sub-parent. 

 

1

_ _
n

i

i

T p T sp
=

=    (9) 

 

The matrix parent has three dimensions, i.e. its row, its column, and its page 

correspond to n, Ntb, and pp, respectively. The algorithm creates the matrix 

parent row by row on all the pages by adding in series the sub-parents (SP) of 

the current row, as illustrated in figure 1. 

 

Fig. 1 Illustration of the matrices parent and scheme 

 

2.3. Matrix brace sections 

 

The schemes are the possible repartitions of a given variable related to the 

braces, e.g. mass, stress, or section, inside a parent. In this work, the parent 

provides the boundaries of the search for all possible brace sections of the 

structure. The authors opt for the brace section as a parameter for the creation 

of the schemes because the assignment of actual commercial braces for the 

schemes is simple with the section than the other parameters. With the 
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assumption that only one discrete brace section ( s

bi
A ) is allocated for each story, 

the distribution of optimal number of the brace (Ni
opt) at the i-th story over the 

number of designable bay (Ni
db) gives exactly pci possible combinations for the 

repartition of the braces (pci), or also tagged as “candidates”. Eq. 10 shows the 

expression of pci. 

 

( ) ( )
( )

db db db optdb

opt opt opt

1 ... 1

1 ...1

i i i ii

i

i i i

N N N NN
pc

N N N

− − + 
= =   − 

   (10) 

 

where further details concerning Ni
opt can be found in the next section. 

The candidates, Cdt, come from the manipulation of each i-th row of a 

given parent, and take the form of a vector Cdt, constituted by element X. When 

a possible combination coincides with a designable bay, then ,

k

i j
X  takes the 

value of s

bi
A , otherwise it is zero. k represents the candidate. 

Eq. 11 displays the general expression of all the possible brace sections at 

the i-th story. 

 

tb

tb

tb

1 1 1

,1 ,2 ,
,1

2 2 2
,2 ,1 ,2 ,

,

,1 ,2 ,

  ... 

  ... 
 =

... ...

  ... 

i

i

i i i i

i

i i i N
i

i i i i N

i pc pc pc pc

i i i N

X X X
Cdt

Cdt X X X

Cdt
X X X

  
   

   
     

   
   
       

  

   (11) 

 

In the particular case where the final layout of the bracing systems must be 

symmetric, the rows of Cdt will be sorted out by the following condition, 

 

( )tb

tb

, , 1
          1,..., ;  1,...,  and 1,...,

i

k k

i j i ii N j
X X i n j N k pc

+ −
= = = =    (12) 

 

If no candidates are found, the optimal number of bay Ni
opt needs a 

reevaluation by increasing the coefficient of reduction ci. The next section will 

give detailed information about ci. 

By assuming that the number of candidates found at each story starting with 

the first story, passing at the i-th story, and ending with the n-th story is equal 

to pc1,…, pci,…, pcn, respectively. Eq. 13 gives the total number of possible 

layouts of the bracing system of the structure, symbolized by Pos. 

 

1

1

... ...
n

i n i

i

Pos pc pc pc pc
=

=     =    (13) 

 

3.  Optimal discrete brace sections derived from base-shear method 

 

3.1. Overview and assumptions 

 

The present brace sizing optimization of seismic steel frame structure aims 

to reduce the total steel weight of the braces, which acts as a rough indicator of 

bracing construction cost. It evaluates the total optimal brace section at each 

story and then identifies the optimal discrete brace section related to that story. 

The algorithm uses a database of steel brace sizes, selected from commercially 

available hot-rolled, wide-flange standard steel sections, as design variables. 

The proposed optimization assumes that the resisting systems against to lateral 

loads are the braces, while the beams and columns support the gravitational load. 

Moreover, the deformation of the structure results from the shear and flexure 

displacements, which are the deformation of the braces and the rotation of the 

lower columns, respectively. Figure 2 and Eq. 14 come from the above 

assumptions. 

 
opt opt

s fi i i
  = +    (14) 
 

where δi
opt is the optimal lateral deflection at the i-th story; δsi

opt and δfi are 

the displacements caused by shear and flexure forces, respectively. The authors 

disregard the cross section of beams and columns as variables in the 

optimization procedures similar to the work of Moghaddam et al. [21]. However, 

the methodology checks the stability of all the columns under the combination 

of gravitational and lateral loads according to ASCE-360 [22]. 

 

Fig. 2 Illustration of the combination shear-flexure displacement 

 

3.2. Flexure displacement 

 

Based on the work of Coeto and Teran-Gilmore [23], the bracing systems 

are assumed to behave globally like a beam; thus, the global flexural drifts are 

a consequence of the axial deformation of the support columns. Within this 

context, the global flexural stiffness of the structure can be estimated in the i-th 

story (Ibi) through the full consideration of the axial areas of the support columns 

and the distances, which separates them. 

The flexural drift, 
f
 , at the i-th story is given by the following, 

 

total

f

1

i

i i

j

j

h




=

 =


   (15) 

 

where ρtotal and h are th total rotation of the slab and the structural height 

with respect to the ground level, respectively. 

And the flexural displacement at the i-th story, as: 

 

f f

1

i

i j

j

 
=

=    (16) 

 

3.3. Optimal shear displacement 

 

The optimal shear drift, opt

s
 , can be expressed in function of the lateral 

force (Vi) and the optimal stiffness (Kopt) at the i-th story, as follow: 

 

opt

s opt

i

i

i

V

K
 =    (17) 

 

Moreover, the optimal shear displacement, opt

s
 , at the i-th story, as: 

 

opt opt

s s

1

i

i j

j

 
=

=    (18) 

 

and 

 
opt opt 2

opt

1

cosbi
N

bj i

i

j i

EA
K

L



=

=    (19) 

 

where E and Li are respectively the braces’ modulus of elasticity and the 

total length of the brace at the i-th story, αi is the braces’ inclination angle, Nbi
opt 

is the optimal number of braces at the i-th story, and 
opt

bj
A  is the optimal area 

of the brace at the j-th bay located at the i-th story. 

 

3.4. Total optimal brace section 

 

The optimal number of braces at a given i-th story depends on the number 

of bay available to install the braces, and the type of configuration of the bracing 

system used. Eq. 20 describes the relation between opt

i
N and 

opt

,bj i
A . 

 

opt opt

1

opt

bi
N

Bi bj

j

A A
=

=    (20) 
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where opt

Bi
A  is the total sum of the optimal section of the brace at the i-th 

story. 

By developing Eq. 18, and using the definition of drift, the expression of 

the optimal lateral displacement in function of the optimal lateral drift is giving 

by Eq. 21: 

 

opt opt

s s 1

1

i

i i j

j

j 
− +

=

=     (21) 

 

Substituting the expression of the optimal lateral drift in Eq. 17: 

 

1opt

s opt

1 1

i
i j

i

j i j

V
j

K


− +

= − +

=    (22) 

 

Replacing Eq. 20 into Eq.19 gives a new expression of opt

s
  

 

opt

s opt 2cos

i i

i

Bi i

V L

EA



 =    (23) 

 

with  

 
db

i i i TC
L N l b=    (24) 

 

where li is the effective length of the brace at the i-th story, and bTC 

corresponds to the number of braces forming the type of configuration used, i.e. 

bTC=1 if one brace constituted the setting of interest (e.g. diagonal bracing), and 

bTC=2, in the case of two braces (e.g. V-bracing). 

To get the total optimal area of braces, opt

Bi
A , at the i-th story, Eq. 21 can be 

expanded as the following 

 

( )opt opt opt opt opt opt

s s s 1 s 2 s2 s1
2 3 ... 1

i i i i
i i     

− −
=  +  +  + + −  +     (25) 

 

Subtract both sides of Eq. 25 with opt

s 1i


−
, then use Eq. 14 to get the 

following 

 

( ) ( )( )
1

opt opt opt opt

1 f f 1 s s

1

i

i i i i i j

j

     
−

− −

=

− − − =  +     (26) 

 

The optimal structural drift, Δδi
opt, and the flexural drift, Δδfi, at the i-th 

story can be identified in Eq. 26, Therefore, the sum of opt

s
  below the i-th 

level can be represented by 
s
  as shown in Eq. 27. 

 

1

s s1opt 2

1

       with  0
cos

i
j j

i

j Bj j

V L

EA
 



−

=

  =  =    (27) 

 

Δδopt of the i-th story depends on the target drift, Δδtarget, of the selected 

structural performance level, and it bounds by the following condition. 

 
opt target

i
       (28) 

 

A proposed way to estimate Δδopt is to multiply Δδtarget by an index ratio 

corresponding to the effect of the external force inputted into the structure. The 

authors use the overturning moment distribution to calculate this index ratio, μ, 

at the i-th story because of its relation to the height of the structure. Eq. 29 comes 

from the assumption that the n-th story displays the highest drift.  

 
opt target

i i
   =     (29) 

 

Eq. 30 gives the final expression of opt

Bi
A . 

 

( )
opt

target 2

f s
cos

i i

Bi

i i i i

V L
A

E    
=

 −  − 
   (30) 

 

 

3.5. Optimal discrete brace section 

 

The optimal discrete brace section, s

bi
A , selected from the predefined 

database, comes from the identification of the optimal brace section, opt

bi
A . This 

database contains m sections that are sorted from the smallest to the biggest 

section, which refer to s1

b
A  and sm

b
A , respectively. The following condition 

bounds the value of opt

bi
A :  

 
s1 opt sm

b bi b
A A A     (31) 

 

The sizing optimization selects a single discrete section for all the braces at 

the i-th story because of the following reasons. 1) Multiple sections of brace 

suggest the presence of weak brace, i.e. the dissipation of the lateral force at the 

i-th story by the braces will not be uniform. 2) This weak brace might lead to 

earlier damage in the frame of the structure, because, as the braces are located 

at the same story, the weak brace reaches its strength limit earlier that the other 

ones. 3) Moreover, in many design projects, the one brace section choice at each 

i-th story is the way to design the bracing system. 

Therefore, opt lim
bi

x
A

→
 can be calculated by using Eq. 20, 

 

opt

opt

opt

Bi

bi

bi

A
A

N
=    (32) 

 

The optimal number of brace at the i-th story is given by the following, 

 

( )opt db

bi TC i i
N b N c= −    (33) 

 

where ci is a coefficient of reduction that is initially equal to zero. The 

augmentation of its value from zero to (Ni
db-1) permits to identify all the 

candidates at the i-th story, as expressed in Eq. 10. s

bi
A  corresponding to 

opt

bi
A  is the section sdata

b
A  that has the smallest difference between the discrete 

and the exact sections. Eq. 34 expresses that statement. 

 

( ) ( ) ( )s s s opt

s s

1

min           , 1,...,1

s.t.:

data data

bi b b bi

bi bi

g A A A A data m m

A A
−

= − = −


   (34) 

 

where the selected discrete section at the i-th story is the maximum 

allowable section to be chosen at the i+1th story. This restriction aims to avoid 

any formation of soft stories in the building. When the algorithm finds no 

discrete section, it assigns null sections for that candidate, and then increases ci 

to get a new optimal number of the brace, Ni
opt. 

The sizing optimization minimizes the total volume of braces, in which the 

upper bound value sm

b
A  constrains the discrete section s

bi
A . 

 

scheme

1

min:

s. t.: 0

n

s

z i bi

i

s sm

bi b

v L A

A A

=

=

 


   (35) 

 

where scheme

z
v  is the optimal volume of the braces for the z-th scheme. 

Some parents might give the same scheme. In that case, the algorithm saves 

the information of the first scheme and ignores the others. The next step of the 

proposed methodology will utilize these series of different schemes to identify 

the optimal one. 

 

4.  Optimal design of bracing systems using collapse safety assessment 

 

4.1. Overview 

 

The present design optimization of braced steel structures can be 

conceptually stated as: 

Objective: Maximize the CMR of the structure, which is a safety indicator; 

Variable: The brace location and section, mathematically expressed by the 

matrix SP; 

Constraint: Candidates are non-null vectors, i.e. each level of the steel frame 

structure should at least have one brace. 
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4.2. Collapse safety evaluation 

 

FEMA [11] discusses the concept of CMR in full details and defines its 

value as follows 

 

50%

Sch

MCE

IM
CMR

IM
=    (36) 

 

where IM50% corresponds to the intensity measure when 50% of the ground 

motion causes structural collapse and IMMCE is the intensity measure of the 

maximum considered earthquake causing structural collapse. 

The basic expression of the cumulative distribution function that defines 

the collapse fragility curve is as follow [24-26]: 

 

( )
( )1ln IM

P C IM




− 
 = 
 
 

   (37) 

 

where P(C|IM) is the probability that a ground motion with IM causes the 

structure to collapse; Φ() is the standard normal cumulative distribution function; 

θ is the median of the fragility function, and β is the dispersion of IM. 

Eq. 37 can be rewritten as: 

 

( )
( )1ln1

1 erf
2 2

IM
P C IM





−  
  = +
  

  

   (38) 

 

Then IM is isolated as follow: 

 

( ) ( )( )2 RootOf erf _ 2 1Z P C IM

IM e



− + −

=     (39) 

 

By substituting each IM in Eq. 36, and incorporating Eq. 38 with IM equal 

to IMMCE gives a simple expression of CMR: 

 

Sch

MCE

CMR
IM


=    (40) 

 

More frequently, the spectral acceleration for a specified period and 

damping quantify the parameter IM. Thus, by using the expression of the 

spectral acceleration for the given period T1, and replacing the expression of the 

median of the fragility curve θ by the one used in the empirical equations, the 

following is obtained: 

 

( )

( )

5%

5%

0 1

1

1

1

if 

if 

y

c S

DS

Sch

y

c S L

D

A
R T T T

S
CMR

A T
R T T T

S






 


= 
  



   (41) 

 

where Ay is the pseudo-acceleration where the system yields, which is given 

by the force-deformation relation from the modal pushover analysis (MPA); 

(Rc)ζ is the collapse strength ratio with damping ζ and has an empirical equation 

in the work of Han, et al. [9]. SDS and SD1 are the design spectrum response 

acceleration parameters at short and 1-s periods, respectively. The transition 

periods T0, TS and TL are well detailed in ASCE-7 [27]. 

 

( )( )

( )( )

1 1
1

1 1
1

0.03 0.03ln
2.5 1

0 1

0.03 0.03ln
1 2.5 1

1

1

1 1 0.38 if 

1 1 0.38 if 

b

c

b

c

T T
y T a

c c c S

DS

Sch
T T

y T a

c c c S L

D

A
e T T T

S
CMR
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If ζ is other than five percent, the following expressions are used 
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where the controlling parameters for the strength-limited bilinear model 

[28], illustrated in figure 3, are initial stiffness ke, second slope stiffness ks=αske, 

negative slope stiffness kc=αcke, yield strength fy, yield displacement uy, 

maximum strength fc, and displacement uc at fc, ductility coefficient μc=uc/uy and 

residual strength fr=λfy. Related to those parameters are T1, the small amplitude 

natural vibration period associated with initial stiffness ke; and Ay, the pseudo-

acceleration related to yield strength fy. 

 

Fig. 3 Idealized pushover curve 

 

The authors idealized the pushover curves by using the procedure described 

in the work of Han, et al. [9]. The lateral loads use in the MPA followed the 

procedure established by Chopra and Goel [8]. Also, the limitations concerning 

the empirical equations, Eq. 42, Eq. 43, and Eq. 44 depend on the used design 

spectrum response acceleration parameters, SDS and SD1 and the boundaries of 

the CMR. Deduced from Eq. 36, this minimum CMR value is not inferior nor 

equal to one. On the other hand, its maximum value is difficult to designate with 

an exact certainty because any changes in the parameters of the CMR calculation 

might give a value bigger than the supposed highest one. This latter confirms 

the conclusion reached by Xian, et al. [14] that CMR is a case-dependent factor. 

Therefore, the issue of an acceptable maximum CMR needs a deeper 

investigation, which is out of the scope of the current work. For the sake of 

simplicity and understanding the relationship between the CMR and all the 

parameters in Eq. 43, the authors identify and use one reasonable maximum 

CMR throughout the current and remaining sections of this work. By reviewing 

some CMR values in the literature [12, 29-31], the authors observe that IM50% 

equal to three times of IMMCE covers most of the cases, which leads to a CMR 

value of three. Moreover, a structural collapse resistance of three times the 

maximum considered earthquake in the design is satisfactory.  

To determine the range of the parameters the above empirical equations 

according to the boundaries of the CMR (1 < CMR ≤ 3), the authors utilized the 

range in the work of Han, et al. [9] (see table 1).  

Figure 4 illustrates the variation of the CMR areas with different damping 

values. By establishing an upper bound of the CMR, the maximum range of T1 

follows the expression of the line formed by the considered damping. Examples 

of this expression lay in figures 4-6, and show the influence of the extreme 

values of αs and αc on the area of the CMR. Figure 7 uses all the parameters to 

create several CMR curves depending on different damping values. The missing 

data in figure 7b are above the upper limit of the CMR, which signifies that the 

range of μc might decrease depending on the damping. 

 

Table 1 

Variables considered for the braced steel structures 

Parameters Range 

T1 0.2 – 4.0 

αs 0.00 – 0.20 

αc -0.1 – -0.5 

μc 1 – 6 

ζ 2 – 20 
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Fig. 4 Area of CMR with different ζ 

 

Fig. 5 Area of CMR with the parameters ζ, and αs 

 

Fig. 6 Area of CMR with the parameters ζ, αs, and αc 

4.3. Optimal brace scheme 

 

Fig. 7 CMR curves for different damping values (a) ζ = 2%; (b) ζ = 5%; (c) ζ = 20% 

 

The last step of the proposed methodology analyses the schemes from the 

parents and identifies the safest one among them, i.e. the scheme that has the 

highest CMR. The proposed methodology utilizes the aforementioned upper 

bound of the CMR and assumes that the optimal safety criteria is related to that 

value. This safety value will be the target of the search of the safest scheme by 

the utilization of the safety index (SI) in Eq. 45: 

 

scheme

target

CMR
SI

CMR
=    (45) 

 

where CMRscheme and CMRtarget are the CMR of the investigated scheme and 

the target CMR for the structural design, respectively. 

In this proposed methodology, the search for the optimal scheme has two 

possible stopping criteria: 1) when one of the schemes presents a SI superior or 

equal to one, and 2) all the possible schemes are analyzed. Therefore, the 

scheme that has the largest SI is the safest one. Figure 8 shows the overall steps 

for the proposed optimization. 

Fig. 8 Flowchart of the proposed design optimization 

 

5.  Numerical examples 

 

5.1. Modeling using OpenSees 

 

The authors choose OpenSees because of its popularity and its rapid and 

efficient analytic simulation [32, 33]. They follow the “line-element” approach 

[34] to model the CBFs. Each investigated model considers the gravity load 

during the simulation process. The seismic design of the CBFs follows the 

requirements described in ASCE-7 [27] concerning the special concentrically 

braced frames with response modification coefficient, R=6, overstrength factor, 

Ω0=2, and deflection amplification factor, Cd=5. As the behavior of the bracing 

system affects the entire structure, their modeling has to be precise. Ten 

nonlinear fiber elements form the braces, as suggested by Uriz and Mahin [35] 

to fulfill the minimum number of elements for global and local analyses of the 

bracing systems. The latter adopt a quadratic out-of-plane imperfection equal to 

their effective length divided by one thousand and a corotational geometric 

transformation. The gusset plate connection uses the modeling method proposed 

by Hsiao et al. [36], which have a rotational hinge at both ends of the brace to 

simulate their behavior. The “zeroLength” element represents the rotational 

hinge by using the command “uniaxialMaterial” with the material behavior 

“Steel 02”, which depicts the fatigue of the material [37]. Figure 9 gives global 

and close-up views of the modeling method for the braced frame in OpenSees. 
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Fig. 9 OpenSees modeling method 

 

5.2. Building models 

 

The authors investigate four steel frame structures divided into two cases, 

as shown in figure 10. The cases A present some undesignable bays on their 

sides, while the cases B have none. In both cases, the number of stories 

differentiates the models. The dead and live loads are 6500 N/mm2 and 2000 

N/mm2, respectively. Chevron with a hallow shape section is the type of CBFs 

configuration considered for the analyses. All cases use CMRtarget=3 and ζ=5%. 

For the computational analyses, the authors used one workstation equipped with 

thirty-two core processor of 2.6 GHz, and sixty-four gigabits of memory size. 

 

Fig. 10 Plan view and elevation of the buildings 

 

5.3. Results and discussions 

 

Figures 11-12 present the outcomes of the cases A and B. The presentation 

of the scheme samples illustrates the manipulation of the bracing systems done 

by the probabilistic analysis using multi-element removal and the sizing 

optimization. The two vertical axis represent the CMR and the SI of the schemes. 

The points depict the CMR value of each individual scheme, while the line steps 

indicate the maximum value of SI. The table at the bottom of the figures 11-12 

are the sample representation of the evolution of the schemes throughout the 

analysis, and the safest scheme for each cases is displayed at the bottom right 

inside.  

Two criteria define the safest schemes: 1) the safety index reaches its 

maximum value (SI=1). This first criterion applies to the case A2 and B2. 2) 

The number of possible scheme is reached, thus the scheme with the highest SI 

is the one. This second criterion appears with the case A1 and B1. Case A2 and 

B2 reached their maximum safety index with the fifty-ninth and the four 

hundred and thirty-eighth schemes, respectively, while the seventy-fourth and 

the hundred and nineteen-ninth schemes of the case A1 and B1 were the safest 

among their respective groups. In all four cases, the schemes with symmetrical 

layout have high SI value. 

The authors observed that, depending on the size of the matrix B, the search 

of the possible schemes might become tedious when the CMRtarget is 

overestimated, or it is not included in the optimization. For instance, without 

CMRtarget, the case B1 took twenty-nine hours to complete (55 parents and 181 

schemes), while the case B2 lasted for nineteen days (234 parents and 1944 

schemes). Despite this lengthy analysis, the proposed methodology assesses the 

collapse margin of an approximately hundred structures in one day, which is 

clearly more practical and very quick compared to the earlier works in this area. 

CMRtarget within the range of four to five seems to give a reasonable convergence 

 

 

Fig. 11 Result of the design optimization of the cases A 

 

Fig. 12 Result of the design optimization of the cases B 

 

of the safety search. Although it allows shortening the analysis time, the 

proposed method might leave behind some realistic schemes when the selection 

of the schemes implements with general conditions. In this work, the scheme’s 

selection followed the status of uniqueness and non-null brace sections. More 

realistic results should appear earlier in the analysis if the condition of 

symmetric schemes was considered. Eq. 12 gives the implementation of this last 

condition in the creation of the schemes. The cases A are clear examples of the 

above statement. If symmetricity was considered in the optimization algorithm, 

their safest schemes would appear sooner during the analysis; also, it will reduce 

the number of selected schemes, which reduces the computational time as well. 

Therefore, for research purpose, to show the full extent of the proposed 

methodology, the authors opt to analyze both symmetric and asymmetric 

schemes. 

Finding an optimal brace layout based on safety criteria is a complicated 

problem that needs to be studied on a case-by-case basis. The utilization of 

probabilistic analysis using multi-element removal and a combination of MPA 

and the empirical equation of CMR allow the proposed method to achieve that 

goal. The proposed sizing optimization minimizes the section of the brace 

systems by selecting the optimal discrete section based on the optimal number 

of brace and the total optimal brace section. To obtain a more accurate brace 

section design, all columns and beams sizes should be accounted for in the 

optimization. 

 

6.  Conclusions 

 

A new methodology incorporating optimization technique with 

probabilistic analysis using multi-element removal has been introduced to 

improve the safety design of steel structure with concentric braces. It has proved 

to be a potentially useful tool for the understanding of the optimal placement 

for the bracing systems. The proposed methodology is capable of a quick and 

practical estimation of the collapse margin of several structures in a short time 

compared to the prior methods in this field. It considered the braces location and 

section as variables and optimized the structure according to the safety index of 

the selected schemes. 

The range of the period T1 relates closely to the target CMR and the 

damping. A higher upper bound value of the CMR is possible, but also, it 
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modifies the range of some parameters such as T1 and μc. 

To efficiently use the proposed methodology, the authors suggest at least 

the following conditions for the selection of the schemes: uniqueness, non-null 

brace sections, and symmetricity. Further conditions such as specific brace 

cross-sections (personalized database), and predetermined brace layout patterns 

(case A has an inverted T pattern) can be included in the creation and selection 

of the scheme to channel the safety search toward particular schemes. Moreover, 

the results from the numerical examples highlight that symmetrical brace 

layouts are safer than the asymmetrical ones, and fully braced structures do not 

have high safety index. 

The findings above are based on the assumptions and limitations adopted 

in this study, which are the focus on the steel frame structures controlled by its 

fundamental mode, the braces parameters (location, number, and cross-section), 

the unchanged main frame, and the constraint regarding the range of the 

parameters of the empirical equation. The proposed methodology provides a 

useful basis for more comprehensive seismic collapse assessment of steel 

structures if the design of the braces and the structural frame are simultaneously 

considered and more general parameters about the CMR calculations are 

developed. 
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