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A B S T R A C T  A R T I C L E  H I S T O R Y 

 

The second-order analysis of slender steel members could be challenging, especially when large deflection is involved. This 

paper proposes a novel machine learning-based structural analysis (MLSA) method for second-order analysis of beam-

columns, which could be a promising alternative to the prevailing solutions using over-simplified analytical equations or 

traditional finite-element-based methods. The effectiveness of the conventional machine learning method heavily depends 

on both the qualitative and the quantitative of the provided data. However, such data are typically scarce and expensive to 

obtain in structural engineering practices. To address this problem, a new and explainable machine learning -based method, 

named Physics-informed Neural Networks (PINN), is employed, where the physical information will be utilized to orientate 

the learning process to create a self-supervised learning procedure, making it possible to train the neural network with few 

or even no predefined datasets to achieve an accurate approximation. This research extends the PINN method to the 

problems of second-order analysis of steel beam-columns. Detailed derivations of the governing equations, as well as the 

essential physical information for the training process, are given. The PINN framework and the training procedure are 

provided, where an adaptive loss weight control algorithm and the transfer learning technic are adopted to improve 

numerical efficiency. The practicability and accuracy of which are validated by four sets of ver ification examples.  
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1.  Introduction 

 

Numerical solutions using machine learning have seen drastic development 

in recent years, largely due to the advancement in Artificial Intelligence (AI) 

chips, especially the advent of highly computationally efficient Graphical 

Processor Units (GPUs) with extensive parallel processing capacities. The 

application of machine learning-based (ML) methods for solving various 

structural engineering problems has been explored recently, such as structural 

analysis and design [1-5], structural health monitoring [6-10], structural 

optimization [11-16], and so on. The existing research mainly focuses on 

adopting the ML technique for regression problems. These methods are data-

intensive to establish artificial neural networks (ANNs) to solve structural 

analysis problems through regressions. Among these methods, ANNs are used 

as a “black box” and the effectiveness highly relies on the qualitative and 

quantitative of the provided data. However, in structural engineering practice, 

data is often relatively scarce and costly to generate [17], which causes certain 

obstacles to adopting the emerging machine-learning techniques in the field of 

computational structural engineering. 

Recently, a novel machine learning method, namely Physics-Informed 

Neural Networks (PINN), has been proposed by Raissi et al. [18], which is an 

unsupervised ML technique with the potentials for solving complex mechanical 

problems. PINN enriches the neural network with information from underlying 

physical laws, making it possible to train the neural network with few or even 

no pre-defined datasets while still achieving accurate approximations [19, 20]. 

PINN incorporates physical information into the learning process, thereby 

relaxing the requirements for training data. The physical information is used to 

guide the learning process to create a self-supervised learning procedure [21]. 

The features of this method are highlighted by: (1) the absence of a requirement 

for a pre-defined dataset, which facilitates its application to problems where the 

governing equations for the solution are known; (2) a potentially very fast and 

efficient solution process, once the network has been pre-trained using transfer 

learning [22-24]; and (3) a mesh-free method that does not require the division 

of domains.. 

Despite those promising features, there are still some issues with PINN. For 

instance, PINNs employ physics as a regularizing term in their objective 

function, which brings forth the challenge of manually adjusting the 

corresponding hyperparameters. Besides, the absence of validation data or prior 

knowledge of the solution to the Partial Differential Equation (PDE) can render 

PINN impracticable for solving forward problems [25]. To address this, 

methods such as reducing the order of a given PDE, relaxing stringent 

smoothness requirements [25, 26], using pre-trained neural networks, and 

implementing transfer learning [22-24] have been proposed. Employing these 

techniques, PINN shows promising potential for solving various forward 

problems, especially in the structural engineering area, a variety of PINN-based 

models have been recently developed for a few mechanical problems, such as 

plate and shell structures [17, 27-29], solid mechanics [30, 31], beam-column 

members [21, 32, 33], and simple structures [34], among others. For example, 

Li et al. [27] established a PINN framework to characterize the finite 

deformation of elastic plates, where only a pseudo dataset was used. Haghighat 

and Juanes [31] illustrate the PINN to solve nonlinear solid mechanics, 

revealing that the stress distribution and displacement fields can be predicted 

accurately. Tao et al. [32] introduced the PINN approach for axial compression 

buckling analysis of thin-walled cylinders, and their research shows that the 

PINN model can provide satisfactory prediction only using a considerably 

reduced size of data. Katsikis et al. [21] illustrated the application of the PINN 

in static beam problems, where linear behaviors of the beams in different 

loading conditions can be predicted successfully. These research works confirm 

the feasibility of using PINN for some forward mechanical problems, 

suggesting that it could be an alternative solution with promising features to be 

the next-generation structural analysis method.  

Second-order analysis is a simulation-based method and includes the 

effects of large deflection by establishing the equilibrium conditions on 

deformed shapes, which is originally proposed for stability analysis of steel 

members and is now used extensively in the design of steel structures [35-37] 

nowadays. The use of second-order analysis for the stability and large deflection 

problems has been extensively studied in recent decades, including stability 

function methods [38-40], Finite Element method (FEM) using shell elements 

[41-43], Line element method [44-47], Finite strip method [48-50] and so on. 

These methods are mostly simulation-based numerically and require trial-and-

error procedures to obtain the solutions, which are usually time-consuming with 

extensive computational efforts. In contrast to the traditional matrix structural 

analysis (MSA) method, involving computational efforts of solving large sparse 

linear equations, the machine learning-based structural analysis (MLSA) 

method through PINN is proposed for the second-order analysis of steel 

members in this research. A schematic illustration of the traditional MSA and 

the proposed MLSA methods is given in Fig. 1.
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(a) Conventional matrix structural analysis (MSA) method (b) Proposed machine learning-based structural analysis (MLSA) method 

Fig. 1 An illustration of the conventional MSA method and the MLSA method 

 

This paper extends the application of the machine learning-based method 

to the second-order analysis of steel beam-columns using PINN. The governing 

equations for the typical beam-columns under large deflection are derived and 

then incorporated into the physics-informed neural networks. The physical 

information derived from the governing equations and the boundary conditions 

is used to guide the training process to establish a self-supervised learning 

procedure. The derivation of the governing equations, the architecture of the 

PINN frameworks, and the training procedure are provided in detail. The 

practicability and accuracy of the proposed MLSA method are validated using 

four sets of verification examples. 

 

2.  Formulation 

 

This paper proposed an innovative machine-learning-based method 

through PINN for the second-order analysis of steel members, where the 

accuracy of the embedded physical information in neural networks is the key to 

an accurate and reliable solution. The detailed derivation of the governing 

differential equations, which delineates the physical information, is given in the 

following section. 

 

2.1. Assumptions 

 

The following assumptions are adopted: (1) this research focuses on the 

geometric nonlinearity (second-order effect) of beam-columns; thus, material 

nonlinearity is not considered; (2) plane sections remain plane after deformation; 

(3) the applied loads are conservative; (4) all member connections are assumed 

to be either pinned or rigid, semi-rigid joints are not considered, and (5) member 

local buckling and distortional buckling are not considered. These assumptions 

are commonly accounted for in conventional structural engineering practices 

but can be revised and upgraded using the same concept discussed in this paper. 

 

 
Fig. 2 Forces and deflections of a typical beam-column member 

 

2.2. Mechanical model and problematic description 

 

The basic forces versus displacements relations for a typical steel beam-

column member are given in Fig. 2. The forces applied on the member ends can 

be summarized as follows: 

 

1 1 1 2 2 2  Tx y x xF F M F F M =
 

F                                                      (1) 

 

where the subscripts 1 and 2 indicate the left and right ends of the member. For 

a small length of the member with an original length of ds (Fig. 2), the forces 

acting on it can be calculated based on the equilibrium equations for the forces: 

 

( ) ( ) ( ) ( ) ( )1 1
0

cos sin sin
s

x yP s F s F s q s s ds  = + +                                  (2) 

 

( ) ( ) ( ) ( ) ( )1 1 1
0

x y

s

M s F y s F x s M q s x s ds= − + − −                            (3) 

 

( ) ( ) ( ) ( ) ( )1 1
0

sin cos cos
s

x yV s F s F s q s s ds  = − + −                      (4) 

 

in which, y(s) and x(s) are the local coordinates along the member after 

deformation, and q(s) is the distribution load applied on the member. 

The displacements of any points on the member after deformation can be 

generated by, 

 

( ) ( ) ( ) ( )( )
0

s

u s x s s cos s ds s s= − = − − ; 0 s L                        (5) 

 

( ) ( ) ( ) ( )( )
0

s

v s y s sin s ds s= = − ; 0 s L                                             (6) 

 

in which, Δ(s) is the axial deformation as shown in Fig. 2 and α(s) is the slope 

along the member, which can be obtained by solving the governing differential 

equations. 

 

2.3. Governing differential equations 

 

The governing differential equations of the beam-columns can be written 

as given below, based on the Hooke's law and the Euler–Bernoulli moment-

curvature relationship, 

 

( ) ( )s P s

ds EA


= , 

( ) ( )d s M s

ds EI


= − , 

( ) ( )2

2

d s V s

EIds


= − ,  

and 
( ) ( )3

3

d s q s

EIds


= −                                                          (7) 

 

where E is the material Young’s modulus, A is the cross-section area, and I is 

the second moment of area. 

 

2.4. Boundary conditions  

 

As shown in Fig. 2, there are totally six boundary cases in a typical beam-

column member. The boundary conditions and the corresponding governing 

equations are given in Table 1. 

 

2.5. Solutions to the problem 

 

One conventional manner to solve the governing differential equations 

given above are to use the closed-form solutions like elliptic integral solutions 

[51-54]. However, in some cases, for example, when general boundary 

conditions are considered, the governing differential equations are notoriously 

difficult to solve using closed-form solutions [55]. Therefore, numerical 
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solutions like the FEM using line elements, also known as the frame analysis 

method, are often required [56]. However, the conventional FEM is based on 

variational principles rather than differential equations, where the primary 

physical law is the extremal principle, and the differential equations is only the 

secondary consequence [57]. Therefore, a refined mesh is essentially required 

to get an accurate approximation, leading to extensive computational time and 

data-manipulation efforts. 

 

Table 1 

Governing equations for different boundary conditions 

Boundary Condition Fixed Free 

 

( )0 0u =  
( ) ( ) ( )cos 0 01 1

0

F F sins x y

ds EA
s

 +
=

=

 

 
( )0 0v =  

( ) ( ) ( )2 cos 0 01 1

2

0

F F sind s y x

EIds
s

  −
=

=

 

 

( )0 0 =  
( ) 1

0

d s M

ds EI
s


=

=

 

 

( ) 0u L =  
( ) ( ) ( )cos2 2F L F sin Ls x y

ds EA
s L

 +
=

=

 

 
( ) 0v L =  

( ) ( ) ( )2 cos2 2

2

F L F sin Ld s y x

EIds
s L

  −
=

=

 

 

( ) 0L =  
( ) 2d s M

ds EI
s L


=

=

 

Note: the subscripts 1 and 2 indicates the left and right ends of the member 

 

 

 
Fig. 3 The proposed PINN framework 

 

 
Fig. 4 Architecture of the neural network 



Liang Chen et al.  414 

 
 

3.  Physics-informed neural networks (PINN) framework 

 

A machine learning-based solution via physics-informed neural networks 

(PINN) for solving and discovering partial differential equations has been 

adopted in this research to solve the governing differential equations as derived 

above. The machine learning method using PINN to solve partial differential 

equations was first proposed by Raissi et al. [18] and later adopted by several 

researchers for different mechanical problems [19, 58-60].  

Fig. 3 illustrates the framework of the PINN proposed for the present 

problem, which is composed of three parts: the ANNs (the approximation), the 

physical information (the target and correction for the approximation), and the 

loss functions (the evaluation of the differences). The details of each component 

of the PINN framework will be given in the succeeding sections. It should be 

noted that the proposed PINN is non-data-driven neural network; as such, pre-

progenerated data is not required. 

 

3.1. Neural networks architecture  

 

An essential technique required in the PINN is the architecture of the 

network that is formed by neurons in several layers. Neurons are expressed in 

an activation function used for the forward propagation that passes the 

information in the neural network. The neural network may comprise a large 

number of neurons with a complicated layer structure, which is crucial for 

machine-learning-based method. In this research, a fully connected feedforward 

neural network, as shown in Fig. 4, is used as the core of the training model. 

The neural network is composed of an input layer, n numbers of hidden layers, 

and an output layer, where the connection between layers can be written as, 

 

( )ij ij ijf w s b = +  for 1j =  (Input layer)                                     (8) 

 

( )1

1

m

ij ij ij ij

i

f w b  −

=

= +  for 2 j n   (Hidden layer)                   (9) 

 

( )1

1

( )

m

ij ij ij

i

x f w b  −

=

= +  for 1j n= +  (Output layer)                  (10) 

 

in which, /s s L=  represents the normalized coordinate along the member; n 

and m are the numbers of hidden layers and the number of neurons at each layer, 

respectively, and n=3 and m=10 are used in the present study of being effective 

for most problems; wij are the internal weights; bij are the bias; and f stands for 

the activation function. 

The activation functions were introduced by Candès [61] based on 

harmonic analysis, which decide whether a neuron should be activated or not 

based on the importance of the neuron’s input in the process of the prediction. 

In the present study, two types of activation functions, Tanh and Tanhshrink, 

are adopted in the hidden layers and input/output layers, respectively. (See 

Table 2).  

 

( )
x x

x x

e e
Tanh x

e e

−

−

−
=

+
                                                           (11) 

 
( ) ( )Tanhshrink x x Tanh x= −                                                   (12)

 
Table 2  

The number of neurons and the activation function for each layer 

 Input layer 1st hidden layer 2nd hidden layer 3rd hidden layer Output layers 

Number of neurons 1 10 10 10 2 

Activation function  Tanhshrink  Tanh  Tanh  Tanh  Tanhshrink  

 
3.2. Physical information 

 

In the traditional machine-learning methods, the ANNs are used as the 

“black-box” algorithms, the effectiveness of which is significantly dependent 

on the quality and quantity of the data provided [17]. The machine-learning 

methods using PINN integrate the governing equations into the learning process 

to essentially relax the requirements on training data. The physics-informed 

governing equations are used to orientate the learning process creating a self-

supervised learning procedure, which is considered the unsupervised learning 

method. In summary, the PINN method is a machine learning-based 

computational method intended to provide an accurate prediction of problems 

via the ANNs with incorporation of the physical information. As shown in Fig. 

3, the physical information incorporated in the proposed PINN method is 

provided by two parts: the governing differential equations and the boundary 

conditions.

  

Table 3  

Governing equations for different boundary conditions 

Boundary Conditions Fixed Free 

 

( )
2

1 0 0BC u = −   
( ) ( ) ( )

2

1 1
1

0

cos 0 0x y
BC

s

F F sin s

EA ds

 

=

 + 
 = −
 
 

  

 
( )

2
2 0 0BC v = −   

( ) ( ) ( )
2

2
1 1

2 2

0

cos 0 0y x
BC

s

F F sin d s

EI ds

  

=

 
− = −

 
  

  

 
( )

2
3 0 0BC  = −   

( )
2

1
3

0

BC

s

d sM

EI ds



=

 
 = −
 
 

  

 

( )
2

4 0BC u L = −   
( ) ( ) ( )

2

2 2
4

cosx y
BC

s L

F L F sin L s

EA ds

 

=

 + 
 = −
 
 

  

 
( )

2
5 0BC v L = −   

( ) ( ) ( )
2

2
2 2

5 2

cosy x
BC

s L

F L F sin L d s

EI ds

  

=

 
− = −

 
  

  

 
( )

2
6 0BC L = −   

( )
2

2
6BC

s L

d sM

EI ds



=

 
 = −
 
 

  

Note: the subscripts 1 and 2 indicates the left and right ends of the member 
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3.3. Loss functions 

 

The machine-learning solution via PINN requires the problem to be priorly 

described in a set of governing equations and the boundary conditions in the 

form of a series of partial differential equations. The training process is 

subsequently carried out to scrutinize the solution to the problem by assessing 

the errors, generally articulated in the form of loss functions, to verify its 

accuracy. The loss functions will provide a beneficial regularization effect on 

the training process by penalizing simulations that are not respectful of the given 

physical information. Based on the governing differential equations and the 

boundary conditions, the total loss function  can be expressed by, 

 

4 6

1 1

G

i j

i BCj

= =

= +                                                                                   (13) 

 

where, G is the loss function from the governing differential equations given 

by Equation (7): 

 

( )
2

1
1

1

i

Nc

g
i s

P s

Nc EA ds=

 
 = −
 
 

                                                (14) 

 

( )
2

2
1

1

i

Nc

g
i s

M s d

Nc EI ds



=

 
 = −
 
 

                                             (15) 

 

( )
2

2

3 21

1

i

Nc

g
i

s

V s d

Nc EI ds



=

 
 

= − 
  

                                           (16) 

 

( )
2

3

4 31

1

i

Nc

g
i

s

q s d

Nc EI ds



=

 
 

= − 
  

                                              (17) 

 

in which, Nc is the number of the collocation points, which are randomly aligned 

along the member. BC  is the loss function from the boundary conditions that 

can be defined accordingly to Table 3. 

 

4.  Training details  

 

The governing equations and boundary conditions of the beam-columns are 

defined in the form of a series of partial differential equations as given. 

Sequentially, the neural networks (see Fig. 4) are then established to provide an 

approximation solution to the problem. The training process, depicted in Fig. 5, 

is executed to examine the approximation of the problem by evaluating the 

errors - usually denoted in the form of loss functions - to validate its accuracy. 

During the training process, forward and back propagation operations are 

proceeded, wherein the internal weights wij and the bias bij connecting the 

neurons are updated continuously to minimize errors. The solution could be 

obtained once the value of the loss function is within the acceptable tolerance 

(usually 0.1‰ ). This training process can be accelerated dramatically by 

introducing the adaptive loss function method [62], and the trained network can 

be inherited and later used for other problems by adopting the transfer learning 

method [22, 23].

 

 
Fig. 5 The training procedure 

 

4.1. Self-supervised learning procedure 

 

In this research, the underlying physical laws underpinning the second-

order analysis of beam-columns encompassed within governing differential 

equations and the boundary conditions, based on which the loss functions are 

given to evaluate the differences between the approximation from the PINN-

derived approximation and the established physical information. As shown in 

Fig. 5, during the learning procedure, the internal parameters of the neural 

network (wij and bij) will be updated by optimization algorithms to minimize the 

loss functions given in Equation (13).  

Several stochastic optimization algorithms have been proposed to minimize 

the loss function [63, 64], among which, the Adaptive Moment Estimation 

introduced by Kingma and Ba [65] is one of the most efficient and wildly 

adopted optimization algorithms [66, 67]. In the present study, the learning rate 

of the Adam optimizer is set to 0.001 by default, and for the learning rate 

scheduler, we adjusted the hyperparameters used by the Adam optimizer. The 

exponential decay rate for the first-moment estimates (mean) is set to 0.9, and 

the decay rate for the second-moment estimates (uncentered variance) is set to 

0.999. Integrating the Adaptive Moment Estimation as the optimization 

algorithm, the detailed backpropagation training procedure with six steps in 

total is elaborated as follows: 

Step 1: Input the basic information for the structural analysis, such as the section 

properties, the boundary conditions, the geometric information, the 

loading conditions, etc. 

Step 2: Assemble the neural network and initialize the internal parameters of 

the neural network. 

Step 3: Randomly place Nc numbers of sampling points along the member and 

get an approximation from the output layer.  

Step 4: Calculate the loss function using Equation (13) 

Step 5: If the total loss is smaller than tolerance or the maximum training time 

has been achieved, terminate the training procedure, and output the 

approximation. 

Step 6: Update the internal parameters of the neural network (wij and bij) by 

optimization algorithms to minimize the loss functions and repeat 

Steps 3-5.  

 

4.2. Adaptive loss weight algorithm  

 

In Equation (13), all the terms in the total loss function have the same 

weights, suggesting that the physical laws dictated by the governing differential 

equations and boundary conditions share the same significance. However, in 

real cases, one or several terms might be much more significate than the others. 

For example, for a simply supported beam under bending moment, the bending 

deformations are more significate than the axial shortening, which means that 

the loss function given by Equation (15) is more significant than the loss 

function expressed in Equation (14). Consequently, an adaptive loss weight 

algorithm proposed by Wang and Teng [62] is employed to improve the 

accuracy and efficiency of the training procedure. Equation (13) will be revised 

as, 
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1

NL

i i

i

w

=

=                                                                                                       (18) 

 

in which, NL stands for the number of terms from the governing differential 

equations and the boundary conditions in the total loss function, and the wi are 

the weights for the terms in the loss function. The specific physical laws and 

boundary conditions, as given in Equation (7) and  

Table 1, respectively, contribute to enhancing numerical stability when 

implementing the adaptive loss weight algorithm, which was previously 

reported for the instability issue in the literature [68]. Therefore, the potential 

instability issue is not significant in this research.  

All the loss weights are set to be unity at the beginning of the training 

process. The update step for wi in the training procedure can be expressed as 

follows, 

 

( )1 1t t t
i i iw w w −= + −                                                       (19) 

 

in which, 

 

1

1

t
i

t
i t NL

ti
i

i

max
NL

w
w −

=

 
 
 

=


                                                            (20) 

 

where, the superscript t denotes the tth training time; β is a hyper-parameter and 

taken as 0.9 in this paper; and 
't

i  represents the gradient of the ith loss term 

in the tth training time. 

4.3. Transfer learning  

 

Despite the proposed MLSA is a mesh-free solution with some intriguing 

features, the training process may be sometimes time-consuming. The neutral 

network composes of enormous numbers of neurons with a complicated layer 

structure, and the optimization of the internal parameters of the neural network 

could take a certain long time. To enhance computational efficiency, the transfer 

learning technic can be adopted. Transfer learning is a well-established 

technique that has been widely used in machine learning methods [22-24]. The 

previously established neural network can be directly applied to similar 

problems, resulting in substantial savings in training time. Therefore, if a neural 

network can be properly established and well-trained through a range of 

problems, this network can be reutilized in subsequent applications with 

significantly enhanced computational efficiency, which may even achieve 

instant solutions faster than the traditional matrix-analysis-based structural 

analysis methods. 

 

5.  Comparisons between traditional finite-element-based and proposed 

machine-learning-based analysis procedures 

 

A comparison of the analysis procedures of the conventional finite-

element-based analysis and the proposed MLSA methods is provided in Fig. 6. 

In the conventional FE-based methods [46-47, 69], after acquiring the basic 

information, for example, the geometric details, the material properties, and the 

boundary and loading conditions, the models will mesh into a series of fine-

meshed elements. Sequentially, the derived element stiffness matrix 

formulations will be used to form the stiffness matrix, which will be further used 

for the generation of nodal displacements and forces. 

 

 
(a) Analysis procedures of the conventional FE-based method 

 

 
(b) Analysis procedures of the proposed MLSA method 

Fig. 6 Analysis procedure 

 

In the proposed MLSA method, the derived element stiffness matrix 

formulations are not required; instead, the pre-trained neural networks are 

utilized. The pre-trained neural networks for beam-columns used in this paper 

were trained using some classic examples provided in the well-recognized 

textbook [70]. By leveraging the transfer learning method, these pre-trained 

neural networks will be used to enhance the computational efficiency of the 

proposed method.  

 

6.  Verification examples 

 

Four sets of verification examples are given to validate the practicability 

and accuracy of the proposed MLSA method. The second-order analysis of 

members under different boundary and loading conditions is conducted using 

the proposed method, and the results are compared with those from the closed-

form solutions and FEM, where the high-order beam-column elements proposed 

by Chan and Zhou [75] are used. The summaries of the analysis parameters and 

computational expenses for the following examples are provided in Table 4 and 

Table 5. All training processes and computations are performed on a computer 

equipped with an i9-12900h CPU and an NVIDIA GeForce 3090 GPU. The 

number of elements presented in Table 4 specifies the minimum quantity 

required for accurate analysis of problems exclusively associated with large 

deflections, as determined through the sensitivity study. 

From Table 5, it can be observed that transfer learning is an effective 

method to reduce the computation time of the MLSA method; but the pre-

training of the neural network is time-consuming. Nevertheless, unlike the 

modeling and mesh generation of the FE model, which is a case-to-case-based 

procedure, the pre-trained neural network can be a solution for general problems. 

In this research, the pre-trained neural networks for the second-order analysis 

of beam-columns are provided, and the practicability and accuracy of which are 

validated by the following examples.
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Table 4  

Summary of the analysis parameters for Examples 1 to 4 

 

FEM [75] Proposed MLSA Method 

Number of 

elements 

Number of load 

steps 
Numerical tolerance 

Number of collocation 

points 

Number of epochs for 

pre-training 
Numerical tolerance 

E.1 5 100 

1 × 10−4 

200 10000 

1 × 10−4 
E.2 

Pin-pined 

column 
20 1 100 10000 

Pin-fixed 

column 
20 1 100 10000 

E.3 10 1 100 10000 

E.4 10 1 100 10000 

Notes: E. stands for Example 

 

Table 5  

Summary of the computational time for Examples 1 to 4 

 

FEM [75] Proposed MLSA Method 

Computational time Pre-raining time 
Computational time (with transfer 

learning) 

Computational time (without transfer 

learning) 

E.1 31.2 s 

About 20 

minutes 

13.32 s 21.66 s 

E.2 
Pin-pined column 8.35 s 24.66 s 48.81 s 

Pin-fixed column 8.22 s 13.95 s 41.53 s 

E.3 7.54 s 10.26 s 12.46 s 

E.4 9.08 s 21.64 s 140.81 s 

Notes: E. stands for Example 

 
6.1. Example 1 – Cantilever beams under end moment 

 

A cantilever beam subjected to end moment is studied and loaded to 

perform large deflection to show the accuracy and capability of the proposed 

MLSA method. The beam has a length of 4 meters, and the bending stiffness EI 

of the beam cross-section is assumed to be l. The bending moments applied on 

the right end are up to 4π, which can make the member wind twice around itself. 

This is a classical nonlinear structural analysis problem that has been 

investigated by several researchers [71-74] during the past decades. Recent 

studies tried to solve this large-rotation problem using the fine-meshed FEM, 

where the number of which ranges from three up to a hundred for a single 

member [71-72], showing the intensive computational expense. 

The detailed governing differential equations and boundary equations taken 

are given in Table 6 for demonstration. The deformed shapes of the members 
generated from the proposed MLSA method are plotted in Fig. 7, where the 

closed-form solutions to this problem (circular arcs with radius 
EI

M
 = ) are 

also given as the benchmarks. Besides, the results from the FEM using five 

high-order beam-column elements, proposed by Chan and Zhou [75], are also 
given for the comparisons.  

The results given by the proposed MLSA method using PINN are perfectly 

in line with those from the closed-form solutions, indicating the proposed 

method can predict the nonlinear behaviors of the members under pure bending 

accurately. It should be noted that although the FEM using five beam-column 

elements can predict the displacements accurately, certain load steps with a 

number of iterations per step are required (as demonstrated in Table 7) to get 

accurate predictions leading to a long computational time. Besides, the FEM 

only gives the displacements at the element nodes, and the displacements 

between the element nodes need to be calculated approximately based on the 

assumed element shape functions with some small errors. However, the 

proposed MLSA method can get accurate member deformations along the 

whole length by a single attempt of analysis, accurate and efficient. 

 

 

 

Table 6  

Governing differential equations and boundary equations for Example 1 

Governing differential equations 
( ) ( )s P s

ds EA


= , and 

( ) ( )d s M s

ds EI


= −  

Governing boundary equations 

 

Fixed ( )0 0u =  

 
Fixed ( )0 0v =  

 

Fixed ( )0 0 =  

 

Free 
( ) ( ) ( )2 2cosx y

s L

F L F sin Ls

ds EA

 

=

+
=  

 
Free 

( ) ( ) ( )2
2 2

2

cosy x

s L

F L F sin Ld s

EIds

 

=

−
=  

 

Free 
( ) 2

s L

d s M

ds EI



=

=  

Note: 𝐹𝑥2 = 0, 𝐹𝑦2 = 0, and 𝑀2 = 𝑀 in this example 
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Fig. 7 Deformed shapes of the member under end moments 

Table 7  

Numerical efficiency of the FEM when analysing the member winding twice around itself 

FEM using five beam-column elements FEM using ten beam-column elements 

Number of incremental load 

steps 
Iterations per step Total number of iterations 

Number of incremental 

load steps 
Iterations per step Total number of iterations 

1-23 steps Divergent 1-23 steps Divergent 

24 steps 7 168 24 steps 6 144 

50 steps 4 200 50 steps 3 150 

100 steps 2 200 100 steps 2 200 

 
6.2. Example 2 – Imperfect columns under axial compression 

 

This example studies the behaviours of imperfect members under axial 

compression. The columns with two different boundary conditions, such as the 
pin-pined and the pin-fixed boundaries, are investigated. As shown in Fig. 8, 

the length of the column is 10 meters with the material Young’s modulus equals 

to 205 GPa, and the cross-section area and the second moment of area equal to 
1.15×10−2 m2 and 1.60×10−4 m4, respectively. The shapes of member 

imperfections are all assumed as half sine-wave along the entire member length, 
and the magnitude of the initial curvature at mid-span 0  varies from L/350 to 

L/150, as recommended in Eurocode-3 [36].  

This example was formerly studied by Liu et al. [76], where an advanced 

beam-column element is used, and the detailed derivation of the closed-form 

solutions for this example is available in the reference [76]. The load-

displacement curves prior to buckling are generated by the proposed MLSA 

method, and the comparison results are plotted in Fig. 8, where the results from 

the closed-form solutions are given as the benchmark. The results given by the 

proposed MLSA method closely matched those from the closed-form solutions. 

It confirms the applicability of the proposed MLSA method for accurately 

analyzing the imperfect column under axial compression.

 

    
(a) Pin-pined column (b) Pin-fixed column 

Fig. 8 Load-displacement curve of the imperfect columns under axial compression 

 

6.3. Example 3 – Cantilever beams under distributed loads 

 

In this example, the behaviours of cantilever beams under distributed loads 

are investigated. As shown in Fig. 9, four different cases of uniformly and 

nonuniformly distributed loads are applied to the members to study the large 

deflection behaviors of the cantilever beams. The length of the beam is 4m, and 

the bending stiffness EI of the beam cross-section is 1.006×103 kNm2.  

The deformed shapes of the cantilever beam under distribution loads are 

generated and plotted in Fig. 9, where results from the FEM using ten beam-

column elements are introduced, serving as the benchmark solutions. From Fig. 

9, the member deformations under uniformly and nonuniformly distribution 

load predicted by the proposed MLSA method using PINN are in line with those 

from the FEM, showing the accuracy and reliability of the proposed method. 
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Fig. 9 Deformed shapes of the cantilever beam under distributed loads 

 

6.4. Example 4 - Columns under combined bending and axial loads  

 

In this example, the members with relatively complex loading conditions 

are investigated, where columns under combined bending and axial loads are 

analyzed using the proposed MLSA method. Detailed loading and boundary 

conditions are given in Fig. 10, where the height of the column is 4m, and the 

bending moment varies from 0.02P to 0.1P. The material is steel with the 

Young's modulus of 205 GPa. The cross-section area is 5.27×10−3 m2 and the 

second moment of area about both the principal axes is 4.91×10−3 m4.  

The load-displacement curves of the members under combined bending and 

axial loads generated from the proposed MLSA method are given in Fig. 10, 

where the results from the FEM using ten beam-column elements are also given 

for comparison. The overall agreement is very satisfactory, indicating that the 

proposed MLSA method can predicate the nonlinear behaviors of the members 

under combined bending and axial loads accurately.  
 

  
Fig. 10 Load-displacement curves of the column under combined bending and axial loads 

7.  Conclusion 

 

Modern structural design methods are moving toward the rigorous design 

of structures through virtual simulations under critical scenarios, complying 

with physical laws and accounting for the imperfections in reality. The second-

order analysis method has been developed in line with the same philosophy, 

continuously researched in scientific communities, and applied in designing 

numerous steel structures in engineering practices. The nonlinear finite-element 

method (FEM) using beam-column elements, also named line finite-elements, 

has been widely adopted in second-order analysis, which is a matrix analysis-

based and computationally intensive method. When adopting the FEM for large 

deflection problems, numerical convergence is sometimes challenging as well 

as the long computational time of solving sparse linear equations. Although 

some research has been conducted during the past decades to improve numerical 

efficiency, the matrix-based algorithm is unstable when singularity occurs. It 

may hinder the development of emerging structural analysis methods to be more 

robust and efficient in satisfying highly demanded requirements in virtual 

simulations for modern structural design. 

The computational efficiency of machine learning has been exceptionally 

improved in recent years, with the availability of fast AI processors tail-made 

for massive neural networks. To facilitate the adoption of new AI technology in 

structural engineering, this research proposes an innovative machine learning-

based structural analysis (MLSA) method for the second-order analysis of 

beam-columns through Physics-Informed Neural Networks (PINN). The 

governing equations for the problems are discussed and incorporated into the 

physics-informed neural networks. The physical information provided by the 

governing equations and boundary conditions is used to orientate the training 

process creating a self-supervised learning procedure. The PINN framework 

and the training procedure are provided, where an adaptive loss weight control 

algorithm and the transfer learning technic are proposed to improve numerical 

efficiency. The pre-trained neural networks for the second-order analysis of 

beam-columns are provided. 

The new method has been thoughtfully validated by well-established 

methods in terms of the analytical solutions and the FEM. Four verification 

examples are given, showing that the proposed MLSA method can obtain the 

results accurately and robustly. As the potential to be the next-generation 

structural analysis method, this research innovatively adopts the emerging 

computational technique based on machine learning to solve second-order 

analysis problems for single members that could be motivated for other 

engineering problems.  

 
Data availability 

 

The input and output files for all examples, the computer source codes, and 

the trained neural networks are available at https://github.com/zsulsw/mlsa. 
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