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ABSTRACT: Newly developed solution techniques were used for the beam to column connections of the steel 
structures after the 1994 Northridge and 1995 Kobe earthquakes. Two significant methods, the use of reduced beam 
sections and strengthened beam to column connections, are the methods most frequently studied in recent years.   
In this study, an experimental procedure was performed to prevent the damages occurring at the beam to column 
connections of the buildings during an earthquake. For this purpose, four test specimens of beam to column 
connections were produced.  While the first specimen was a strengthened beam to column connection, the second and 
third were weakened specimens with 40% and 45% ratios, respectively. Additionally, an extra reference specimen (the 
fourth) was produced to compare the test results.  Additionally, a calculation of the analytical force and moment 
capacities of the test specimens, and the experimental and analytical results were evaluated.  The use of reduced beam 
sections and strengthened beam to column connections favorably affected the behavior of the frame system in a manner 
that the failure formation occurred not at the connection members but at the end-sections of the beams. 

Keywords: Steel frame, steel beam to column connection, seismic behavior of beam to column connections, 
weakened beam cross-section. 

 
 
1.  INTRODUCTION 
 
Unexpected failures were observed at the beam to column connections of the buildings after the 
Northridge (1994) and Hyogo-ken Nanbu, Kobe (1995) earthquakes (Hatipoglu 1).  
 
Rigorous post-earthquake investigations have revealed many factors contributing to the failure. The 
high stress concentration at the welded web and flanges and the vulnerability of the connection to 
the large ductility demand are considered to be two critical factors causing such failures 
(Pachoumis et al. 2, FEMA 350 3, Engelhardt et al. 4, Tsai et al. 5, Plumier 6).  
 
A number of improved beam-to-column connection design strategies have been proposed (FEMA 
350 3), many of which have shown to exhibit satisfactory levels of ductility in numerous tests. 
Two key concepts have been developed to provide a highly ductile response and reliable 
performance, and strengthening the connection and/or weakening the beam framing into the 
connection to avoid damages to the respective column (Pachoumis et al. 7).  
 
Reduced beam section connections have been shown to exhibit satisfactory levels of ductility in 
numerous tests and has found broad acceptance (Bruneau et al. 9; Chen et al. 10; Plumier 11; 
Zekioglu et al. 12; Engelhardt et al. 13; Jones et al. 14; Uang et al. 15; Lee et al. 16). In 
reduced beam section connections, a portion of the beam flanges at a short distance from the 
column are strategically trimmed to remote stable yielding at the reduced section, and to effectively 
protect the more vulnerable beam-to-column groove welded joints (Lee et al. 8). 
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Some design parameters are recommended by FEMA 350 3 and FEMA 351 17 regarding the 
location and reduction rate of a reduced beam section, based on the local performance of tested 
beam-to-column assemblies. In Europe, also, following the spirit of the above-mentioned 
recommendations, in Eurocode 8, Part 3, the designs of such connections are presented. The values 
for the geometrical parameters recommended in Eurocode 8 are also recommended in FEMA 350 
3, due to the lack of experimental studies on European profiles. Thus, the effectiveness of these 
recommendations is questionable. Recent experimental research (Pachoumis et al. 2) confirmed 
the need for readjustment of the geometrical characteristics for the design of a radius-cut reduced 
beam section. 
 
Although the concept of weakening the beam to strengthen the steel frame can be thought as 
meaningless, experimental studies on this subject presented a high level of performance for this type 
of beam to column connection (Hatipoglu 1). 
 
In this study, three test specimens were produced and tested under reversed-cyclic loading to prevent 
the problems experienced at the beam to column connections of the typical forehead-panel beam to 
column connection. While the first specimen had beam strengthening (N4), the other two had 40% 
(N2) and 45% (N3) circular weakening in accordance with FEMA 350 3 and Eurocode 8, 
respectively. Additionally, a reference specimen (N1) was produced and tested to compare the 
results. At the end of the tests, the obtained values were evaluated and compared with each other 
(Hatipoglu 1). 
 
 
2.  EXPERIMENTAL PROGRAM  
 
2.1  Method 
 
In this study, four beam to column connections with different connection characteristics were 
produced and tested under reversed-cyclic vertical loads applied at the beam ends. The required 
loading and displacement data were recorded during the tests using a computer-aided data 
acquisition system.   
 
2.2  The Material and Cross-section Characteristics 
 
In this study, four different test specimens produced in the laboratory were tested under 
reversed-cyclic vertical loading applied at the beam-ends. The columns (IPE400 profile) had 400 
mm height and 180 mm width, while the column flange and web had the dimensions of 13.5 mm 
and 8.6 mm, respectively. The beams (IPE270 profile) had a height of 270 mm and a width of 135 
mm, with a 10.2 mm beam flange and a 6.6 mm beam web. 
 
The coupon specimens used for the tests, which were obtained by cutting the profiles to determine 
the mechanical properties of the profiles, were subjected to an axial tensile test. The mechanical 
properties obtained as a result of the tensile tests are given in Table 1 (Hatipoglu 1). 
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Table 1. Mechanical Characteristics of IPE Profiles Used for the Tests  
 

Mechanical Characteristics  

Yield stress        (fy)   (N/mm²) 302 

Ultimate stress     (fu)   (N/mm²) 448 

Young’s modulus  (E)   (N/mm²) 203000 

 
 
2.3  The Characteristics of the Test Specimens 
 
In this study, the aforementioned four specimens having different cross-sections and beam to column 
connections were tested under reversed-cyclic vertical loading. The first specimen was the reference 
specimen (N1), whose beam cross-section was not subjected to any weakening or strengthening 
process. The beam cross-sections of the second and third specimens were weakened circularly in 
accordance with FEMA 350 [3], Eurocode 8 18, and the Turkish Earthquake Code 19, in a manner 
that the top and bottom flanges of the second specimen (N2) were subjected to 40% weakening, while 
the third (N3) had 45% reduction. Finally, the fourth specimen (N4) was strengthened using a 
stiffness panel at the beam-end (Hatipoglu 1). The properties of the test specimens and the beam to 
column connection photographs are presented in Figure 1.  
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Figure 1. Properties (in mm) of the Test Specimens and Beam to Column Connections 

 
 

2.4 Experimental Set-up 
 
Four different beam to column connection specimens, which were designed in a manner that they 
could be loaded from the beam-ends, were tested in this study. Due to the fact that the 3 m column of 
the specimen was fixed to the rigid wall securely, any rotation or shifting at the supports of the 
system was prevented.  Furthermore, the 2 m beam was connected to the mid-span of the column 
with a 63×20×3 cm flange plate using filled welding and M18 bolts. During the formation of the 
connection, maximum welding thickness was applied to prevent failure not at the welding site, but at 
the beam. Continuity plates and stiffness plates were used at the beam to column connection to 
strengthen the column panel region. Additionally, a reversed cyclic load was applied at the beam-end 
using a hydraulic jack and a pump, and recorded by the aid of a load cell. The test mechanism can be 
seen in Figure 2.  
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Figure 2. Experimental Set-up 

 
2.5   Measurement Mechanism and Loading Program Used in the Tests 
 
The measuring system of the test mechanism was built taking the test data for each beam to column 
connection from the same points of the specimens to the greatest extent possible. The displacement 
measurements were performed with the assistance of four linear variable differential transformers 
to understand the behavior of the beam to column connection by determining the displacements at 
the beam-ends and at the mid-points of the columns. Additionally, the measurement of force (F) 
applied by a hydraulic jack was recorded using a load cell (Figure 3).  

 
Figure 3. Measurement Mechanism Used in the Tests (in mm) 

 
The loading program used in the tests is given in Table 2 where the rotation () is calculated 
dividing the displacement () measured at the beam-end during the test by LVDT-1 to the beam 
span length (L=2000 mm).  
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Table 2. Loading Protocol 
 

Load step Rotation (L
(Radian) 

Number of cycles 
(nj) 

Displacement () 
(mm) 

1 0.00375 2 7.5 
2 0.00500 2 10 
3 0.00750 2 15 
4 0.01000 4 20 
5 0.01500 2 30 
6 0.02000 2 40 
7 0.03000 2 60 
8 0.04000 2 80 
9 0.05000 2 100 
10 0.06000 2 120 

 
 
3.   ANALYSIS ON THE EXPERIMENTAL RESULTS  
 
The experimental results were evaluated in consideration of the properties of the test specimens 
appropriate to the objective of this study. Therefore, the test specimens were compared to each 
other in terms of strength envelope, stiffness reduction, and energy consumption capacity 
(Hatipoglu 1).  
 
The strength envelopes of the aforementioned specimens are given in Figure 4 where force (F) 
denotes the force applied at the beam-end using a hydraulic jack and a pump, and recorded by a 
load cell, and the displacement () indicates the displacement obtained at the beam-end by LVDT-1 
shown in Figure 3. 
 

 
 

Figure 4. Strength Envelopes of the Test Specimens 
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As seen in Figure 4, the maximum average horizontal load-bearing values were determined as 
96.95 kN (N1), 85.48 kN (N2), 82.83 kN (N3), and 101.60 kN (N4) respectively. When the N1 
specimen that was not weakened or strengthened was considered as the reference, the N2 specimen 
was weakened with 40%, the N3 specimen was weakened with 45%, and the strengthened N4 
specimen carried 12% less, 15% less and 5% more load, respectively. The displacement value of 
100 mm and the drift ratio (/L) of 0.05 corresponding to the maximum loading value were reached 
for all the test specimens. After the boundary states of yielding and buckling were performed at 
these levels for the beam cross-section, the failure boundary states for the specimens were reached 
by the ruptures that occurred at the welding of the connection points. 
Stiffness degradation diagrams obtained by the tests of the aforementioned specimens are given in 
Figure 5, where the stiffness value for each cycle was calculated using the following equation in 
which the forces (F1, F2) and the displacements (1, 2) were obtained from the Force-Displacement 
diagram. 

21

21

 




FF
Rigidity                                                (1) 

 
The drift ratio was obtained by dividing the displacement () at the beam-end to the span length   
(L = 2000 m) of the beam.   
 

 
Figure 5. Stiffness Degradation Diagrams of the Test Specimens 

 
As seen in Figure 5, although the first cycle stiffness values were calculated as 2.57 kN/mm (N1), 
2.17 kN/mm (N2), 1.99 kN/mm (N3), and 2.91 kN/mm (N4), they decreased in the progressive 
cycles. The stiffness degradation occurred slightly more rapidly for the N2 and N3 specimens 
(having weakened cross-sections) in comparison to the other specimens. If the initial stiffness value 
of specimen N1 was taken as the “reference”, the specimens N2, N3, and N4 would have 16% less, 
23% less, and 13% more initial stiffness values, respectively. As observed at the end of the tests, the 
specimens of drift ratio level (/L=0.100) had stiffness values below 1 kN/mm. The final stiffness 
values for this level were obtained as 0.811, 0.630, 0.775, and 0.971 for specimens N1, N2, N3, and 
N4, respectively.  
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The energy consumption was determined by calculating the areas inside the hysteretic 
load-displacement loops for each cycle, disregarding displacements beyond which lateral strength 
reduction was reached. In Figure 6, the cumulative energy consumption values were plotted against 
the corresponding cumulative drift ratio (/L) that was calculated by successive summation of 
peak displacement ratios. 

 

 
Figure 6. Diagrams of the Energy Consumption Capacities of the Test Specimens 

 
As seen in Figure 6, the cumulative consumed energy values of the test specimens were obtained as 
32,590 kNmm, 22,194 kNmm, 41,817 kNmm, and 42,374 kNmm, when the cumulative drift ratio 
(Σ/L) was 0.484. When the reference specimen N1 was considered, the specimens N2, N3, and N4 
consumed 32% less, 28% more, and 30% more energy, respectively. The cause of less energy 
consumption for specimen N2 was due to the presence of a welding problem in this specimen 
earlier than the others (welding rupture). 
 
 
4.   ANALYTICAL STUDY 
 
The test specimens were modeled using actual dimensions and material properties. However, after 
performing the supporting process of the columns and the application of F (force) at the beam-end 
according to the test mechanism, the static analysis of the system was executed and the 
cross-sectional influences were obtained. The force-bearing and moment-carrying capacities for the 
yielding and plastic boundary states of the test specimens were determined by the aid of the 
cross-sectional characteristics, material properties, and the cross-sectional influences of the 
specimens, which were obtained from the static analysis.  
 
The moment bearing capacities can be calculated by using Eqs. 2 and 3 for yielding (elastic) and 
failure (plastic) states depending on the geometrical and strength characteristics of the beam 
cross-sections.  
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My= fy × We                              (2) 
 

Mp= fy × Wp                              (3) 
 
In these expressions; 
fy: The yielding stress (302 N/mm2) of the material with which the test specimens were produced. 
My: The maximum moment carried by the beam for yielding (elastic) state. 
Mp: The maximum moment carried by the beam for failure (plastic) state. 
We: The strength moment calculated for elastic state. 
Wp: The strength moment calculated for plastic state. 
 
Additionally, the reductions applied at the beam flange cross-sections were taken into account in 
determining the strength moments.   
 
The force-moment relationship of the beam as a result of the static analysis can be expressed as in Eq. 
4;  
 
M = F × L’i                           (4) 

 
In these expressions; 
M: the maximum moment occurred at the beam under the force F, 
F: the force acting at the beam-end 
L’i : is the beam span length, i.e. it is the distance between force and the column surface for N1 
specimens (L’1), it is the distance between force and the weakest cross-section at which reduction 
was made at the beam for N2 (L’2) and N3 specimens (L’3), and it is the distance between force and 
the end-point of the stiffness plate for N4 specimens (L’4), as given in Figure 1. 
 
Since M = Mr for boundary states, the following expression can be written using the Eqs. 2, 3 and 4. 
 
After substituting Eq. 2 into Eq. 3, load F can be determined using Eq. 4 for the boundary states. 
 

i

ey
y

L

Wf
F ,


                                     (5) 

 

i

py
p

L

Wf
F ,


                           (6) 

 
 Analytical calculations for yielding state: For the yielding state, the yielding stress and the 

elastic strength moment of the cross-section were used as stated above for the calculation of the 
yielding force Fy and the yielding moment My. 

 
 Analytical calculations for plastic state: For the plastic state, the yielding stress and the plastic 

strength moment of the cross-section were used as stated above for the calculation of the 
yielding force Fp and the yielding moment Mp. Eq. 7, given similarly both in TEC 19 and 
FEMA 350 3, was taken as the base during the plastic moment calculation. 
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Mp = 1.1 × Da × Wp × fy                           (7) 
 
The increasing coefficient, Da , in this expression varies between 1.1–1.2 depending on the material 
class and member type.  
 
The calculations were carried out for each test specimen according to the principles explained above, 
and the analytical results were presented in Table 3 together with the experimental results.    

 
Table 3. Analytical and Experimental Force-bearing Capacities of the Test Specimens 
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Exp. 
Fmax 

Exp. 
 Fmax/ 
Anal.  

Fp 

(10)/(8 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 

N1 429 484 2000 130 64.78 193 96.47 1.49 96.95 1.00 

N2 282 330 1810 85 46.94 132 72.59 1.55 85.48 1.18 
N3 264 311 1810 80 44.00 124 68.59 1.56 82.83 1.21 

N4 429 484 1920 130 67.51 193 100.54 1.49 101.60 1.01 

 
 

5. RESULTS 
 
The following results were obtained from the experimental and analytical studies.  
 
1. As a result of the tests, the maximum shear force carried by the beam was 101.60 kN for 
specimen N4, and thus, specimen N4 carried 5% more shear force ( moment), in comparison to the 
reference specimen, N1. The specimens N2 and N3 carried 12% and 15% less shear force, 
respectively, than that of the reference specimen N1 (Table 4).  
 
2. When the initial stiffness values were considered, the maximum stiffness value was 2.57 kN/mm 
for specimen N4. Specimens N4, N2, and N3 had 13% more, 16% less, and 23% less initial 
stiffness values, respectively, in comparison to the stiffness value of specimen N1 (Table 4).  
 
3. When the consumed energy values were considered, specimen N4 had the maximum consumed 
energy of 42,374 kNmm. Specimens N4, N3, and N2 consumed 30% more, 28% more, and 32% 
less energy, respectively, when compared to that of the reference specimen N1. Specimen N2’s 
lower energy consumption was due to the welding problem N2 faced earlier than the other 
specimens (Table 4).    
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Table 4. Results Obtained from the Experimental Studies 
Experimental Results 

Specimen Fmax 

 
(kN) 

Max. 
Stiffness 
(kN/mm) 

Stiffness degradation 
(Final stiffness/Initial stiffness) 

Cumulative consumed 
energy 

(kN×mm) 
N1 96.95 2.57 0.811 / 2.57 = 0.32 32590 
N2 85.48 2.17 0.630 / 2.17 = 0.29 22194 
N3 82.83 1.99 0.775 / 1.99 = 0.39 41817 
N4 101.60 2.91 0.971 / 2.91 = 0.33 42374 

 
4. When comparing the experimental and analytical results: 
  The maximum shear force values obtained and calculated for specimens N1 and N4 were 
almost the same. Moreover, the experimental shear force values obtained for specimens N2 and N3 
(having reduced cross-sections) were 20% more than the values obtained by the analytical solution.   
 During the analytical calculations, the “Da” coefficient was taken as 1.2, and the actual 
cross-sectional characteristics were used for the reduced cross-sections. The formula proposed for 
plastic calculations presented much closer results to the exact values for the other specimens, but a 
lower amount of deviation was observed for the reduced cross-sections. Therefore, a reevaluation 
of the formula used for the analytical calculations of the reduced cross-sections can be considered.  
        
5. When the failure types of the test specimens were considered, yielding occurred at the top and 
bottom flanges of the steel beam during the further cycle stages at maximum stress levels. Buckling 
occurred at the flanges and moved through the beam body in the subsequent stages. At this time, 
the damage formation at the welding was observed. In particular, the rupturing of the flange 
weldings during the test on specimen N2 was experienced earlier than expected. This state did not 
have a significant effect on maximum shear force and moment values, but caused less stiffness and 
energy consumption than expected. 

 
 

6.   CONCLUSIONS 
 
The following conclusions were obtained in light of the experimental and analytical studies.  
 The strengthening of the beam cross-section at the beam to column connection using a stiffness 

panel increased the beam shear force and also the moment capacity.   
 The use of a stiffness panel at the beam to column connection increased the initial stiffness, and 

the reduction at the beam-cross section decreased the initial stiffness by 20%.  
 As a general expression, both strengthening the cross-section using a stiffness panel and making 

a reduction at the beam cross-section increased the consumed energy by nearly by 30%, which 
favorably affects the performance of this type of system under seismic conditions.  

 According to the results obtained by the analytical solution, the bearing shear force values of 
the test specimens for failure boundary states (plastic states) were 49-55% larger than those for 
the yielding boundary states for all the specimens.      

 
The use of reduced beam sections and strengthened beam to column connections favorably affected 
the behavior of the frame system in a manner that the failure formation occurred not at the connection 
members, but at the end-sections of the beams. Additionally, the use of a strengthened beam to 
column connection considerably increased the force and moment carrying capacities, initial stiffness, 
and energy consumption capacities of the steel frames. Therefore, the use of reduced beam sections 
and strengthened beam to column connections can be suggested for the steel frame constructions 
under the risk of earthquake forces. 
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ABSTRACT: An analytical method for the study of the nonlinear forced vibrations and their stabilities of an 
elastically restrained tapered cantilever beam due to a direct periodic excitation is developed. The method of 
harmonic balance is used to study the steady state frequency response of the beam system for different values of 
physical parameters such as the root translational and rotational stiffness and the beam taper ratio. Results are 
presented for the first three modes of vibration. The stability of the frequency response for some selected values of 
the physical parameters is investigated, i.e. the regions on the frequency response curves at which the solution may 
bifurcate and then culminate into chaos. The qualitative features of the solutions are studied and identified using 
phase plane, Poincare maps and Fast Fourier Transform. The results are presented, discussed and conclusions on the 
elastically restrained tapered beam nonlinear dynamics are drawn. 

Keywords: Forced vibration, tapered beam, elastically restrained, stability, period doubling, chaos 

 
 
1.  INTRODUCTION 
 
Beams with continuous changes in cross sectional area along with the beam axis, i.e. tapered 
beams, have been extensively used in many civil and mechanical engineering structures such as; 
such as offshore structure piles, oil platform supports, oil-loading terminals, tower structures, 
bridges, lighting standards, rotating tapered blades and moving/rotating arms.  Tapered beams are 
also increasingly being used in the construction industry, due to their particular specifications and 
unique ability to combine efficiency, economy and aesthetic architectural needs.  They have the 
capability to optimise weight and strength despite the cost of fabrication of tapered members. 
 
Since tapered beams can model many engineering structures that require variable stiffness along the 
beam axis “length”, designs and analyses of such structures have attracted considerable interest and 
many researchers have directed their efforts and much research have been devoted towards the 
mathematical modelling and dynamic behaviour. 
 
Studying the dynamic analysis and vibrational behaviour of tapered beams enables the pre-
determination of undesirable behaviour such as resonance, large vibration levels and unstable 
vibration behaviour. The results of which will help designers and engineers predict the dynamic 
behaviour and enable them to impose suitable vibration control strategies to achieve optimum and 
safe behaviour. 
 
Having realized the vital role of the accurate mathematical modelling of tapered beams and having 
recognized their importance in studying dynamic behaviour researchers published many studies and 
reported analysis to deal with calculating natural frequencies and modes shapes either for small or 
large amplitude vibrations.  Broad surveys and literature on these subjects can be found in [1-14].  
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In fact, most of the previous research in this direction has been oriented towards the calculation of 
linear natural frequencies and mode shapes, with different end conditions and with attached inertia 
elements at the free end of the beam. 
 
In general, tapered beams may have relatively high flexibility due to their high aspect ratio and as 
they are usually subjected to various excitation loads such as wind loads, wave loads, etc., the 
prediction of their steady state response, nonlinear forced vibrations and stability of these large 
amplitude vibrations is extremely important for design, control and analysis. 
 
The objective of the present work is to extend the analysis and the results obtained in [13, 14] by 
studying the non-linear, planar, large amplitude forced vibrations of an elastically restrained tapered 
beam for the cases of a double taper beam and a single taper “wedge shaped beam”. The 
mathematical model is derived using the Lagrange method and the resulting continuous equation is 
discretised using the assumed mode method. The inextensibility condition [14-17] is used to 
determine the axial shortening due to transverse deflection in the formulation of the kinetic energy 
of the beam and the nonlinear curvature is used in the potential energy expression. 

 
Abdel-Jaber et al. [13, 14] undertook a complete study into the non-linear natural frequencies of an 
elastically restrained tapered cantilever. Their results documented a parametric study into the 
frequency-amplitude nonlinear relation under different physical parameters and combinations. The 
tapered beam system results have shown that, for the first and second modes the behaviour is 
changed from a hardening type to a softening type when the taper ratio is increased, whilst the third 
mode is always of a softening type regardless the value of the taper ratio (a hardening behaviour 
leads to an increase in the natural frequency of the beam when the vibration amplitude increases 
and a softening behaviour to a decrease in natural frequency). For a given value of taper ratio the 
authors showed that the nonlinear natural frequency of a double tapered beam is higher than that of 
a single tapered beam. The authors also produced results for the effect of the stiffness of the 
connection between the cantilever and the ground on the nonlinear natural frequency; it was shown 
that the nonlinear natural frequency changes from a softening to a hardening behaviour depending 
upon combinations of the physical parameters of the connection stiffness and the vibration 
amplitude. 
 
As the physical properties of cantilever beam systems such as connection stiffness may change 
during operation studying the steady state response under periodic excitation is extremely 
important.  
 
In the light of the above review, the objective of this work is to extend the analyses in [13, 14] and 
to analyze the periodic steady state response of the nonlinear oscillator which describes large 
amplitude planar vibrations of an elastically restrained tapered beam, under different values of root 
translational and rotational flexibilities. Furthermore, the stability of the obtained solutions is 
investigated and discussed to determine for a selected range of system parameters the regions of 
period doubling bifurcations and chaos on frequency response curves. 
 
To the authors’ knowledge, despite its physical importance, studies dealing with forced vibrations 
and their stability of tapered beams are not commonly available. 
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2.  DERIVATION OF THE EQUATION OF MOTION 
 
For the system shown in Figure 1 a complete derivation of the equation of motion is presented in 
[14] and for the sake of brevity it will not be presented here.  
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(a) Schematic for the tapered beam                   (b) The deformed inextensible beam 

Figure 1. Beam Schematics 
 
The rotational and translational stiffnesses of the elastic restraint at the cantilever root are denoted 
by rK  and tK  respectively. The Lagrangian of the system under consideration is given by: 
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   is the normalized, self-similar (i.e. independent of the motion amplitude) assumed mode 

shape of the beam and  ˆq t  is an unknown time modulation of the assumed deflection mode 

  . A dot is used to denote a derivative with respect to the non-dimensional time. 
 
For a double tapered beam 2

1
*
1  AA  and 4

1
*
1  II  and for a single tapered wedge beam 

 1
*
1 AA  and 3

1
*
1  II . As can seen i , 4,..,1i  are functions of the system physical parameters, 

so that any variation in any physical quantity such as the root flexibility will be reflected in the 
calculated values of i . 
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To study the forced planar response of the beam system, a periodic excitation  ˆQ t  is assumed to 

act only in the y direction, the beam transverse direction. Upon the application of the 
Euler-Lagrange equation 
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where Q  is the generalized force, which can be determined from the principle of virtual work, 

 W Q y   . Assuming    0
? cosQ t F t  , the discrete beam nonlinear equation becomes 
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where  c5    for a concentrated load which is assumed to act at an arbitrary point c  along 

the beam span and  
1

5 d 


  for a distributed load acting from   to the end of the beam. It 

is to be noted that some of the coefficients i  in Eqs. 2-5, increase sharply and attain relatively 

large values at higher modes of the beam. Therefore, for convenience, Eq. 7 is scaled and converted 
to the dimensionless form 
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For the stability analysis the damping of the beam system is assumed to be viscous, with damping 
coefficient  , which can be added to the system, also the excitation level for convenience is 
rescaled such that 003 FF  . The equation of motion takes the form: 
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1                                          (9) 

 
Eq. 9 describes the non-linear, planar, flexural free vibration of the inextensible elastically 
restrained tapered beam. In this equation, the terms 2

1 qq  and 2
1 qq   are inertial non-linearities 

due to the kinetic energy of the axial motion which arise as a result of using the inextensibility 
condition and they are of a softening type. The non-linear term 3

2q  is due to the potential energy 
stored in bending and arises as a result of using non-linear curvature and it is of a hardening static 
type.  
 
 
3.  ANALYSIS 
 
Approximate analytical solutions for the periodic steady state response, having the same period as 
the excitation, of the nonlinear oscillator described by Eq. 9 are obtained using the harmonic 
balance method (HB). To simplify the analysis a new time t T   is introduced so that Eq. 9 
becomes 
 



                      Steady State Response and Stability of an Elastically Restrained Tapered Beam                      18 

 T cos Fq q q  qq  q q  q 0
3

2
22

1
22

1
2                   (10) 

 
where dots are derivatives with respect to the new time T . 
 
3.1 Steady State Solution, Harmonic Balance Method (HB) 
 
According to the Harmonic Balance method, an approximate single term solution (SHB) of Eq. 10 
should contain sine and cosine terms, but with the same harmonic. To avoid this, an unknown phase 
  can be introduced to the excitation, and Eq. 10 takes the form 
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In this way, one may introduce a fundamental harmonic response containing a single trigonometric 
term only, which takes the form 
 
  T cos A Tq       (12) 

 
where A is the steady state response amplitude. Substituting Eq. 12 into Eq. 11, neglecting any third 
harmonics which arise, and equating coefficients of first harmonics the following equations are 
obtained: 
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To eliminate the unknown phase , the steady state frequency response is obtained by squaring and 

adding Eq. 13 to Eq. 14 and solving for 2 , for a given value A. 
 
The accuracy of the solution obtained from the SHB approximation can be improved by adding 
higher harmonics in the assumed solution given in Eq. 12. In this paper one more term is added to 
this equation, whereby the two-term approximation (2THB) to the steady state solution of the Eq. 
11 with odd nonlinearities in the form 
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Substituting Eq. 15 into Eq. 12 and following the same procedure, i.e. neglecting higher-order 
harmonics, the following coupled nonlinear algebraic equations for A1, A3, B3 and the phase   are 
obtained: 
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A steady state solution of the system can be obtained by solving the nonlinear equations given in 
Eq. 12 and Eq. 13 for the SHB and by the nonlinear equations given in Eqs. 16-19 for the 2THB 
using a numerical procedure. For the sake of brevity, a detailed procedure for solving such 
nonlinear systems is not given in this paper but is presented in [15-17]. 
 
 
4.   STABILITY OF STATE SOLUTIONS 
 
The stability analysis of the approximate harmonic balance solutions given in Eq. 11 and Eq. 14 
may be carried out by introducing a small perturbation  Tv  to the assumed solution in Eq. 12 by 
substituting 
 

 TvTcosA)T(u                (20) 
 
into Eq. 10. This leads to the following non-linear variational equation 
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The stability is governed by the linearised version of Eq. 21. In addition, the excitation term on the 
right-side is deleted, because it has no influence on stability, this leads to the following Hill’s type 
equation: 
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By virtue of Floquet theory, a particular solution of the linearised variational equation, is sought in 
the form [17]: 
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   TeTv T                     (23) 
 
where   is defined as the characteristic exponent and  T  is a periodic function with periods 

T and T/2 since the dimensionless frequencies of the sine and cosine terms in Eq. 22 are 2, this 
introduce the periods T and T/2. The solution of  T  is stable (respectively, unstable) if the real 

part of   is negative (positive); and the real part of   is zero on the boundary between stable 
and stable regions. In addition, some results are presented for the case of asymmetric solution and 
their stability by substituting 
 
   TvTcosAATu 10                            (24) 

 
where oA  is a constant bias and 1A  is the amplitude. The results are of importance because they 

give good indication about the region at which the steady state solution bifurcates and causes 
period doubling and then chaotic behaviour. 
 
For a full detailed procedure regarding the stability analysis either using single term as the one 
assumed in Eq. 20, two terms or biased solution as in Eq. 24, the readers are invited to consult 
reference [17]. 
 
 

5.  RESULTS AND DISCUSSION  
 
The steady state frequency response of the non-linear, single mode, temporal equation of motion Eq. 
9 of the elastically restrained tapered beam as shown in Figure 1, was calculated analytically using 
the harmonic balance method and with an excitation level oF ,  for different values of the physical 

system parameters rK , tK ,  ,   where rK  is the  rotational stiffness and  tK  is the 

translational stiffness  of the elastic restraint at the cantilever root;   is the taper ratio defined by 

1

2

b
b  and   is the damping coefficient. Here and for the sake of convenience the beam root 

stiffnesses are introduced in terms of their flexibilities, lKEIC r1r   and 3
t1t lKEIC  . For 

example, for a clamped end 0CC tr  . 

 
To calculate the parameters 1  and 2  given in the nonlinear Eq. 9, for selected values of the 

physical parameters, the integrals in Eqs. 2-5 defining the coefficients i  were evaluated 

numerically. 
 
The results show that for a given value of   the nonlinear natural frequency of a double tapered 
beam is higher than that of a single tapered beam. In addition, the effect of the beam’s root 
flexibility, was shown in [14] to have a significant role in the behaviour and dynamics of the beam, 
i.e. the behaviour was changed form a softening to a hardening behaviour depending on 
combinations of the physical parameters of the beam’s root flexibilities rC and tC . 

 
The nonlinear frequency response of the beam due to excitation are dominated by the two 
competing non-linearities - softening “  22

1 qqqq   ” and hardening “ 3
2q ” nonlinearities, and the 

behaviour of the elastically restrained tapered beam considered in this paper is either hardening or 
softening depending on the ratio 21  [9], which are calculated from values of i  given in Eqs. 

2-5. 
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In Table 1, some numerical values for the ratio    21 /   are presented for different values of rC  

and tC  and for the first three modes of vibration. 

 
Table 1. Sample numerical values for the ratio    21 /   

for different values of rC  and tC  of the first three modes 

 
   Rotational Flexibility rC   
   0Cr   1Cr   5Cr   10Cr   

0Ct   0.36 8 56 611.1 

5.0Ct   2.36 8.70 33.4 299.2 

1Ct   2.45 11.09 30.11 176.74 

 
 

First 
Mode 

Translational 
Rotational 
Flexibility 

tC  
5Ct   2.57 30.87 46.6 93.47 

0Ct   1.35 1.476 1 2.468 

5.0Ct   0.61 8.7 9.44 9.54 

1Ct   0.51 4.9 16.46 24.225 

 
Second 
Mode 

Translational 
Rotational 
Flexibility 

tC  
5Ct   0.44 5.11 34.0 209.9 

0Ct   2.95 2.48 2.4697 2.468 

5.0Ct   1.63 1.80 1.40 1.28 

1Ct   1.63 1.78 1.35 1.22 

 
Third 
Mode 

Translational 
Rotational 
Flexibility 

tC  
5Ct   1.63 1.76 1.32 1.19 

 
 
As an example and to shed more light on the nonlinear dynamics of a tapered beam, results for 
forced vibration are obtained and presented in Figure 2 for selected values of the physical 
parameters rC , tC ,   and  . In Figure 2(a), results of the steady state frequency response are 

obtained for the first mode of vibration for 0tC  , 0.1  , 0.1   and for the indicated values 

of rC . These results show that the frequency response of the first mode is bent towards the right, 

i.e. the frequency exhibits a hardening behaviour, when the value of 0rC  , and the frequency 

exhibits a softening behaviour “ bend to the left” for other values of rC . This is due to the fact that 

when 1 2/     1.6    the behaviour is of hardening type and when 1 2/     1.6    is of a 

softening type [16, 18]. For the second mode, the behaviour is of hardening type for all values of 

rC  except the case 10rC  (see Figure 2(b)). In Figure 2(c) the behaviour of the third mode is of 

softening type, for all values of rC  and tC . Note that in this case the curves for 

1, 5 and 10r r rC C C    have coalesced onto the same curve.  
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(c) Third mode 

Figure 2.  Steady State Frequency Responses for 0.1, 0 and 0,1,5,10t rC C     

( 0rC           , 1rC         , 5rC          and 10rC          ) 

 
The stability analysis of the nonlinear oscillator described in Eq. 9 was verified near the principal 
resonance zone for selected values of system parameters 0F , 1 , 1  and  , using computer 

simulation and with the aid of Time histories, Phase Plane, Poincare Map and Fast Fourier 
Transforms (FFT). 
 
Results for a softening type oscillators, i.e. 6.121  , are presented in Figure 3 with the 

parameters 0F , rC , tC ,   and  chosen to be 5, 0.5, 10, 0.1 and 0.1 respectively of the second 

mode of vibration of the elastically restrained tapered beam. 
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Figure 3. Steady State Frequency Response (SSFR), First Order Stability (1st Stab.),  

Second order Stability (2nd Stab.), Biased Solution and Its Stability.  
     0 5F  , 5.0Ct  , 10Cr   and 1.0   for the second mode: 

( SSFR          , 1st Stab.         , 2nd Stab.        , Ao            , A1 
and ○○○○○○○○ unstable Ao and A1) 

 
In Figure 3, using the HB method, the steady state response first and second order unstable regions 
are obtained using a single term only, in addition to the biased solution and its stability given in Eq. 
24. It is known that the first order unstable region intersects the steady state response curve at the 
vertical tangency point. In the same figure the biased solution and its stability are also shown. The 
dynamics behaviour was verified numerically and steady state numerical solutions were obtained in 
the resonance area. The steady state response curve enters the second unstable region at 4.1 , 
and the biased solution is unstable at 06.178.0  , at which there is a possibility of period 
doubling bifurcation PDB, i.e. the PDB can occur also for 40.1  in addition to range predicted 
by the stability analysis of the biased solution. Numerical simulations have shown that, by 
increasing the frequency, the PDB is first observed at 99.0  followed by T3  and T9  
attractors at 04.1  and 055.1  respectively, and they develop into chaos at 11.1 . The 
first chaotic zone observed is in the range 29.111.1   and then ends by a T3  attractor. The 

T3  attractor disappears and chaos returns in the range 15.209.2  , followed by period 
doubling at 3.2   and higher period doubling, i.e. T4  at .35.2  These period doublings 
do not develop into chaos. Further investigations showed that a PDB was observed in the range 

05.395.2   and the periodicity returns to the system for 1.3 . In Figures 4-9 the time 
histories, phase planes, Poincare maps and FFT are shown for different values of   and for the 
parameters ( o 5, 0.5, 10, 0.1, 0.1t rF C C       ).  
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        (c) Poincare map                     (d) Fast Fourier Transform 
 

Figure 4. Time history, Phase Plane, Poincare map and Fast Fourier Transform (FFT).  
     0 5F  , 5.0Ct  , 10Cr  , 1.0    and 1.3  periodic (1T) for the second mode 
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Figure 5. Time history, Phase Plane, Poincare map and Fast Fourier Transform (FFT).  
     0 5F  , 5.0Ct  , 10Cr  , 1.0    and 1.0   periodic doubling (2T) for the second mode 
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Figure 6. Time history, Phase Plane, Poincare map and Fast Fourier Transform (FFT).  
     0 5F  , 5.0Ct  , 10Cr  , 1.0    and 9.1  higher period doubling (4T)  for the 

second mode 
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Figure 7. Time history, Phase Plane, Poincare map and Fast Fourier Transform (FFT).  

     0 5F  , 5.0Ct  , 10Cr  , 1.0    and 08.1  (3T attractor) for the second mode 
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Figure 8. Time history, Phase Plane, Poincare map and Fast Fourier Transform (FFT).  
     0 5F  , 5.0Ct  , 10Cr  , 1.0    and 1.1  (6T attractor) for the second mode 
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Figure 9. Time history, Phase Plane, Poincare map and Fast Fourier Transform (FFT).  

     0 5F  , 5.0Ct  , 10Cr  , 1.0    and 29.1  (Chaotic behaviour) for the second mode  

 
Results presented in Figure 3 and with the aid of computer simulations (Figures 4-9) show that, as 
one may expect, the resonance curves of the asymmetric solution intersect those of the symmetric 
solution near the region of chaotic motion, which lies in the zone where the principal resonance 
curves of the symmetric solution may enter the second unstable region. Results for a hardening type 
oscillator, i.e. 1 2 < 1.6  , are presented in Figure 10 with the parameters 0 35F  , 5rC  , 

1tC  , 0.1   and 0.1  , for the third mode of vibration of the tapered beam under 

consideration. In this figure, the steady state response, first order and second unstable boundaries, 
biased solution and stability of the biased solution ”Asymmetric” are also presented for the 
nonlinear oscillator with hardening characteristics. The first order unstable region intersects the 
response curve at the point of vertical tangency and the second unstable region has two boundaries; 
the first one is located at the super-harmonic resonance zone at 635.06.0   and the second 
intersects with the response curves at 42.2 . From the figure, the asymmetric solution 
intersects with symmetric one at 60.1 , i.e. before the steady state response enters the second 
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boundary of the second unstable region. In addition the biased solution is unstable at 
19.291.1  , at which there is a possibility of period doubling bifurcation (PDB). Results 

obtained, but not shown for the sake of brevity, indicated that the PDB and chaos may occur inside 
the regions 635.06.0  , 42.2  and 19.291.1  , at which the PDB may develop into 
higher period doublings and then culminates into chaos.  
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Figure 10. Steady State Frequency Response (SSFR), First Order Stability (1st Stab.), Second order 
Stability (2nd Stab.), Biased Solution and Its Stability.  3    0 5F  , 1Ct  , 5Cr   and 02.0   

for the third mode: Steady State Frequency Response (SSFR), First Order Stability (1st Stab.), 
Second order Stability (2nd Stab.), 

( SSFR         ,  1st Stab.         , 2nd Stab.        , Ao            , A1 
and ○○○○○○○○ unstable Ao and A1) 

 
 
6.  CONCLUSIONS 
 
The present work has studied the steady state frequency response of an elastically restrained 
cantilever tapered beam. The nonlinear uni-modal equation of motion was taken from [14]. The 
steady state responses under a sinusoidal excitation were obtained for different values of physical 
parameter; rotational flexibility rC , translational flexibility tC , taper ratio  , damping   and 

excitation level 0F . The steady state frequency response curves are presented for the first three 

modes of vibration using the method of harmonic balance. 
 
It was shown that the variation of rC  and tC  is associated with a qualitative change in the 

dynamics behaviour of the steady state response. 
 
It has been shown that the frequency response curves of the asymmetric solution intersect those of 
the symmetric solution before the symmetric solutions penetrate into the second unstable region, 
regardless the characteristic type of the nonlinear equation of motion, i.e. softening or hardening. In 
addition, it has been shown that at the point of intersection between asymmetric and symmetric 
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solutions, i.e. when 0A  in the biased solution has non-zero real value, the symmetric solution 

bifurcates into an asymmetric one and the PDB appears in this area and in some cases the PDB 
developed into chaos. 
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ABSTRACT: The resistance of bolted lap shear connections in bearing is traditionally evaluated by considering an 
equal distribution of internal forces amongst the bolts. In fact, such an assumption may only be seen as the result of a 
plastic redistribution of the internal forces, what requires shear ductility in the vicinity of the bolts. In the present 
paper, ductility requirements are proposed that ensure that, in the presence of real geometric imperfections, plastic 
resistance can be attained. 

Keywords: Shear bolted connections, equivalent bolt zone component, available deformation capacity, required 
deformation capacity, ductility criteria 

 
 

1.  INTRODUCTION 
 
A connection can be classified as a Shear Bolted Connection when the forces transferred between 
the elements induce predominantly shear in the bolts. Two types of shear connections, also called 
lap connections, may be found: single and double overlap connections. The difference consists in 
the number of shear planes that cross the bolt shanks (Figure1). In the case of single lap 
connections, the eccentricity of the loading generates secondary bending actions in the bolts and as 
result tension load is also applied to the bolts. Consequently, the shear resistance of the bolt may be 
affected. According to 0, the loss of shear capacity is up to 10%, being higher for longer bolts. 

F
F

F

F

2F

 
Figure 1. Single and Double Overlap Connections 

 

In shear bolted connections, two different elements may be distinguished: connectors (bolts) and 
connected elements (plates). The term plate is used to refer to column flanges, beam flanges, beam 
webs, splice plates, etc. 
 
The behaviour of shear bolted connections in bearing is known [2] to be divided in three stages: i) 
initially, load is transferred without deformation until the small friction developed by the hand 
tightened bolts is overcome; ii) subsequently, because of the hole clearance, free slip occurs until 
the bolts are in contact with the connected parts; iii) finally, bolt and plate are in contact, the load 
and deformation increase up to failure. The level of deformation depends on the type of failure 
governing the connection behaviour. Neglecting the small friction developed between the plates 
and the negligible bending of the bolt, four different resistance and deformation modes should be 
considered: 
 Bearing of the plate and/or bolt; 
 Shear in the plates; 
 Tension in the plates; 
 Shear in the bolt shanks. 



34                     Ductility Requirements for the Design of Bolted Lap Shear Connections in Bearing 

From these, the behaviour of a shear bolted connection can be defined by the response of two 
different parts: bolt zone, where bearing and shear forces develop; and the plate between holes 
where direct forces develop in the plate. The work presented in this article focuses on the bolt zone; 
so the failure of the connection by excess of tension in the connected plates is here not considered. 
 
The performance of a bolted connection is complicated and both the stress distribution in the 
connection and the forces in the bolts depend on the stiffness of the bolts, and the connecting steel 
elements. Consequently, an exact theoretical analysis is not possible. The design of shear bolted 
connections in bearing can then performed by means of reliable empirical formulae available in 
classical books [2]-[5], design guides[6]-[7] or in design codes [8]-[10], The present work is carried 
out within the scope of European Standards; therefore, [8] is used as a basis. In section 2 of this 
paper, the design approach prescribed by this Standard is further discussed. 
 
In bolted lap shear connections in bearing, the load to be transferred between the plates is 
distributed non-uniformly amongst the bolt-rows (Figure 2a), Owens [2]. If sufficient deformation 
is provided around each connector, a full plastic redistribution of forces may be noticed, otherwise 
failure is reached by lack of ductility and the maximum external force to be transferred is lower 
than the one corresponding to a full plastic distribution. Schematically, the different stages of forces 
distribution in a shear bolted connection may be represented as in Figure 2. 

 
a) None of the bolt rows yield; 

 
 

b) Outer bolt rows yield (elastic resistance of the connection); 

 
c) Progressive yielding of bolt rows from outside to inside 
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d) All bolt rows yield (full plastic resistance of the connection) 
 

Figure 2. Different Stages of Force Distribution in Shear Bolted Connections 
 
In [11], Ju et al. showed that in the nonlinear range the maximum load achieved by the connection 
is almost linearly proportional to the number of bolts in the connection. In part 1-8 of Eurocode 3 
[8], a full plastic distribution of forces can be assumed as long as the connection length is limited. A 
similar prescription is given in the AISC design manual [9]. However, for long steelwork joints of 
normal proportions this behaviour will be insufficient to produce an equal load distribution. The 
end-bolts will reach their deformation limit and fail before the remaining ones have been fully 
loaded. This will result in progressive failure at an average shear value per bolt below the 
single-bolt shear resistance. Tests have shown that the influence of the length of the joint, rather 
than with the number of bolts, is a dominant parameter [7]. Accordingly, the codes 
[8]-[10]prescribe a reduction factor for high connection lengths. 
 
Pietrapetrosa el al.[12] approached the subject by only considering fitted bolts. Their study showed 
that, inside the limits given by the code and by practical guidance, sufficient ductility to achieve a 
full plastic distribution of internal forces is available. However, the common practice is the use of 
non fitted bolts and the presence of geometrical imperfections (bolt /holes misalignment)is also a 
reality. Consequently, the lack-of-fit will increase the demands of ductility as some bolts bear 
before the others, as verified by Wald et al.[13]. They showed that for certain values of gap in some 
bolt rows, failure was first attained in the extreme bolts and therefore a full plastic resistance was 
not reached. According to [2] and [7], the reduction of shear resistance is up to 50% of that if equal 
distribution of load was observed. 
 
Based on the principles of the component method, it is the objective of the present paper to derive 
general formulae to determine the deformation capacity required in the bolt zone components in 
order to reach, in actual shear bolted connections, full plastic resistance. To this end, the maximum 
geometrical imperfections were evaluated according to the hole clearances and fabrication 
tolerances. Then, the component based mechanical model proposed in [12] for shear bolted 
connections is used. Furthermore, the behavioural characterization of the activated components is 
obtained by means of numerical, experimental and analytical data. Finally, the required and 
available deformation capacities on the bolt zone are derived and ductility requirements are 
proposed. 
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2.   EUROCODE 3 DESIGN PROCEDURE FOR BOLTED CONNECTIONS  
IN SHEAR 

 
Part 1.8 of Eurocode 3 [8] is dedicated to the design of joints in steel structures. It prescribes the 
component approach for the evaluation of the mechanical properties of the joints, Jaspart [14] and 
Weynand et al, [15]. However, the analysis of shear bolted connections is not specifically treated, 
although the code gives recommendations for the evaluation of the stiffness and resistance 
properties of several individual components. According to the principles of the component method, 
it is up to the designer to identify the relevant components and to assemble them according to a 
representative mechanical model in order to be able to predict the response of the whole 
connection. 
 
According to the classification system for joints in Eurocode 3 part 1.8 [8], the connections 
considered here belong to category A: Shear Bolted Connections – Bearing Type. These ones resist 
by transferring forces through plate/bolt contact and bolt shearing. Non preloaded bolts are used 
and the small friction resistance between the contact surfaces is neglected. Considering the 
resistance and deformation modes listed in the introduction and that are relevant for shear bolted 
connections, among the list of individual components presented in Table 6.1 of part 1.8 of 
Eurocode 3 [8], the following should be considered: bolt in shear (Component 11), plate/bolt in 
bearing (Component 12) and plate in tension (Component 9). Furthermore it is then assumed that 
the failure mode of a bolt zone (i.e. a zone where a shear force is locally transferred from one plate 
to another) is associated to that of the weakest component. Through this procedure, the resistance 
and stiffness properties of the bolt zone may so be evaluated. It is noted, however, that part 1.8 of 
Eurocode 3 gives no information on the deformation capacity of these components. Table 1 
summarises the characterization of the relevant components. 
 
The evaluation of the response of a shear bolted connection (Figure 3a) by assembly of the relevant 
components is accurately obtained using the mechanical model of Figure 3b, Pietrapetrosa el al. [12] 
and Gresnigt et al. [16]. In this simple rational model, with higher practical interest than any 
sophisticated FE model, each individual component is modelled through extensional springs. In the 
bolt zone, one observes that three springs act in series: the bolt in shear (Sb); and twice the 
plate/bolt in bearing (Spi). Assembling these three springs into an equivalent spring Seq (describing 
the bolt zone response) leads to the simplified model of Figure 3c where the components at the bolt 
zone are represented by a so-called equivalent bolt zone component (Table 1). It should be noted 
that this model neglects the secondary bending actions that may develop in the case of single lap 
joints. Though, these bending actions have decreasing effect with the increasing of the length of the 
joint [17]. Furthermore, often the connected members are prevented from significant bending 
because of the presence of webs and therefore, the tensile component on the bolt is of minor 
importance. Nevertheless, the bending action can be indirectly introduced by affecting the 
components response. For the previous reasons, this is not the case in the present work and the 
secondary bending actions are disregarded,  
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Table 1. Eurocode 3 Expressions to Evaluate the  
Characteristic Resistance (Rc) and the Stiffness (Sc) of the Basic Components 

 Sc Rc 
Plate in 
tension 

(Component 
9) 

 
 
 
 

Spl = EA/pb 
Rpl=min(A fy; 0,9 

Anetfu) 

Bolt in 
shear 

(Component 
11) 

 
 
 
 
 

Sb = 8 d² fub/dM16 Rb = vfubAb 

Plate in 
bearing 

(Component 
12) 

 
 
 
 

Sp = 12 kb kt d fu Rp = k1bfu d t  

Equivalent 
component 

 
 
 
 

Seq =  
(Sb

-1 + Sp1
-1 + Sp2

-1)-1 
Req = min(Rb, Rp1, 

Rp2) 

E Young Modulus 
A gross area of the plate 
Anet net area of the plate 
pb pitch distance ( to load transfer) 
eb end distance ( to load transfer) 
fy yield strength of the plate 
fu ultimate strength of the plate 
t  thickness of the plate 
Ab shear area of the bolt (nominal or 
 stress area) 
fub ultimate strength of the bolt 
 

d    diameter of the bolt 
d0    diameter of the bolt hole 
dM16 nominal diameter of a M16 bolt 
e2    edge distance ( to load transfer) 
p2 pitch distance ( to load transfer) 
kb = min(kb1;kb2) 
kb1 = 0,25 eb/d + 0,5  but kb1  1,25 
kb2     = 0,25 pb/d + 0,375     but 
kb2 1,25 
kt     =1,5 t / dM16 

but kt< 2,5 
v    = 0,5 or 0,6 
b    = min(eb/3d0; pb/3d0 – 0,25 ; 
fub/fu; 1,0) 
k1    = min(2,8 e2/d0 – 1,7; 1,4 p2/d0 – 
1,7; 2,5) 

 
 

 
a) Shear connection with three bolts 

 

 
b) Actual mechanical model 



38                     Ductility Requirements for the Design of Bolted Lap Shear Connections in Bearing 

 
c) Simplified mechanical model 

 
Figure 3. Mechanical Models 

 
For shear connections with more than one bolt zone “in length”, two recommendations given by the 
code are relevant. The first is related to the resistance of connections with a limited number of bolt 
zones along the length (EN1993-1-8: 3.7 [8]): 
 

 
, , , , , ,

, , , , , ,min min( ; )

v Rd i b Rd i Rd b Rd i

Rd Rd i Rd i v Rd i b Rd i

if F F i F F

if not F n F with F F F

    



 

                  (1) 

 
where: 
- FRd is the resistance of the whole connection; 
- n is the number of bolt zones “in length; 
- i  indicates the bolt zone number; 
- Fb,Rd,i  and Fv,Rd,i are, respectively, the bearing and the shear resistances of bolt zone i. 

 
The second rule is related to long joints where the shear resistance should be reduced if the 
connection length (Lj) exceeds 15d. In this case, the following reduction factor (βj) should be 
applied to the shear resistance (Fv,Rd) of the bolts (EN1993-1-8: 3.8 [8]): 
 

0.175.0
200

15
1 


 LF

j
Lf but

d

dL
                                            (2) 

 
Similar limitations to the shear resistance of the bolted connection are given in [9] and [10].  
 
 
3.   EVALUATION OF THE GEOMETRICAL IMPERFECTIONS/LACK OF FIT 
 
As in every construction type, imperfections related to fabrication have to be considered in steel 
structures. As far as the response of shear connections is concerned, the discrepancy between the 
nominal and the actual values of bolt diameters, hole diameters and positions (pitches and end 
distances) may affect the behaviour of the connections as the geometrical imperfections will lead to 
a non simultaneous transfer of forces between the bolts, as it would be the case for “perfect” 
connections (for instance, connections with fitted bolts). 
 
Values of tolerances are given in the European Standard for the Execution of Steel Structures and 
Aluminium Structures, EN 1090-2 [18], in ISO/DIS 4759-1 [18] and in ISO286-2 [20]. Based on 
these values, the lack of fit in bolted connections may be quantified. However, due to the multiple 
parameters involved, this task is complex. In order to simplify, and have in consideration the 
evaluation of the maximum required deformation in a bolt zone, some assumptions are established 
in order to get the “worst situation” (i.e. the one for which the highest demand in terms of ductility 
is required from a bolt zone): 
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 Possibility to have different values of actual hole diameters in every plate; 
 Possibility to have different hole deviations in every plate, and consequently different 

values of pitch and end distances in every plate; 
 The bolt initially in contact with the plates is one of the outer bolts (henceforth this bolt will 

be designated as FBW [First Bolt Working], while the notation RB [Rest of the Bolts] will 
be used for all the others), this allows to maximise the requested deformation capacity for 
the FWB bolts; 

 The “worst situation” results from the combination of all these possibilities. Even if this is 
not the more realistic pattern, it could anyway happen; and for sure it is the one leading to 
the highest request in terms of ductility. 

 
Using the values for tolerances from the standards (EN1090-2: 6.6 and D.2.8 [18]) and the previous 
assumptions, several connection layouts may be drawn to identify the “worst case”, as illustrated in 
Figure 4. A detailed description on how these values were obtained is given in [21]. 
 

 
Figure 4. Connection Layout Considering the Presence of Geometrical Imperfections 

 
Analysing several situations, as different bolt diameters, one obtains the gaps to be considered in a 
bolted connection that respect the previous assumptions. Table 2 presents maximum gaps that may 
be observed in a connection layout according to the bolt diameter used. The main factors which 
distinguish the different values obtained are the hole clearance and the tolerances allowed by 
standards, for different bolt diameters. 
 

Table 2. Gaps in Bolted Connections 

2, 3 or more bolts 
Bolts 

FBW gap RB gap Max. Gap 

M12-M14 0.00 3.08 3.08 

M16 0.00 4.54 4.54 

M18-M24 0.00 4.66 4.66 

M27 1.00 5.66 4.66 

over 1.00 5.78 4.78 

 
 

RB RB FB

F 

F 
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4.   RESPONSE OF THE INDIVIDUAL COMPONENTS 
 
As mentioned before, two different individual components interact in the bolt zone: the bolt in 
shear and the plate/bolt in bearing. In order to analyse shear bolted connections, the behaviour of 
these components has first to be predicted. Hereafter, code recommendations and results of former 
investigations are used to achieve it. 
 
4.1  Bolt in Shear 
 
In Moscow, Karmalin et al.[22] have performed numerous experimental tests on bolts in shear. 
Resistance, stiffness and deformation capacity of bolts subjected to shear have been measured for 
M16, M20 and M24 with grades 5.8, 8.8 and also for bolts with a minimum tensile strength equal 
to 1100MPa (high strength). The tested specimens consisted of single bolted connections with 
two-shear planes, see Figure 5.Table 3 presents the test results. 

 
Figure 5. Test Set-up of Moscow Experiments 

 
Table 3. Moscow Test Results 

Ru,b [kN] δu,b [mm] 
Bolts Grade 

M16 M20 M24 M16 M20 M24 

5.8 63 – 72 97 – 110 137 – 150 2.9 – 3.4 3.4 – 3.8 4.1 – 4.4

8.8 81 – 93 124 - 141 175 – 193 2.2 – 2.5 2.6 – 3.0 3.1 – 3.5

High-strength 126 – 150 195 - 220 275 - 308 1.6 – 2.0 1.8 – 2.2 2.1 – 2.7

 
Based on the EC3 part 1.8 [8] expressions (see Table 1) and on these experimental results, 
expressions to determine the ultimate deformation capacity, ultimate resistance and 
strain-hardening stiffness of bolts in shear have been derived. With the aim to refer explicitly to 
Eurocode 3, the here-above listed parameters are expressed as a function of the initial stiffness (Sb) 
and of the nominal resistance (Rb)(see Table 1). Table 4 presents these expressions. A detailed 
derivation being found in Henriques thesis [21]. 
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Table 4. Ultimate Resistance, Ultimate Deformation Capacity and Strain-hardening Stiffness 
for the “Bolt in Shear” Component 

δu,b 
Bolts Grade 

M16 M20 M24 
Sst,b Ru,b 

5.8 
4.7 

Rb/Sb 
5.5 Rb/Sb 6.7 Rb/Sb Sb/2.5 1.58 Rb 

8.8 
3.0 

Rb/Sb 
3.5 Rb/Sb 4.2 Rb/Sb Sb/7.0 1.05 Rb 

High-strength 
2.6 

Rb/Sb 
2.9 Rb/Sb 3.4 Rb/Sb Sb/1.5 1.44 Rb 

 
4.2  Plate/Bolt in Bearing 
 
Bearing problems are complex as they deal with contact between two bodies. The development of a 
numerical model for the simulation of bearing phenomena was carried out using the Lagamine 
code[23], a software developed at the ArGEnCo Department of the University of Liège. Available 
tests made in other universities were used to calibrate the numerical model: tests on shear bolted 
connections at the University of Ljubljana [24] and at the Technical University of Delft [25].  
 
The idealized numerical model consisted in a plate with a hole fixed in one edge (width edge) and 
free in all the others. In the hole was placed a rigid element which simulated the bolt. This element 
is “pulled” against the plate in the opposite direction of the supports. Figure 6 illustrates the 
idealized model. 

 
Figure 6. Idealized Model for Bearing 

 
The plate was modelled using 3D volume elements (BLW3D) available in LAGAMINE. This 
element is defined by 8 nodes and 1 Gauss integration point. The bolt was modelled as a rigid body 
(FOUNDATION). As in the experiments, double overlap connections have been tested, only part of 
the external plates has been modelled. The confinement effect provided by these plates has been 
simulated, but only in the region where its influence is relevant, see Figure 7. For these plates the 
same type of 3D volume elements has been used. Finally, to model the contact, plane elements 
(CIF3D) able to simulate three-dimensional mechanical contact problems were used. This element 
is composed by 4 nodes and 4 Gauss integration points. Two contact zones have been defined: bolt 
– plates contact; main plate – external plate contact. 
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Figure 7. Model with Cover late 

 
One of the main objectives was to be able to model bearing failure; this goal was not completely 
achieved. As one can see, as an example, in Figure 8, for one of the tested specimens, the numerical 
model can rather well approximate the whole connection behaviour, but no reliable failure criterion, 
indicating when the simulation should be stopped, has been finally identified. Further related 
investigations are therefore still needed. 
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Figure 8. Simulation of A2020 Specimen [25] and Comparison with Tests 

 
As a consequence, the characterization of the plate/bolt in bearing behaviour is based hereafter on 
the existing knowledge: the elastic stiffness and the nominal resistance are determined using code 
recommendations(see Table 1), while, for the other parameters (strain-hardening stiffness, ultimate 
resistance and ultimate deformation), expressions from previous works ([14], [12] and [21]) are 
used. 
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4.3  Plate in Tension 
 
Although present research work focuses on the bolt zone and on its capability to redistribute forces, 
the deformability of a plate in tension has an important influence on the distribution of forces 
amongst the bolts. The stiffness of the plate in tension has therefore also to be predicted; an 
expression is provided in Table 1. 
 
 
5.   ASSEMBLY OF THE BASIC COMPONENTS 
 
In this section, the individual basic components are assembled with the objective to derive the 
available ductility of the equivalent bolt zone components and the ductility required to allow a full 
redistribution of internal forces in shear bolted connections. 
 
5.1  Available Deformation Capacity of the Equivalent Bolt Zone Component 
 
The deformation available in the equivalent bolt zone component is obtained through the 
“association” of the two basic components: the bolt in shear and the plate/bolt in bearing. Each 
basic component is characterized and the deformation capacity evaluated according to the previous 
sections. Subsequently assembly is done according to their resistance and deformability. The 
complete behaviour of the equivalent bolt zone component is then obtained.  
 
The derivation of formulae to determine the available deformation capacity of the equivalent 
component depends on several factors such as: single or double overlap connections, plates with 
equal or different responses (different thickness, different steel properties), and the relation between 
the resistances of the individual components. So, many cases may be obtained. Figure 9 
exemplifies one of these cases and Table 5 presents a list of expressions for several common cases. 
A comprehensive list of cases can be found in Henriques [21]. 
 

 
 

Figure 9. Assembly of the Individual Component Responses 
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Table 5. Derived Expressions to Determine the Available Deformation Capacity 

Plates with equal mechanical and geometrical properties 

Single Overlap Connections Double Overlap Connections 
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5.2  Required Deformation Capacity in Actual Shear Bolted Connections 
 
The required deformation capacity is the deformation which should be reached in the most loaded 
bolt zone in order to get a full plastic redistribution of forces in the connection. In the work done by 
Pietrapertosa el al.[12] expressions to determine the required deformation of the equivalent bolt 
zone component for fitted bolts have been proposed. Based on that study, similar expressions for 
actual connections, taking into account the presence of geometrical imperfections, are here 
proposed. The derived expressions should consider the most demanding situation that has been 
assumed before; i.e. the case where one of the extreme bolts is in contact while the others are not. 
Several cases have been analysed and it has been concluded that the most demanding case is 
obtained when the middle bolt zone (or middle bolt zones in the case of even number of bolt rows) 
is (are) the last one(s) to reach its (their) maximum resistance. Figure 10 shows the deformed shape 
and the distribution of internal forces for a connection with 5 bolt rows. 
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Figure 10. Connection with 5 Bolt Rows 

 
Expressing the compatibility of displacements, the following equations are found: 
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Solving the system of equations, the plastic deformation in bolt zone 1, 2, 3 and 4 is determined: 
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Finally, the required deformation for the equivalent bolt zone component is obtained: 
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This analysis has been extended to other cases (different number of bolt rows) and the following 
general expression has been obtained: 
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At the same time, a numerical model, based on the use of the Liège home-made nonlinear FEM 
software FINELG[26], allowed validating all the analytical results. The numerical model is based 
on the simplified model presented in Figure 3c. This simple model avoids the contact problems, 
which are always difficult to manage; the numerical model is then defined by modelling the plate in 
tension behaviour through the use of beam elements and the bolt zone by means of springs. Using 
the numerical model, analytical expressions and numerical results are compared: in Figure 11, the 
required deformation capacity to the bolt zone component calculated through expression (8) and the 
numerical model, for a connection with 5 bolt rows; in Figure 12, the plastic deformation achieved 
by each bolt zone when the last one reaches Req by means of expressions (7), again for a case with 
5 bolt rows. 
 
The different cases analysed correspond to the different values of defined gap. The values 
considered for the gap varies proportionally to the conventional limit of elastic deformation of the 
equivalent bolt zone component and are the following: δgap = δel (case 1); δgap = 1.1*δel (case 2); 
δgap = 1.2*δel (case 3); δgap = 1.3*δel (case 4). In Figure 12, only case 1 is represented as the results 
for the other cases are the same. 

 
Figure 11. Comparison of Required Deformation between Numerical Model and Formulae 

 

 
Figure 12. Comparison of Plastic Deformation between Numerical Model and Formulae (case 1) 
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6.   DUCTILITY REQUIREMENTS FOR BOLTED SHEAR CONNECTIONS 
 
In order to determine ductility requirements that a connection should satisfy so as to ensure a full 
plastic redistribution of the internal forces amongst the bolt zones, reference will obviously be 
made to the expressions derived before for the available and required ductility in bolt zone 
components; hence, such ductility requirements are for sure dependent on all the geometrical and 
mechanical parameters that influence the two previously mentioned values of ductility: 
 Steel grade of the plate; 
 Bolt grade; 
 Geometrical properties of the connection [t, b, e1, e2, p1, p2, d, d0]; 
 Number of bolt rows (n1 – in the direction of loading) and number of bolt lines (n2 – in the 

perpendicular direction of loading). 
 
The ductility criterion which is expressed below and which constitutes the main outcome of the 
study is based on an intensive parametrical study where all the above-listed geometrical and 
mechanical parameters have been considered, but for single overlap connections only (what is not 
really restrictive). As mentioned before, situations where tension plate failure is relevant have been 
omitted.  
 
The problem is dependent on many basic parameters (listed above). Therefore, fundamental 
parameters which embody all these and simplify the task by avoiding multiple sub-criteria have 
been defined.  Two fundamental parameters have been defined in view of the derivation of a 
ductility criterion, as illustrated in Figure 13. 

av/ req

Sufficient Ductility

Insufficient Ductility

1

Rp,b/Ru,b

 
Figure 13. Two Fundamental Parameters 

 
The parameter on the vertical axis represents the ratio between the available and the required 
deformation capacities. This ratio reflects the sufficient or insufficient ductility exhibited by the 
equivalent bolt zone component. The second fundamental parameter represents the ratio between 
the nominal resistance of the plate/bolt in bearing component and the ultimate resistance of the bolt 
in shear component. These two parameters embody all the important mechanical and geometrical 
parameters listed before. 
 
This being, the influence of each basic parameter was analyzed and “ductility functions” were 
obtained. Figure 14 presents the results of the parametrical analysis in which the following 
variation of the basic parameters have been considered: 
 Steel grade: S235 and S355; 
 Bolt diameters: M16, M20 and M24; 
 Spacing, end and edge distances: max and min of e1, e2, p1 and p2; 
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 Width of the plates: max and min values e2 and p2 as well as max and min values of b taken 
into account; 

 Thickness of the plate: the variation of t is made in order to cover the whole ranges of 
Rp,b/Ru,b; 

 Finally, the number of bolt rows and lines varies: n1, from 2 to 10, and n2, from 1 to 5. 
 

 
Figure 14. Parametric Analysis Results 

 
One can observe that the variation of the fundamental parameter Rp,b/Ru,b , close to the boundary 
between sufficient and insufficient ductility (δav/δreq=1) is small, from 0.94 to 0.99. So, a safe and 
simplified ductility criterion may be suggested as follows: 
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Figure 14 clearly identifies the plate/bolt in bearing as ductile component and the bolt in shear as a 
brittle one. When the plate/bolt bearing is the strongest component and its contribution to the 
deformation of the equivalent component is small, insufficient ductility is exhibited by the 
equivalent bolt zone component to reach a complete plastic redistribution in the connection. 
 
In order to apply the criterion, some practical cases have been considered and the results have been 
compared with the present Eurocode 3 rules. This comparison considered two situations, one where 
the criterion is verified and another where it is not. The obtained results are presented in Figure 15. 
In the horizontal axis is represented the length of the joint, according to the code, and in the vertical 
axis the reduction factor βLF for long joints. The analysed cases consider the variation of the 
connection length by varying the number of bolt rows (number of bolts along load direction). All 
the other properties were kept constant. The number of lines of bolts is 2 (number of bolts over the 
transversal direction of the applied load).   
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The results confirm that if the condition expressed in (10) is verified, the available ductility is 
sufficient to achieve a full plastic resistance of the connection even in joints that exceed the limit 
imposed by the code. One can also observe that, in the case of a low contribution by the plate/bolt 
in bearing component to the deformation of the equivalent one, the available ductility is clearly 
insufficient and the maximum load the connection is able to transfer is considerably reduced.  
 
The comparison with Eurocode 3 criterion shows a significant difference. The code establishes as 
main condition the length of the joint while the proposed criterion is based in the contribution of 
the basic components to the available deformation of the equivalent bolt zone component. For cases 
where ratio Rp,b/Ru,b is smaller than 0.94 (high contribution of the plate/bolt in bearing) the code 
approach is conservative while for higher values of this ratio the code is on the unsafe side. 

 
Figure 15. Comparison with the Eurocode 3 Criterion 

 
 
7.   CONCLUSIONS 
 
The present work proposes a criterion to check whether sufficient ductility for a full plastic 
redistribution of internal forces may be contemplated in actual shear connections with non 
preloaded bolts. It is based on the presence of geometrical imperfections in the connection layout 
which can lead to situations where some bolts bear before the others. 
 
All the aspects inherent to shear bolted connections have been approached: the evaluation of 
geometrical imperfections according to the standards for tolerances; the characterization of the 
individual component response; the derivation of expressions to determine the available 
deformation capacity in the bolt zone component; the required deformation in the bolt zone 
component for a full plastic redistribution of forces. 
 
From the analysis of several layouts it has been verified that geometrical imperfections should be 
applied in order to minimize the gap in one of the external bolt zone which starts transferring load 
first and maximize the gap in all the others. The values proposed vary according to the bolt 
diameter; however the general configuration of the connection is the same. These values define 
extreme situations that can be observed in a connection layout obeying to the standards 
recommendations for tolerances. 
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Empirical functions to characterize the behaviour of bolts in shear have been proposed. These 
functions confirmed that ductility decreases with the increase of the bolt grade. Tri-linear laws have 
been proposed using Eurocode design functions. The ultimate deformation of bolts in shear is 
evaluated using these design functions; thus, a lack in the code could be filled and the deformation 
capacity of the bolt in shear estimated. 
 
The expressions proposed to determine the available deformation capacity of the equivalent 
component, show that the available deformation depends on the level of contribution of the two 
components. The application of these expressions shows the expected results: high deformation is 
available if the plate/bolt in bearing has high contribution to the global deformation while the 
opposite is observed if the bolt in shear is the leading basic component. The presented expressions 
include a limited group of situations considered as the most usual ones. Based on these, any other 
situation can be derived. 
 
In the work of Pietrapertosa et al. (2004)[12] the evaluation of required deformation capacity in 
shear bolted connections with fitted bolts has been done. Using the same principles, this evaluation 
has been extended to actual shear bolted connections and the effect of geometrical imperfections 
introduced. Higher deformation capacity is obviously required. The obtained expression is similar 
to the one presented by the referred authors; the modification consists in the addition of the gap 
presented by the last bolt zone to reach its yield strength Req.  
 
Through the evaluation of the available and required deformation capacity in the equivalent bolt 
zone component a ductility criterion has been derived. The proposed criterion, equation (10), is 
simplified by the use of two fundamental parameters which involve all basic ones that need to be 
taken into account. One considers the sufficient or insufficient deformation capacity presented by 
the equivalent component  reqav / , while the other takes into account the participation of each 

basic component in the global deformation of the equivalent bolt zone component  b,ub,p R/R . 

 
The application of the proposed criterion showed considerable differences between the code 
criterion and the proposed one. This fact shows that geometrical imperfections may have a relevant 
effect in the connection behaviour if the bolt in shear component is the “weakest”. Actually, in 
these cases the transferred force is considerably smaller than the one determined according to the 
code provisions, as observed in Figure 15. This situation should then be further investigated in 
future works. At the same time the evaluation of the imperfections in the connection layout should 
be better analysed. The values here obtained (based on the “worst” layout of imperfections) seem to 
be too severe for the case of “weak” bolts, as seen in Figure 15. 
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