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ABSTRACT: Partially restrained (PR) connections are connections that possess stiffness and moment characteristics 
that fall between the extreme cases of pinned and rigid.  This paper proposes a design methodology for PR frames 
that takes into consideration the semi-rigid nature of the connections, including their loading/unloading behavior 
under combined gravity and wind loads.  Top and seat angle connections, modeled using the three-parameter power 
model, are used to demonstrate the proposed design procedure.  To simply the design, two linearized connection 
stiffness values calculated on the basis of expected connection loads are used.  The analysis is carried out using the 
American Institute of Steel Construction (AISC) direct analysis method in which notional horizontal loads, expressed 
as a fraction of the gravity load, are applied to the PR frames in conjunction with the use of reduced member axial 
and bending stiffness.  Examples are given to demonstrate the validity of the proposed method of PR frame design. 
Keywords: Partially restrained frames, Top and seat angle connections, Direct analysis method, Steel structures, 
Design and analysis 

 
 
1.  INTRODUCTION 
 
Connections are important structural elements in a frame structure.  The behavior of the frame is 
very much affected by the types of connections used.  If the connection possesses sufficient 
strength and stiffness, full continuity between the connected elements can be assumed for analysis 
and design.  However, if either the connection strength or stiffness falls short of what is assumed, 
allowances must be made in the analysis and design processes to ensure that the frame will behave 
as expected.  In a conventional analysis and design of steel frames, a simplifying assumption that 
the beam-to-column connections are either fully rigid or ideally pinned is often used.  The rigid 
joint assumption implies that full slope continuity exists between the adjoining members, which 
means the angle between the beam and column remains more or less unchanged as the frame 
deforms; and the full or a substantial amount of moments is transferred between the beam and the 
column.  On the other extreme, the assumption of an ideally pinned connection implies that no or 
very little moment will be transmitted between the beam and the column and as far as rotation is 
concerned the beam and column will behave independently. 
 
Although the use of these idealized joint bebavior drastically simplifies the analysis and design 
procedures, the validity of these assumptions becomes questionable for cases in which the rigidity 
of connections, which can be considered as the slope of the relation between the connection 
moment M and the connection relative rotation  , is intermediate between the fully rigid and 
ideally pinned cases.  These connections, referred to as semi-rigid or partially restrained (PR) 
connections, have been the subject of research for many years, and various researchers have 
proposed analysis and design methods for frames that utilize these PR connections (Ang and Morris 
[1], Lui and Chen [2,3,4], Chen [5], Cunningham [6], Wu and Chen [7], Barakat and Chen [8,9], 
Hsieh and Deierlein[10], Lui [11], Xu [12], Surovek et al. [13]).  Detailed summaries of research 
on PR connections and frames can be found in a number of books and monographs such as those by 
Narayanan [14], Lorenz et al. [15], Chen et al. [16], Bjorhovde et al. [17], Chan and Chui [18], 
Chen [19], Faella et al. [20], Chen et al. [21], etc., and will not be repeated here. 
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According to the American Institute of Steel Construction (AISC [22]) specification, a connection 
is considered to be a PR connection if its secant stiffness under service load Rks falls in the range 
2EI/L <Rks<20EI/L, where EI and L are the flexural rigidity and the length of the adjoining beam, 
respectively.  Despite acknowledging the existence of PR connections in frame structures and 
suggesting that the relevant response characteristics of PR connections must be included in the 
analysis of the structure for member and connection forces, displacements and frame stability, no 
recommendations are currently given in the AISC specification on how these PR frames should be 
designed.  In addition, for the first time AISC is espousing the direct analysis method as the main 
design method for stability, while the commonly-used effective length method, first-order analysis 
method, and approximate second-order analysis using moment magnification (B1, B2) factors have 
been relegated to the appendix.  It is therefore the objective of this paper to propose a design 
method for PR frames using the direct analysis approach. 
 
 
2.  CONNECTION TYPES, CLASSIFICATIONS AND BEHAVIOR 
 
There are various means by which connections can be classified.  For instance, they can be 
classified by the connecting medium used, e.g., bolted versus welded connections.  They can also 
be classified by their functionality, e.g., beam-to-column connections, hanger connections, bracing 
connections, truss connections, etc.; or by the type of internal forces/moment that will be 
transmitted, e.g., shear versus moment connections; or by the types and geometries of connection 
elements used, e.g., single plate connections, double web angle connections, top and seat angle 
connections, flange-angle connections, end plate connections, flange-plated connections, etc.  
Regardless of how connections are classified, the behavior of connections is often described by 
their moment-rotation (M-θ) response as shown in Figure 1.  Although connections do experience 
axial, shear and torsional deformations, they are usually small compared to the rotational 
deformation.  Consequently, researchers often consider only the connection’s rotational 
deformation in assessing frame response.  Aside from a few exceptions (Cerfontaine and Jaspart 
[23], Urbonas and Daniunas [24,25]), almost all experiments on connections conducted in the past 
few decades have focused primarily on their flexural response, and over the years several 
connection database and various connection models have been developed for general use (Frye and 
Morris [26], Goverdhan [27], Ang and Morris [1], Nethercot [28], Kishi and Chen [29], Chen and 
Kishi [30], Chen et al. [21]).  From these database, it can be observed that (1) almost all types of 
connections exhibit a M-θ behavior that falls between the extreme cases of ideally pinned and fully 
rigid conditions, (2) except for small values of moment the M-θ relationships are typically 
nonlinear over a large range of loading, and (3) the maximum moment a connection can transmit 
often decreases with the more flexible connection (i.e., there is a correlation between strength and 
stiffness). 

 
Figure 1. Flexural (or Rotational) Deformation of a PR Connection under a Moment 
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Because of the above observations, connections can also be classified according to their stiffness or 
strength (see for example Bjorhovde et al. [31], Eurocode 3 [32], Nethercot et al. [33], AISC [22]).  
Since the AISC direct analysis procedure will be used, the AISC connection classification scheme 
will be adopted for the present study.  For a connection to be classified as a PR connection, its 
secant stiffness Rks under service load (i.e., the slope of a straight line drawn from the origin to the 
moment Ms under service load condition as shown in Figure 2) falls in the range 2EI/L 
<Rks<20EI/L, where EI and L are the flexural rigidity and the length of the beam, respectively.  In 
terms of strength, a PR connection should be able to transmit at least 20% of the full plastic 
moment of the beam when it is experiencing a rotation  = 0.02 radian.  Furthermore, it should 
possess sufficient rotational capacity so that u, defined as the connection rotation where its 
strength has dropped to 80% of its peak value as shown in Figure 2 or a rotational deformation 
equal to 0.03 radian if the connection experiences little or no loss in strength, will exceed what is 
required for design at the strength limit state. 

 
Figure 2. Moment-rotation Response of a PR Connection 

 

 
Figure 3. Loading/Unloading Behavior of PR Connections –  

(a) Both Connections Load under Gravity Load,  
(b) Windward Connection Unloads while Leeward Connection Loads under Wind Load 
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Another aspect of PR connections that needs to be addressed is their loading/unloading response to 
load sequencing.  With reference to Figure 3 in which a simple portal frame is shown with PR 
connections present at both beam-column joints.  When the gravity load is applied, both 
connections undergo loading.  However, when a lateral load such as wind is applied, the windward 
connection will experience unloading while the leeward connection will continue to undergo 
loading.  Depending on the difference between the loading and unloading stiffness, the forces and 
moments developed in the frame can be quite different.  The design procedure for PR frame to be 
discussed in a later section will account for this connection loading/unloading response. 
 
 
3.  CONNECTION MODEL 
 
Almost all M- data for PR connections are obtained from laboratory tests.  These test data are 
then curve-fitted to provide empirical equations for use in analysis and design.  Many such 
equations in the form of linear, bilinear, trilinear, polynomial, spline, exponential, and power 
functions have been proposed (Frye and Morris [26], Goverdhan [27], Ang and Morris [1], 
Nethercot [28], Kishi and Chen [29], Chen and Lui [34]), and computer programs (PRCONN [35], 
Chen and Toma [36], Chen et al. [21]) are available from which information on a number of PR 
connection types can be retrieved.   In the present study, the three-parameter power model (Kishi 
et al. [37,38], Kishi and Chen [39]) for connections made from angle sections will be used.  In this 
model the initial connection stiffness Rki and ultimate moment capacity Mult of the connections were 
determined using mechanistic models.  Using these two quantities plus a curve-fitting shape factor 
n, the experimental data were represented by an equation in the form (Richard and Abbott [40]) 
 

1/

1

ki
nn

o

R
M







  
  

   

                  (1) 

where 
Rki   = initial connection stiffness 
n    = shape factor 
o    = reference plastic rotation, calculated as o = Mult/Rki 
Mult   = ultimate moment capacity of the connection  
 
As shown in Figure 4, the shape factor n defines the shape of the M- curve for a given set of Rki 
and Mult values. 
 
Equations for Rki, Mult and n for connections made from angle sections have been derived (Kishi et 
al. [41]).   With reference to a typical connection angle shown in Figure 5, if we define 
 
 gc = distance between heel of angle to center of first line of fasteners 
 k = gauge distance from heel of angle to top of fillet 
 t = angle thickness 
 W = nut width 
 
and denote 
 d  =beam depth  
 l = angle length 
 Io= t3/12 = geometrical moment of inertia 
 Mo =yt

2/4 = moment per unit length of angle 
 y = yield stress of angle  
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Figure 4. Three-parameter Power Connection Model 

 
as well as with the use of the following non-dimensional parameters 
 
 = gc/l,      =l/t,    =d/t,    =k/t,    =W/t,    =tw/tt      (2a-f) 
 
where subscripts t and w denote the top angle and the web angle, respectively, the equations for the 
three parameters Rki, Mult and n are given as follows. 
 

 
Figure 5. Symbols used for an Angle Connection 

 
3.1  Initial Connection Stiffness Rki 
 
The equation for the initial connection stiffness is 
 

ki kits kiw

ot ot ot

R R R

EI EI EI
                    (3) 

 
where Rkits/EIot and Rkiw/EIot are the non-dimensional top and seat angle and web angle stiffness 
contributions to the initial connection stiffness, respectively.  They are given by 
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3.2  Ultimate Connection Moment Capacity Mult 

 
The equation for the ultimate connection moment capacity is 
 

ult uts uw

ot t ot t ot t

M M M

M t M t M t
                   (9) 

 
where Muts/Mottt and Muw/Mottt are the top and seat angle and web angle moment contributions to the 
ultimate connection moment capacity, respectively.  They are given by 
 

 *1 1 2( )uts
t t t t t

ot t
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where 

2

4
y t

ot

t
M


                       (12) 

and t and w are to be evaluated from the following fourth-order equations 
 

4 * 1 0t tt                          (13) 
 

4 * 1 0w w w                         (14) 

 
where 
 

'*
t t t t                          (15) 

 
*

ww w w                         (16) 

 
with '

t computed from Eq. 7. 
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It should be noted that even though Eqs. 3 and 9 were derived for top and seat angle connections 
with double web angles, they can be simplified for top and seat angles without the web angles by 
setting the second term equal zero, or for double web angle connections by setting the first term 
equal zero, or for single web angle connections by setting the first term equal zero and dividing the 
second term by 2. 
 
3.3  Shape Parameter n 
 
The equations for the shape parameter are given as follows. 
 
For top and seat angle connections with the web angles: 

101.398 log 4.631 0.827on                  (17a) 

 
For top and seat angle connections without the web angles: 

102.003 log 6.070 0.302on                  (17b) 

 
For double web angle connections: 

101.322 log 3.952 0.573on                  (17c) 

 
For single web angle connections: 

100.520 log 2.291 0.695on                  (17d) 

 
Because of some uncertainties in test setups and data collections, the loss of accuracy during the 
curve-fitting process, and the unavoidable variability of one connection to another, a resistance 
factor of 0.9 as recommended by Christopher and Bjorhovde [42] will be used in the proposed 
method of PR frame design.  
 
 
4.  AISC DIRECT ANALYSIS METHOD 
 
The direct analysis method is a method recommended by AISC for use in the stability analysis and 
design of frame structures.  It has the following features: 

1. A second-order elastic analysis that explicitly accounts for the P- and P- effects is to be 
used to determine the required strengths.  However, it is permissible to neglect the P- 
effect in the analysis (but not in design) if (a) the gravity loads are supported primarily by 
nominally vertical columns, walls or frames, (b) the ratio of maximum second-order drift to 
first-order drift both calculated using adjusted stiffness (see Items 3 and 4 below) for all 
stories is  1.7, and (c) no more than one-third of the total gravity loads on the structure is 
supported by columns that are part of the moment-resisting frame in the direction of 
translation being considered.  In lieu of a second-order analysis, the use of a first-order 
analysis in conjunction with the use of moment magnification (i.e., B1 and B2) factors is 
permitted. 

2. The effect of initial imperfections in the form of column out-of-plumbness is to be 
considered in the analysis by including them directly in the structural model.  The 
magnitude of the initial displacements shall be the maximum amount considered in the 
design, and the pattern of initial displacements shall be such that it provides the greatest 
destabilizing effect.  Alternatively, for structures that support gravity loads primarily 
through nominally vertical columns, walls or frames, the effect of initial imperfections can 
be represented using notional loads.  In this approach, notional lateral loads of magnitude 
0.002∑Pi (where ∑Pi is the factored gravity loads acting on story i) distributed over the story 
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in the same proportion as the gravity loads are to be applied to the story for all gravity-only 
load combinations.  However, for frames where the ratio of second-order to first-order drift 
(both computed using the adjusted stiffness discussed in Items 3 and 4 below) exceeds 1.7, 
these notional lateral loads have to be applied to all load combinations in the analysis. 

3. A reduced stiffness equal to 0.8E is to be used for members whose flexural or axial stiffness 
is considered to contribute to the lateral stability of the frame. Conservatively, the use of 
0.8E for all members is permitted.  This stiffness reduction is used to account for the effects 
of member imperfections and inelasticity, as well as uncertainty in determining the member 
strength and stiffness. 

4. If Pu/Py>0.5 (where Pu is the required axial compressive strength and Py =FyA is the yield 
load), a second stiffness reduction factor,  = 4(Pu/Py)[1-(Pu/Py)] is to be applied to the 
moment of inertia I of all flexural members that contribute to the lateral stiffness of the frame.  
In lieu of using , an increase of the notional from 0.002∑Pi to 0.003∑Pi can be used in all 
load combinations. 

5. Regardless of the end conditions of the member, an effective length factor of K=1 is to be 
used to compute the design compressive strength Pn of the member. 
 

 
5.  PROPOSED PR FRAME DESIGN APPROACH 
 
The steps proposed for the design or PR frames are as follows: 
 

1. For each semi-rigid connection, assume a value of kR = RkbL/EI, where Rkb is the effective 

linearized connection stiffness under factored gravity loads.  It is obtained as the slope of a 
line drawn from the origin to the intersection point of the PR connection M-  curve and a 
beam line (see Figure 6).  The beam line is defined by the equation 

 
2 2

12
uw L EI

M
L

                 (18) 

 
Figure 6. Determination of Rkb 

 
where wu is the uniform factored gravity load on the beam.  The above equation relates the 
end moment M and rotation  of a prismatic beam subject to a uniformly distributed load 
applied over its entire length.  Note that if the connection is fully-rigid, =0 and so M= 
wuL

2/12, which is the fixed-end moment of the beam.  On the other hand, if the connection 
is ideally-pinned, M=0 and so =wuL

3/24EI, which is the end rotation of a simply-supported 
beam. 
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2. Calculate the beam moments Mneg and Mpos for the assumed value of kR  using the 

following equations (Chen and Lui [34]). 
 

  
2

3( 2)
kb

neg ss
kb

R
M M

R
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                (19) 
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3( 2)
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R
M M

R


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
                (20) 

 
where Mss = wuL

2/8 is the uniformly loaded simply-supported beam moment.  
 

3. Select trial beam section based on the calculated Mpos and Mneg values. 
4. Select the type of connection (e.g., a top and seat angle connection with double web angles) 

and choose a family of connections (3 to 4 etc.) as trials. 
5. Determine the M-   curve parameters (Mult, Rki, and n) for each connection using the 

procedure outlined in Section 3. 
6. Construct a family of M-   curves using Eq. 1, and superimpose on them a beam-line 

computed using Eq. (18) 
7. Select an appropriate connection by determining the Rkb values for the family of 

connections and choose the one that has a kR (= RkbL/EI) value closest to the one assumed in 

Step 1.  
8. Determine Rks as shown in Figure 6 and calculate RksL/EI for the selected connection at 

service load to check that it falls in the PR connection range of 2RksL /EI 20. 
9. Select the trial column section based on the factored axial load and moment. 
10. For unbraced frames, calculate the loading stiffness RkL using the equation 

 

n g
kL

n g

M M
R

 





                   (21) 

where, in reference to Figure 7, Mn is the nominal moment strength of the connection that 
corresponds to n = 0.02 radian (AISC [22]) denoted as point b in the figure, and Mg and g 
are the moment and rotation of the connection under factored gravity loads denoted as point 
a. 

11. Analyze the PR frame using the appropriate connection stiffness Rkb, RkL or Rki in 
conjunction with the Direct Analysis Method for the two cases described below. 
 
Case 1, the non-sway frame condition for gravity load combinations only: 
Element Stiffness - Column:  EIe=0.8EI 

      - Beams:   EIe=0.8EI 
     - Connections: Rk = 0.9Rkb 

 
Applied Loads - gravity load combinations, plus a notional load of 0.002Pi applied to 

each column at each floor level. 
 
 Perform a second-order elastic analysis to determine the internal forces. 
 Check the beam-column, beam, and connection strength. 
 If the above conditions are satisfied, proceed further. Otherwise, revise the sections and/or 

connections until the conditions are satisfied. 
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Figure 7. Determination of RkL 

Case 2, the sway frame condition for gravity + lateral load combinations: 
Step 1 - Gravity load step: 
 
Element Stiffness - Column:  EIe=0.8EI 
     - Beams:   EIe=0.8EI 
     - Connections: Rk = 0.9Rkb 

Applied Loads - Factored gravity loads only without any notional loads 
 Perform a second-order elastic analysis to determine the internal forces due to the applied 

loads. 
 
Step 2 - Lateral load step: 
 
Element Stiffness - Column:  EIe=0.8EI 
     - Beams:   EIe=0.8EI 
     - Connections: Rk = 0.9Rki(Windward Side) 
         Rk = 0.9RkL (Leeward Side) 
Applied Loads - Concentrated vertical loads applied at beam-column joints producing 

the column axial forces associated with Step 1 
- Lateral load combinations plus a notional load of 0.002Piapplied to 
each column at each floor level   

   
 Perform a second-order elastic analysis to determine the internal forces due to above 

applied loads 
 Superimpose the moments from the gravity (step 1) and lateral (step 2) load steps. Check 

the beam-column, beam and connection strengths. If not satisfied, revise the sections 
and/or connections of the structure. 
 
 

6.  DESIGN EXAMPLES 
 
In this section, design examples will be given to show how the proposed PR frame design 
procedure presented in the preceding section can be applied.  The second-order analysis is 
performed using the software MASTAN2 (McGuire et al. [43]). 
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The first example (a portal frame) is used to demonstrate the basic loading/unloading behavior of 
PR connections in an unbraced frame when one end of a beam/girder is connected to a single 
column.  It also serves to show the effect of PR connections on the columns. The second example 
(a 2-story unbraced frame) is used to demonstrate how the moments can be distributed to the 
columns above and below the beam to which the columns are attached.  In both examples, only 
top and seat angle with double web angle connections will be considered.  This is because the 
normalized stiffness kR for this type of connections often falls in the semi-rigid range of 2 < kR < 

20, and so they are commonly used in PR frames.  In addition, the following assumptions have 
been used: 
 

 All beam sections are compact (i.e., the sections are capable of developing the full plastic 
moment) 

 All column sections are non-slender elements (i.e., local buckling is not of concern) 
 All sections are oriented with their webs in the plane of the applied loads 
 The frames are braced against out-of-plane deflection at the beam-column joints only 
 The beams are non-composite (i.e., they are not connected to a concrete slab) 
 Wind loads are applied as concentrated loads at windward beam-column joints. 
 All beam-column connections satisfy the AISC connection design requirements 
 All beam and column sections are W-shapes made from A992 steel with Fy = 50 ksi (345 

MPa) and E = 29000 ksi (200 GPa). 
 

Example 1 – Design of a PR Portal Frame 
 
The PR frame shown in Figure 8 is to be designed.  The frame is subjected to the loads shown.  
Beam deflection under service live load is limited to L/360, where L is the beam length; and frame 
drift should not exceed H/200, where H is the story height.  To start the design, assume 6kR   

for the connections. 

 
Figure 8. An Unbraced Portal PR Frame (1 k = 4.45 kN, 1 ft = 12” = 0.305 m) 

Solution: 
Load Combinations: The load combinations (AISC [22], ASCE [44]) that most likely will control 
the design are given in Table 1. 

 
Table 1. Applied loads (1 k/in. = 175 kN/m, 1 kip = 4.45 kN) 

Load Case Load Combinations 
wu (k/in.) 
(Gravity) 

pu (kips) 
(Lateral) 

1 1.2D + 1.6L 0.315 - 

2 1.2D + 0.5L + 1.0W 0.191 7.1 
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Beam Section Selection: For load case 1, the frame does not undergo any sidesway movement.  
Use Eqs. (19) and (20) with the assumed 6kR  to estimate Mneg and Mpos for the preliminary 

sizing of the beam. 
 

2
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Using these moments as a guide, a W1453 is selected as the trial section.  The flexural capacity 
bMn of this section is 2462 k-in. (278 kN-m), which exceeds the required flexural strength Mu (= 
Mneg or Mpos) = 1633 k-in. (185 kN-m).  
 
Connection Selection: If top and seat angle with double web angle connections are to be used for 
the PR frame, a possible set of candidate connections are summarized in Table 2. In the table, the 
thickness of the top and seat angle is denoted as C (5/8), C (3/4), etc. 
 

Table 2. Details of PR Connections (1 in. = 25.4 mm) 
Top and Seat Angles 

2L6  4 tt 
Web Angles 

2L4  3.5  ½ Connection 
Bolt 

diameter 
d (in.) 

Nut 
Width 
W (in.) tt (in.) lt (in.) gct (in.) kt (in.) lw (in.) gcw (in.) kw (in.)

C (5/8) 7/8 1-7/16 5/8 7 3 1-1/8 8 3 11/16 

C (3/4) 7/8 1-7/16 ¾ 7 3 1-1/4 8 3 11/16 

C (7/8) 7/8 1-7/16 7/8 7 3 1-3/8 8 3 11/16 
 
Calculations for Rki, Mult, and n: Using the above angle data and Eqs. (3), (9) and (17a), the three 
connection parameters are calculated and summarized in Table 3. 
 

Table 3. Connection Parameters (1 k-in. = 0.113 kN-m) 

Connection  Rki (103) 
(k-in./rad) 

Mult 

(k-in.) 
n 

C (5/8) 411 1907 1.37 

C (3/4) 690 2435 1.20 

C (7/8) 1112 2973 1.03 
 
Beam-Line Diagrams with M-θ  Curves: The intersection of the M-  curve and the beam line 
represents the expected connection moment and deformation under gravity loads. Using Eq. (1) for 
the M- curves and Eq. (18) for the beam lines, one can generate Figure 9 for the three connections 
and the two load cases given in Table 1.  The beam lines for the two load cases are labeled 
(BL-LC(I) and BL-LC(II), respectively, in the figure. From this figure, Rkb for each connection can 
be determined as the slope of a line drawn from the origin to the intersection point of the 
connection’s M- curve and the respective beam line. The calculated secant stiffness for each 
connection under Load Case 1 Rkb1 is given in Table 4. 
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Table 4. Connection Stiffness (1 k-in. = 0.113 kN-m) 

Connection Connection Stiffness, Rkb1 (103) 
(k-in./rad) kR = Rkb1L/EI 

C (5/8) 435 8 

C (3/4) 314 5.8 

C (7/8) 202 3.7 
 
Connection C (3/4) is selected because its kR value is closest to the initially assumed value of 6.  

Once the connection has been selected, its Rksand RkL values can now be determined.  By 
subjecting the frame to the service gravity load (D+L), RksL/EI is computed to be 7.51, which falls 
in the PR connection range.  From Figure 9, the design strength (bMn (0.02 rad)) of the connection is 
determined to be 1987 k-in. (225 kN-m).  Using the data presented in Figure 9 and the schematics 
shown in Figure 7, Rkb and RkL for the two load cases are computed and given in Table 5. 

 

Figure 9.M- curves and beam lines (1 k-in. = 0.113 kN-m) 

Table 5. Linearized Connection Stiffness (1 k-in./rad = 0.113 kN-m/rad) 
Linearized Connection Stiffness 

Beam Line for Load Case 
(BL-LC) Rkb (103) 

(k-in./rad) 
RkL (103) 
(k-in./rad) 

1 314 - 

2 467 64 
 
Column Section Selection: A W1033 section is selected based on the axial load (Pu) and moment 
(Mneg) acting on the beam-column joint due to load case 1.  A 12-ft long W10x33 section has an 
axial capacity (cPn) of 292 kips (1300 kN) and bending moment capacity (bMn) of 1530 k-in. 
(173 kN-m). 
 
Applying the Direct Analysis Approach: The analysis is carried out for the non-sway and sway 
frame conditions as outlined in Section 5. 
 
Case 1 – the non-sway frame condition for gravity loads only 
 
The parameters used for this analysis are summarized in Table 6. 
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Table 6. Case 1 Analysis Parameters (1 k = 4.45 kN, 1 in. = 25.4 mm) 
Element Stiffness Applied Loads 

Columns 
EIe=0.8EI 

(k-in.2) 

Beams 
EIe=0.8EI 

(k-in.2) 

Connections 
0.9Rkb1 

(k-in./rad) 

Load 
1.2D+1.6L 

(k/in.) 

Notional Load 
0.002Pi 

(kips) 

3.97106 12.6106 282103 0.315 0.091 

(is taken as 1 since the axial load Pu in each column for this load case is less than 0.5Py.) 
 
Using the above parameters, a second-order elastic analysis is performed to determine the internal 
forces in each member.  The results are shown in Table 7.  Also shown in the table are the results 
obtained from a 2nd-order inelastic analysis (i.e., instead of using the direct analysis approach 
outlined in Section 4, the frame is analyzed using 2nd-order inelastic analysis technique) as well as 
the results of the unity check obtained using the appropriate beam-column interaction (H1-1a or 
H1-1b) or beam equation given in AISC [22].  The unity check is satisfied if the value computed 
is <1.  As can be seen, the results obtained using the direct analysis approach is slightly 
conservative when compared to those obtained from a 2nd-order inelastic analysis. 
 
Table 7. Analysis Results for Case 1 with Unity Check (1 kip = 4.45 kN, 1 k-in. = 0.113 kN-m) 

Case 1 
Axial Force 

(kips) 
Moment 

(k-in.) 
Unity Check 

 
Element 

Proposed 
Method 

2nd-order 
Inelastic 
Analysis 

Proposed 
Method 

2nd-order 
Inelastic 
Analysis 

Proposed 
Method 

2nd-order 
Inelastic 
Analysis 

Left Column 
Right Column 

Beam 

45.3 
45.4 

- 

45.3 
45.4 

- 

1029 
1040 
2246 

992 
1004 
2280 

0.75 
0.76 
0.91 

0.73 
0.73 
0.93 

 
Case 2 – the sway frame condition for gravity + wind loads 
 
The analysis parameters for this load case are given below. 
 
(i) Gravity load step: 1.2D+0.5L  (see Table 8) 

 
Table 8. Case 2 Gravity Load Analysis Parameters (1 k = 4.45 kN, 1 in. = 25.4 mm) 

Element Stiffness Applied Loads 
Columns 

EIe=0.8EI 
(k-in.2) 

Beams 
EIe=0.8EI 

(k-in.2) 

Connections 
0.9Rkb2 

(k-in./rad) 

Loads 
1.2D+0.5L   

(k/in.) 

Notional Load 
0.002Pi 

(kips) 

3.97106 12.6106 420103 0.191 n.a 
 
 
 
 
 
 



                                             Rampal Singh and Eric M. Lui                                            130 

 
(ii) Lateral load step: 1.0W (see Table 9) 
 

Table 9. Case 2 Lateral Load Analysis Parameters (1 k = 4.45 kN, 1 in = 25.4 mm) 
Element Stiffness Applied Loads 

Connections Loads 
Column 

EIe=0.8EI 
(k-in.2) 

Beam 
EIe=0.8EI 
(k-in.2) 

0.9Rki 

(k-in./rad) 
0.9RkL 

(k-in./rad) 

Column 
Load 
(kips) 

Wind 
1.0W 
(kips) 

Notional Load
0.002Pi 

(kips) 

3.97106 12.6106 621103 58103 27.5 7.1 0.055 
 
Using the analysis parameters given in Tables 8 and 9, a second-order elastic analysis is performed 
individually for each load step to determine the internal forces in the structure.  The results from 
these two analyses are then superimposed and presented in Table 10.  Note that while the final 
moments are determined by superimposing the moment results from both the gravity and 
gravity+wind load steps, the final axial loads are determined only from the gravity+wind load step 
because the axial load effect from the gravity load step is already accounted for by subjecting the 
columns to the concentrated joint loads.  Note also that the notional loads (representing 
non-verticality) are only applied in the gravity+wind load step to ensure that the second-order 
effects associated with the non-verticality are accounted for only once.  Also shown in the table 
are results from a 2nd-order inelastic analysis and results of the unity check. 
 

Table 10. Analysis Results for Case 2 with Unity Check (1 kip = 4.45 kN, 1 k-in. = 0.113 kN-m) 

Case 2 

Axial Force 
(kips) 

Moment 
(k-in.) 

Unity Check 
 

Element 
Proposed 
Method 

2nd-order 
Inelastic 
Analysis 

Proposed 
Method 

2nd-order 
Inelastic 
Analysis 

Proposed 
Method 

2nd-order 
Inelastic 
Analysis 

 Left Column 
Right Column 

Beam 

26     
29 
- 

26 
29 
- 

404 
809 
1382 

392 
778 
1406 

    0.33 
    0.57 
   0.56   

0.3 
0.56 
0.57 

 
Finally, the service live load deflection of the beam and the wind drift of the frame are calculated to 
be 0.41 in. (10.4 mm) and 0.32 in. (8.1 mm), respectively.   Since they are less than the allowable 
values of L/360 = 0.8 in. (20.3 mm) and H/200 = 0.72 in. (18.3 mm), the design is considered 
satisfactory. 
 
Example 2 - Design of a Two-Story Unbraced PR Frame 
 
The PR frame subjected to the applied loads shown in Figure 10 is to be designed.  The live load 
beam deflection and the wind induced interstory frame drift are to be limited to L/360 and H/200, 
respectively.  To start the design, assume kR  = 8 and 10 for the 1st and 2nd story connections, 

respectively. 
 



131                      Design of PR Frames with Top and Seat Angle Connections Using the Direct Analysis Method 
 

 

Figure 10. A Two-story Unbraced PR Frame (1 k = 4.45 kN, 1 ft = 12” = 0.305 m) 

Solution:  
 
The load combinations used for the design are given in Table 11.  By using Load Case 1, Eqs. 19 
and 20, and the assumed kR values, Mneg and Mpos are calculated and shown in Table 12.  From 

these moment values, a W1250 section (bMn=1903 k-in. or 215 kN-m) and a W1033 section 
(bMn=912 k-in. or 103 kN-m) are selected for the beams of the first and second stories, 
respectively. 
 

Table 11. Applied Loads (1 k/in. = 175 kN/m, 1 kip = 4.45 kN) 

Load Case Load Combinations 
wu1 (k/in.) 
(Gravity) 

wu2 (k/in.) 
(Gravity) 

pu1 (kips) 
(Lateral) 

pu2 (kips) 
(Lateral) 

1 1.2D + 1.6L 0.303 0.117 - - 

2 1.2D + 0.5L + 1.0W 0.212 0.071 7.8 3.9 
 
 

Table 12. Non-sway Beam Moments for Beam Section Selection (1 k-in. = 0.113 kN-m) 
Story Mneg (k-in.) Mpos (k-in.) 

1st 1818 1590 

2nd 731 585 
 
A set of possible top and seat angle with double web angle connections that can be used for the PR 
frame is given in Table 13.  Using the values shown in this table, the connection parameters for 
the three-parameter model are calculated using Eqs. (3), (9), (17a) and are summarized in Table 14.  
The M- curves of these connections are plotted in Figures 11 and 12 together with the beam lines 
computed from Eq. (18) for the two load cases.  From these figures, the secant stiffness for load 
case 1 Rkb1 can be determined and are presented in Table 15.  Connections C (3/4) and C (1/2) are 
selected because their kR  values are closest to their respective assumed values.  Using the 

methodology depicted schematically in Figure 7, the linearized connection stiffness are determined 
for the two load cases and shown in Table 16. 
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Figure 11. First Story M- Curves and Beam Lines (1 k-in. = 0.113 kN-m) 

 
Figure 12. Second Story M- Curves and Beam Lines (1 k-in. = 0.113 kN-m) 

 
 

Table 13. PR Connection Details (1 in. = 25.4 mm) 
1st Story 

Top and Seat Angles 
2L6  4 tt 

Web Angles 
2L4  4  5/8 Connection 

Bolt 
Diameter 

d (in.) 

Nut 
Width 
W (in.) tt (in.) lt (in.) gct (in.) kt (in.) lw (in.) gcw (in.) kw (in.) 

C (5/8) 7/8 1-7/16 5/8 7 2.75 1-1/8 8 2.5 1 

C (3/4) 7/8 1-7/16 3/4 7 2.75 1-1/4 8 2.5 1 

C (7/8) 7/8 1-7/16 7/8 7 2.75 1-3/8 8 2.5 1 

2nd Story  
  Top  and Seat Angles 
         2L6  4 tt 

    Web Angles 
2L4  3.5  ½ Connection 

Bolt 
Diameter 

d (in.) 

Nut 
Width 
W (in.) tt (in.) lt (in.) gct (in.) kt (in.) lw (in.) gcw (in.) kw (in.) 

C (3/8) 7/8 1-7/16 3/8 7 2.5 7/8 8 2.25 7/8 

C (7/16) 7/8 1-7/16 7/16 7 2.5 15/16 8 2.25 7/8 

C (1/2) 7/8 1-7/16 1/2 7 2.5 1 8 2.25 7/8 
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Table 14. Connection Parameters (1 k-in. = 0.113 kN-m) 

Connection Rki (103) 
(kips-in./rad) 

Mult 

(kips-in.) 
n 

1st Story 

C (5/8)  686 2187 1.41 

C (3/4) 1010 2663 1.03 

C (7/8) 1497 3140 0.89 

2nd Story 

C (3/8) 212 908 1.32 

C (7/16) 258 1077 1.31 

C (1/2) 322 1261 1.27 
 

Table 15. Connection Stiffness (1 k-in. = 0.113 kN-m) 

Connection Connection Stiffness, Rkb1 (103) 
(k-in./rad) kR = Rkb1L/EI 

1st story 

C (5/8) 209 5.52 

C (3/4) 325 8.6 

C (7/8) 453 12 

2nd story 

C (3/8) 92 5.6 

C (7/16) 142 8.6 

C (1/2) 183 11 
 

Table 16. Linearized Connection Stiffness(1 k-in./rad = 0.113 kN-m/rad) 
Linearized Connection Stiffness 

Rkb (103) 
(k-in./rad) 

RkL (103) 
(k-in./rad) 

Beam Line for Load Case 
(BL-LC) 

1st Story 2nd story 1st Story 2nd story 

1 325 183 - - 

2 572 246 66 38 
 
Based on Pu and Mneg calculated for the gravity load case, a W1033 (cPn=292 kips or 1300 kN, 
bMn=1530 k-in. or 173 kN-m) is selected as a trial section for the columns.   Because each end 
of the 1st story beam is connected to two columns, a distribution factor based on the flexural 
stiffness of the columns above and below the beam as given by Eqs. (22a and 22b) can be used to 
apportion Mneg to the columns. 
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Using the analysis parameters computed and given in Tables 17 and 18, a direct analysis as outlined 
in Section 4 is carried out for the two load cases.  The results together with the 2nd-order inelastic 
analysis and unity check results are given in Table 19.  As can be seen, good correlation is 
observed between the direct analysis results and those obtained using 2nd-order inelastic analysis.  
The unity check is also satisfied for all members. 
 

Table 17. Case 1 Analysis Parameters (1 k = 4.45 kN, 1 in. = 25.4 mm) 
Element Stiffness Applied Loads 

Story Columns 
EIe=0.8EI 

(k-in.2) 

Beam 
EIe=0.8EI 

(k-in.2) 

Connections 
0.9Rkb1 

(k-in./rad) 

Gravity Load 
1.2D+1.6L 

(k/in.) 

Notional Load 
0.002Pi 

(kips) 

1st 3.97106 9.07106 292103 0.303 0.091 

2nd 3.97106 3.97106 165103 0.117 0.035 
 

Table 18. Case 2 Analysis Parameters(1 k = 4.45 kN, 1 in. = 25.4 mm) 
Element Stiffness Applied Loads 

Gravity load step 
Story Columns 

EIe=0.8EI 
(k-in.2) 

Beam 
EIe=0.8EI 

(k-in.2) 

Connections 
0.9Rkb2 

(k-in./rad) 

Load 
1.2D+0.5L 

(k/in.) 

N.L 
0.002Pi 
(kips) 

1st 3.97106 9.07106 515103 0.212 - 

2nd 3.97106 3.97106 222103 0.071 - 

Lateral load step 

Connections Load 
 Columns 

EIe=0.8EI 
(k-in.2) 

Beam 
EIe=0.8EI 
(k-in.2) 

0.9Rki 

(k-in./rad) 
0.9RkL 

(k-in./rad) 

Column
Load 
(kips) 

Wind 
1.0W 
(kips) 

Notional 
Load 

0.002 Pi 

(kips) 

1st 3.97106 9.07106 909103 59103 31.8 7.8 0.064 

2nd 3.97106 3.97106 290103 34103 10.6 3.9 0.021 
 
The service live load deflections of the 1st and 2nd story beams are computed to be 0.37 in. (9.4 mm) 
and 0.44 in. (11.1 mm), respectively, and the wind induced interstory drifts of the frame are 
calculated to be 0.62 in (15.7 mm) for the 1st story and 0.68 in. (17.2 mm) for the 2nd story. They 
are within the allowable values of L/360=0.833 in. (21.2 mm) for beam deflection and H/200=0.72 
in. (18.2 mm) for interstory drift, and so the design is considered satisfactory. 
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Table 19. Analysis results for Cases 1 and 2 with Unity Check 
(1 kip = 4.45 kN, 1 k-in. = 0.113 kN/m) 

Axial Force 
(kips) 

Moment 
(k-in.) 

Unity Check 
  

Load  
Case 

Element 
Proposed 
method 

2nd-order 
Inelastic 
Analysis 

Proposed  
method 

2nd-order 
Inelastic 
Analysis 

Proposed  
method 

2nd-order 
Inelastic 
Analysis 

1 

Col 1 
Col 2 
Col 3 
Col 4 

1st story Beam 
2nd story Beam 

63 
63 

17.5 
17.6 

- 
- 

63 
63 

17.5 
17.6 

- 
- 

685 
699 
866 
870 
1843 
637 

662 
676 
836 
840 
1897 
656 

0.61 
0.62 
0.60 
0.60 
0.97 
0.69 

0.60 
0.61 
0.58 
0.58 
0.99 
0.72 

   2 

Col 1 
Col 2 
Col 3 
Col 4 

1st story Beam 
2nd story Beam 

38 
46 
9.5 
12 
- 
- 

39 
46 
9.5 
12 
- 
- 

349 
826 
440 
687 
1350 
412 

347 
809 
423 
665 
1388 
423 

0.33 
0.64 
0.30 
0.47 
0.71 
0.45 

0.3 
0.61 
0.3 
0.45 
0.73 
0.46 

 
 
7. SUMMARY AND CONCLUSIONS 
 
A procedure for the design of partially-restrained (PR) frames is proposed.  In a PR frame, the 
connections used to connect the beams and columns are semi-rigid in nature.  According to AISC 
[22], a connection is considered semi-rigid if the ratio of its secant stiffness under service load Rks 

to the beam stiffness EI/L falls in the range 2 <RksL /EI <20.  The proposed procedure makes use 
of the three-parameter connection model to describe the nonlinear connection moment-rotation 
(M-) behavior and the direct analysis approach to perform the frame analysis.  To proceed with 
the design, a connection stiffness Rkb defined as the slope of a line drawn from the origin to the 
intersection point of the nonlinear M- curve and the beam line constructed for the factored gravity 
load case under consideration is used.  Loading and unloading behavior of the PR connections are 
accounted for by the use of two different stiffness RkL and Rki; the former is obtained from 
linearization of the M- curve and the latter is obtained from the three-parameter connection model. 
 
Trial beam sections are selected based on the beam moments Mpos and Mneg calculated using a target 
value of /k kbR R L EI for the connections under factored gravity loads.   The connections are 

then selected based on the proximity of their kR values to those of the target values.  Once the 

connections are selected, trial column (beam-column to be exact) sections can be selected based on 
the approximate Pu and Mu values computed from the applied gravity loads and Mneg of the 
adjoining connections, respectively. 
 
Examples of PR frames designed using top and seat with web angle connections were given to 
demonstrate the steps involved in applying the proposed method in PR frame design.  It was 
shown that despite its simplicity, the proposed approach yields good results when compared to a 
2nd-order inelastic analysis. 
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ABSTRACT: Concrete filled steel tube (CFST) columns are used increasingly in high-rise buildings in China. 
During the rapid construction of high-rise buildings, concrete age is an important factor which will affect the 
composite axial strength. In this paper, based on the theory of elasticity, a formula is proposed to predict the 
composite axial strength of CFST considering the concrete age. For the most common use the parameters in the 
formula are simplified and calibrated by existing test results. Finally the experiments of the ultimate bearing capacity 
of CFST columns considering concrete age changes are carried out and the FE method is also adopted to validate the 
formula results. The results show that the formula can be used satisfactorily in predicting the strength of CFST 
columns considering concrete age. 
 
Keywords: CFST, composite strength, concrete age, axial strength 

 
 
1.  INTRODUCTION 
 
The concrete filled steel tube (CFST) structure is widely used now around the world because of its 
superior property on mechanics, fire resistance, anti seismic capacity as well as its cost effective 
construction. Extensive experimental and theoretical investigations on the CFST have been carried 
out [1-8]. In recent years, more and more high-rise buildings are constructed using CFST columns 
mentioned by Fu [9], Fan [10] and Duan [11]. The advantage is to adopt rapid construction which 
the inside concrete is not fully hardened during the construction and the building is be set up by the 
outside steel tube frame. This kind of construction method can greatly reduce the time but also 
bring a problem that the composite strength of CFST column may be different being of the earlier 
age of concrete. 
 
On the influence of concrete age, Tan and Qi [12] worked systematically by testing the effect of 
creep on columns under axially compressive loads. Nakai et al. [13] and Terry et al. [14] tested the 
creep of CFST columns and plain concrete to investigate the influence of the reinforcement on the 
concrete creep. Ichinose et al. [15], Kwon et al. [16] and Acar [17] also reported a series of tests to 
obtain creep coefficients of CFST columns. But nearly all of the works are about the aging effect of 
hardened concrete and there is little attention paid to the research on the aging effect of hardening 
CFST column.  
 
In this paper, the aging effect of un-fully hardened concrete will be studied on the composite 
strength of CFST columns and a formula will be proposed based on the theory of elasticity by using 
the superimposition method and test results. Independent experiments and FE method are also 
adopted to validate the formula.  
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2.   THEORY ANALYSIS 
 
2.1  Superimposition method 
 
In order to determine the formula of composite strength of CFST columns under axial compression, 
the elastic analysis is adopted. The CFST column can be equivalently divided into two parts. i.e., 
the steel tube and the concrete part, and the axial compression process can be divided into two steps. 
i.e., uniaxial compression of each part and plane strain problem according to Yu [18]. In the 
uniaxial compression step, two parts are deformed individually as the uniform longitudinal strain. 
In the second step, there will be the interaction load between the two parts but the longitudinal 
strain of each part keeps constant which is the plane strain problem, shown in Figure 1. 
 

CFST 
Steel 
tube Concrete 

                

P P P

 
 

Figure 1. Superimposition Method of CFST under Axial Compression 
 
2.2  Elastic Analysis 
 
Assume that the longitudinal strain of the CFST is ( )z

sc t under the compression load, as a whole. 

The longitudinal strains in the steel tube ( )z
s t  and the concrete ( )z

c t  should be the same, then 

 
( ) ( ) ( )z z z

s c sct t t       (1) 
 
Step 1: The uniaxial compression stage 
 
In this stage, because of the no interactions between steel and concrete, steel tube and concrete 
cylinder are unrestrained axisymmetric deformation. According to the generalized Hooke's law the 
radial strains are: 
 

( ) ( ) ( )r z
c c sct t t        (2) 

 

( ) ( )r z
s s sct t   

    (3) 
 
In which, ( )c t is the Poisson’s ratio of concrete at age t , and s  is the Poisson’s ratio of steel. 
According to Budynas [19], when the radius at the interface surface is r , the radial displacements 

1 ( )cu t at the outside surface of the concrete cylinder and 1
su at the inside surface of the steel tube, are 

respectively,  

step1: uniaxial
compressioin

step2:plane strain 
z
scz

sc
2

sP
2

cP

1
sp 1

cp
z
scz

sc
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1 ( ) ( ) ( ) ( )r z
c c c scu t r t t r t       (4) 

 
1 ( ) ( ) ( )r z
s s s scu t r t r t        (5) 

 
So the respective longitudinal stresses of the concrete 1( )c t  and the steel 1( )s t  are,  
 

     1 ( ) ( )z z
c c c c sct E t t E t t   

  (6) 

 
1( ) ( ) ( )z z
s s s s sct E t E t      (7) 

 
In which,  cE t is the elastic modulus of concrete at age t , and sE is the elastic modulus of steel. 

 
Step 2: The plane strain stage 
 
In this stage the longitudinal strain is constant and there is the interactive stress P  acting between 
the inside surface of the steel tube and the outside surface of the concrete. According to the theory 
of elasticity [20], the radial displacements of the concrete cylinder at the outside surface 2 ( )cu t , and 

the radial displacements of the steel tube at the inside surface 2
su  can be calculated respectively, 

   
2

2

2
2

( ) (1 ( ))(1 2 ( ))
( ) (1 )
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1 ( )
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t t tr P
u t r rP

E t E tt
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t

  
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

 
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
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 (8) 
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[ (1 2 ) ]

( )
s

s s
s

r P R
u r

rE R r





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  
  (9) 

 
In which, R is the radius at the outside surface of the steel tube.  
 
Step 3: Superimposition results 
 
Assume that the interfaces are ideal and continuous at the interfaces of the steel tube and concrete 
part. So the radial displacements of steel part and the concrete part should be same at the interfaces, 
 

1 2 1 2( ) ( )c c s su t u t u u     (10) 
Introducing Eqs. 4, 5, 8 and 9 into Eq. 10 yields the interactive stress P at the interface, 
 

 
2 2

2 2

( ( ) ) ( )

(1 ( ))(1 2 ( )) (1 )
[ (1 2 )]
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z
c s sc

c c s
s
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t t
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t t
R r

E t E R r
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

 


  
  

          

(11) 

 
From the elastic solution from Sadd [20], the longitudinal stresses caused by P  in the concrete 
part 2 ( )c t , and the steel tube 2 ( )s t , are,  
 

2 ( ) 2 ( )c ct t P     (12) 
 

2
2

2 2

2
( ) s

s

r
t P

R r


 

   
(13) 
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Hence, the total longitudinal stresses in the concrete and the steel tube are, respectively, 
 

 1 2( ) ( ) ( ) ( ) 2 ( )z
c c c c sc ct t t E t t t P          (14)

 2
1 2

2 2

2
( ) ( )z s

s s s s sc

r
t E t P

R r


      

   
(15) 

 
Introducing Eq. 11 into Eq. 14 and Eq. 15, the equivalent uniform stress distribution ( )sc t over the 
cross section of the CFST is ,  
 

( ) ( )
( ) s s c c

sc
sc

A t A t
t

A

 



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(16) 

 
Thus, 
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 (17) 

 
Replacing all terms containing Poisson’s ratios of steel and concrete by A , B  and C , Eq. 17 can be 
written as below, 
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where, 
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2.3  Composite Strength of the CFST and Further Modification 
 
In order to obtain the composite strength of CFST column in inelastic state, it is assumed that the 
strength of the steel and the concrete are reached simultaneously and introducing the strength of 
steel and concrete yf , ( )ckf t and parameter    sc y ckt f f t  . So, 

 

 
      ( ) 1 (1 )

1
sc

sc ck y

sc sc

t
f t f t f

A B t C t


 

  

 
            

 (19) 

 
The influence of concrete age on concrete Poisson’s ratio is very little according to Oluokun et al. 
[21] and Carmichael [22], so the concrete Poisson’s ratio can be determined by test results of 
hardened CFST column which is at the age of 28 days. To statistically obtain estimated values of 
A , B , and C , standard regression analysis is carried out on the basis of a rich collection of test 
results from O'Shea et al. [3] and Kenji et al. [23]. Finally the values of the three constants 
are 2.0A  , 0.01B  , 0.2C  as showing Table 1 and the results agree well. 
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Table 1. Comparison of the Analytical and the Test Results 

Geometric parameters 
material 

parameters 
Ultimate 

force 
ratio 

Ref. No. Numbering External 
diameter 
 D /mm 

Steel 
thickness  

T /mm 

yf  
/Mpa

ckf  
/Mpa 

Test  

TN /k
N 

Calc  

cN /k
N 

T / cN N

1 S30CS50B 165 2.8 363.3 48.3 1662 1744 1.05 
2 S20CS50A 190 1.9 256.4 41 1678 1556 0.93 

3 S16CS50B 190 1.5 306.1 48.3 1695 1739 1.03 

4 S12CS50A 190 1.1 185.7 41 1377 1322 0.96 

5 S10CS50A 190 0.9 210.7 41 1350 1303 0.97 

6 S30CS80A 165 2.8 363.3 80.2 2295 2381 1.04 

7 S20CS80B 190 1.9 256.4 74.7 2592 2473 0.95 

8 S16CS80A 190 1.5 306.1 80.2 2602 2615 1.00 

9 S12CS80A 190 1.1 185.7 80.2 2295 2407 1.05 

10 S10CS80B 190 0.9 210.7 74.7 2451 2241 0.91 

11 S30CS10A 165 2.8 363.3 108 2673 2935 1.10 

12 S20CS10A 190 1.9 256.4 108 3360 3379 1.01 

13 S16CS10A 190 1.5 306.1 108 3260 3378 1.04 

14 S12CS10A 190 1.1 185.7 108 3058 3176 1.04 

 
 
 
 
 

[3] 
 
 
 
 
 
 
 

[3] 
 

15 S10CS10A 190 0.9 210.7 108 3070 3168 1.03 

16 CC4-A-2 149 3 308 21.5 941 971 1.03 

17 CC4-A-4-1 149 3 308 33.1 1064 1159 1.09 

18 CC4-A-4-2 149 3 308 33.1 1080 1159 1.07 

19 CC4-A-8 149 3 308 61.2 1781 1610 0.90 

20 CC4-C-2 301 3 279 21.5 2382 2629 1.10 

21 CC4-C-4-1 300 3 279 33.6 3277 3438 1.05 

22 CC4-C-4-2 300 3 279 33.6 3152 3438 1.09 

23 CC4-C-8 301 3 279 63.8 5540 5522 1.00 

24 CC4-D-2 450 3 279 21.5 4415 5069 1.15 

25 CC4-D-4-1 450 3 279 33.6 6870 6944 1.01 

26 CC4-D-4-2 450 3 279 33.6 6985 6944 0.99 

27 CC4-D-8 450 3 279 67.6 11665 12213 1.05 

28 CC6-A-2 122 4.5 576 21.5 1509 1655 1.10 

29 CC6-A-4-1 122 4.5 576 33.1 1657 1771 1.07 

30 CC6-A-4-2 122 4.5 576 33.1 1663 1771 1.06 

31 CC6-A-8 122 4.5 576 61.2 2100 2052 0.98 

32 CC6-C-2 239 4.5 507 21.5 3035 3429 1.13 

33 CC6-C-4-1 238 4.5 507 33.1 3583 3890 1.09 

34 CC6-C-4-2 238 4.5 507 33.1 3647 3890 1.07 

35 CC6-C-8 238 4.5 507 61.2 5578 5044 0.90 

 
[23] 

 
 
 
 
 
 

36 CC6-D-2 361 4.5 525 21.5 5633 6088 1.08 
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37 CC6-D-4-1 361 4.5 525 33.6 7260 7266 1.00 

38 CC6-D-4-2 360 4.5 525 33.6 7045 7237 1.03 

39 CC6-D-8 360 4.5 525 67.6 11505 10526 0.91 

40 CC8-A-2 108 6.5 853 21.5 2275 2768 1.22 

41 CC8-A-4-1 109 6.5 853 33.1 2446 2882 1.18 

42 CC8-A-4-2 108 6.5 853 33.1 2402 2851 1.19 

43 CC8-A-8 108 6.5 853 61.2 2713 3050 1.12 

44 CC8-C-2 222 6.5 843 21.5 4964 6254 1.26 

45 CC8-C-4-1 222 6.5 843 33.1 5638 6654 1.18 

46 CC8-C-4-2 222 6.5 843 33.1 5714 6654 1.16 

47 CC8-C-8 222 6.5 843 61.2 7304 7617 1.04 

48 CC8-D-2 337 6.5 823 21.5 8475 10045 1.19 

49 CC8-D-4-1 337 6.5 823 33.6 9668 11044 1.14 

50 CC8-D-4-2 337 6.5 823 33.6 9835 11044 1.12 

51 CC8-D-8 337 6.5 823 67.6 13776 13849 1.01 
 
Thus, the composite strength of CFST column considering the age is simplified as shown in Eq.(20), 
in which  0.001 0.2scM t   . 

 
      ( ) 1 (1 )
2 1

sc
sc ck y

sc

t
f t f t f

M t


 



 
            

(20) 

 
In practice, the range of steel grade is Q235 to Q420, and concrete is C30 to C80, the range 
of / ( )y ckf f t  is 4.7 to 20.9. The range of steel ratio of CFST is from 0.04 to 0.2, Thus, the range of 

M is from 0.008 to 0.04 and 1/ (2 ) 0.5M  . Also according to ACI209 [24], there is a 
relationship between the strength of hardened and hardening concrete, 
 

  ( )ck ckf t Q t f   (21) 

 

( )
4 0.85

t
Q t

t


   
(22) 

 
Then, the composite strength of CFST column considering concrete age can be expressed as 
following,  
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(23) 

 
In which, 0 /sc y ckf f  , and ckf is the strength of hardened concrete.  
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3.   Experiments and FE Analysis 
 
In order to validate the formula of composite strength of CFST column considering concrete age of 
different hardening time, experiments and FEM are used in this section. 
 
3.1  FE Model of CFST Columns 
 
The software Abaqus is adopted to establish the FE Model. In the model, the 8-node quadrilateral 
in-plane general purpose continuum shell element (SC8R) is used for the steel tube, and the 8-node 
linear brick element (C3D8R) is used for the concrete. The bilinear material model is adopted for 
the steel, with the tangent modulus being one percent of the Elastic Modulus of 206GPa. The 
material model of the concrete is the damaged plasticity (DP) model with dilation angle being 40o, 
and the strength of the concrete at different hardening time follows the curves proposed by Yi [25], 
as Eq.

 

(24). Other material and geometrical parameters of the column are given in Table 2. 
According to the experimental specimen in Figure 2, the FE meshes of a typical CFST column are 
shown in Figure 3. It is assumed that the contact between the steel tube and the concrete is perfect.  
In order to study the convergent of the FEM model, different meshing schemes are tried which are 
listed in Table 3. 

 
'
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m c c
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, 01.02 1.17( / )m m a cE E 
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 , ,m m d m a a bt       ,

 

'
c c 

              (26) 

 

  0.462
,2812.4 1.66 10 ca f

  

  

(27) 
 

,280.83exp( 911/ )cb f 
  (28) 

 
Where, 
t  —— the age of concrete in day;  

( )cf t , c  —— concrete stress and strain to be computed;  
'

cf , '
c  —— maximum stress and corresponding strain of concrete at tdays;  

0E   —— the secant modulus at the maximum stress, ' '
0 /c cE f  ； 

cE   —— elastic modulus of concrete;  

,m a   —— a parameter of concrete for the ascending branch;  

,m d   —— a parameter of concrete for the descending branch.  
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Figure 2. Experimental Specimens of CFST 

 
 

 
a) concrete    b) Steel tube 

Figure 3. Finite Element Mesh of CFST Member  
 

Table 2. Geometry and Material Parameters of CFST Column 
D  (mm) T  (mm) L (mm)  yf  (MPa) ckf (MPa) sE (MPa)

219 5.5 766 355 51.2 2.06e5 
133 4.5 400 345 40.8 2.06e5 

 
Table 3. The Ultimate Load of Different Meshing Scheme 

Model N-Ring N-Radius N-Axial E-Section E-Tolal N-3d (kN) N-28d (kN)

M1 12 2,3 18 56 1120 2240 2868 
M2 12 3,4 18 68 1224 2256 2904 

M3 16 3,4 18 96 1728 2285 2942 

M4 20 3,4 18 104 1872 2358 2965 

M5 24 3,4 18 132 2376 2372 2972 

M6 28 3,4 18 160 2880 2377 2979 
 
In Table 3, N-Ring, N-Radius, and N-Axial are the respective numbers of elements in the 
circumferential, radial, and axial directions. E-Section and E-Total are the total numbers of 
elements on a cross section and of the whole column, respectively. N-3d and N-28d are the ultimate 
axial loads of the column at the age of 3 and 28 days. It can be seen that when the element mesh is 
finer than M4, smaller difference between the different meshing schemes are observed. It is decided 
therefore that the mesh scheme M4 will be used in the following numerical simulations. 
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Figure 4. Load Bearing Capacity Experiment of the CFST Column 
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Figure 6. Calculated Value Compared with FEM 

 
3.2  Validation of the Formula 
 
Laboratory experiments had been carried out, as shown in Figures 2 and 4, and the specimen 
configuration details are specified in Table 2. The load bearing capacity experiments were taken at 
the concrete curing ages of 3, 7, 14, 21, 35 and 49 days. 
 
The experimental results of the time-dependent elastic modulus of concrete at different ages are 
shown in Table 4. The comparison between equation results cN , experimental results tN  and FE 

results fN  are showed in Table 5, 6 and Figure 5, 6. And the mean value is 0.945 and standard 

deviation is 0.06 which indicate the formula can predict well the composite strength of CFST 
columns by considering the variation of concrete curing age. 
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Table 4. Elastic Modulus of the Concrete at Different Age 
age(day) 3 7 14 21 28 

cE (MPa) 30680 32319 34053 35101 35905 
 

Table 5. Further Comparisons of Analytical Results with the Tests Results 

No．
D 

/mm 
T 

/mm 
fy 

/MPa 
fck 

/MPa 
t 

/day 
fsc 

/MPa 
Nc 
/kN 

Nt 
/kN 

Nc/Nt 

1 219 5.5 355 22.626 3 72.21 2719 3368.3 0.807 
2 219 5.5 355 34.754 7 83.15 3131 3484 0.899 

3 219 5.5 355 43.497 14 91.04 3428 3572.7 0.959 

4 219 5.5 355 47.478 21 94.63 3563 3797.7 0.938 

5 219 5.5 355 51.230 35 98.02 3690 3694.7 0.999 

6 219 5.5 355 53.025 49 99.64 3751 3802.3 0.987 

7 133 4.5 345 28.704 7 87.92 1221 1276 0.956 

8 133 4.5 345 40.80 53 101.3 1406 1447 0.972 
 

Table 6. Further Comparisons of Analytical Results with FEM Results 

No．
D 

/mm 
T 

/mm 
fy 

/MPa 
fck 

/MPa 
t 

/day 
fsc 

/MPa 
Nc 
/kN 

Nf 
/kN 

Nc/Nf 

1 1000 12 345 18.641 3 41.95 32930 43497 0.757 

2 1000 12 345 28.633 7 51.47 40402 49731 0.812 

3 1000 12 345 35.836 14 58.33 45789 52161 0.878 

4 1000 12 345 40.993 28 63.42 49781 54934 0.906 

5 1000 18 345 18.641 3 53.41 41923 51250 0.818 

6 1000 18 345 28.633 7 62.69 49213 57432 0.857 

7 1000 18 345 35.836 14 69.39 54467 59979 0.908 

8 1000 18 345 40.993 28 74.42 58422 63839 0.915 

9 1000 24 345 18.641 3 64.70 50789 58000 0.876 

10 1000 24 345 28.633 7 73.76 57898 64098 0.903 

11 1000 24 345 35.836 14 80.28 63023 66483 0.948 

12 1000 24 345 40.993 28 85.29 66955 70591 0.948 

13 1000 30 345 18.641 3 75.86 59553 64129 0.929 

14 1000 30 345 28.633 7 84.69 66484 70131 0.948 

15 1000 30 345 35.836 14 91.06 71480 72343 0.988 

16 1000 30 345 40.993 28 96.03 75382 76533 0.985 

17 1000 36 345 18.641 3 86.87 68195 69795 0.977 

18 1000 36 345 28.633 7 95.48 74950 75706 0.990 

19 1000 36 345 35.836 14 101.68 79819 77777 1.026 

20 1000 36 345 40.993 28 106.63 83702 81960 1.021 
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4.  CONCLUSION 
 
In the paper, an analytical solution was presented for composite strength of CFST columns 
considering the influence of concrete age of different hardening time. Bearing capacity experiments 
of CFST columns with different concrete age were conducted, and FM method was used to 
calculate the strength of CFST columns with different concrete aging time, steel ratio and concrete 
strength. Comparisons of composite strength between the formula, the experiment and the FE 
method results were made, which showed that the formula can predict the composite strength of 
CFST column well. 
 
For the further work, it is needed to develop the formula of the stability property of CFST column 
considering the concrete age based on the one presented in this paper. 
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ABSTRACT: For large-space steel structures in fire, an accurate temperature field model is essential to predict the 
temperature distribution for response analysis of the structure. Based on the field model theories of air 
thermodynamics and heat transfer, the combustion process and temperature distribution of large-space steel structures 
in fire were analyzed in this paper. The temperature field model of large-space fire, including fire source, smoke 
plume and smoke layers models, was established. Closed form formulas were developed to predict the air 
temperature, within its application limit, near the ceiling of large-space steel structures in fire. The accuracy of the 
formulas was verified by comparing with results obtained from numerical method based on field models. This 
research provides an important theoretical basis for further studying the behavior of large-space steel structures in 
fire. 
 
Keywords: Large-space steel structures, fire, temperature field, computational method, numerical simulation, 
thermodynamics, heat transfer 

 
 
1.  INTRODUCTION 
 
Structures would be affected by fire, through energy transferred from uncontrolled combustion 
process. In large space fire, structures are firstly affected by heat from convection and radiation, 
and then the rise of structural temperature leads to additional thermal stresses due to boundary 
constraints and sharp decline of structural stiffness and strength. Under the influence of these 
combined actions and effect of materials in high temperature, structural damage or collapse may 
occur. One of the most significant preconditions of the whole process of analysis and design of 
large-space steel structures in fire is to establish an accurate temperature field model in fire to 
predict the temperature distribution in large structure. 
 
Nowadays, researches on temperature field model are mostly focused on indoor small space fire, 
while studies on large space fire are not enough. Large space fire have many different attributes and  
features compared to indoor small space fire such as huge volume, higher space height, full 
combustion, faster air flow rate, larger heat distribution gradient, obvious local effects, and further 
distance from structural elements to fire source (Fan et al. [1]; Yu et al. [2]). Therefore, there may 
be great differences in the temperature field model for large and small space fire. Based on research 
findings by Li and Du [3], Xue et al. [4], Cooper [5] and Venkatasubbaiah and Jaluria [6], there are 
four available methods to establish air temperature field model in fire:  
(1) The standard ISO834 fire, which is mainly suitable for indoor small space or compartment fire.  
(2) Live fire test measuring method, which is mainly applicable to indoor large space fire. However, 

the testing is very rather costly, and the restricted test parameters often limit their applications.  
(3) Analysis method based on zone models, which tend to be more accurate for fire at the initial fire 

development stage.  However as the fire develops into a more mature stage, calculation 
deviation tends to accumulate leading less accurate prediction of temperature field. 
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(4)Numerical simulation method based on field models, which can accurately predict, in time and 
space, air temperature rise in a large space fire. This method may provide reliable analysis of 
temperature rise in structural members, and is applicable of capturing the entire process of 
combustion for the purpose of structural analysis at elevated temperature. 

 
On the basis of theories on combustion, fluids and heat transfer, the motion of hot smoke and heat 
transfer of fire were analyzed in this paper, and the laws in combustion process were revealed. In 
addition, a mathematical model of air temperature field in large space fire was built. Finally, closed 
form formulas to predict the air temperature near the ceiling of large-space steel structures in fire 
was proposed. 
 
 
2.  COMBUSTION CHARACTERISTICS OF LARGE SPACE FIRE 
 
A large space fire mainly undergoes four phases of combustion: initial growth, full development, 
stable burning and decay, among which the full development phase is the most important one as it 
has a profound influence on the temperature distribution and response of structure in large space 
fire. In this phase, as fire continues and flame height constantly increases, the hot air mixed with 
carbon black produced during combustion continually rises under the action of buoyancy, and 
forms a cylindrical smoke plume, as displayed in Figure 1. For large space fire which shows 
tendency towards stabilization, its temperature field model mainly includes models of fire source, 
smoke plume, and smoke layer. 

cold air
Flowing

Relatively static
cold air

Gradually flowing 
slow hot air

 Smoke layer

Smoke plume

Fire source

 
Figure 1. Sketch of Full Development Phase of Large Space Fire 

 
2.1  Combustion Characteristics of Fire Source 
 
Fire source is the only energy source in combustion process, and it exchanges heat with the air 
primarily by means of convection and radiation. The total heat amount released from fire source is 
the decisive factor of the temperature field. 
 
The radiation heat generally comes from carbon black produced during combustion. In the initial 
phase of combustion, there is only 10 percent of the total heat released from fire source, because of 
relatively low indoor temperature. However, as temperature rises, and a large number of carbon 
black has been produced, the maximum radiation heat can reach about 15% ~20% of the total heat 
amount (Floyd et al. [7]; Chow and Yin [8]). In this paper, the radiation heat is taken as 20% of the 
total heat, and the convective heat is regarded as 80% of the total heat. Assuming the total heat 
amount released from fire source is Q , the convective heat and radiation heat will be 

cQ and eQ respectively, and then it is obvious that c eQ Q Q  , and c 0.8Q Q . 

 
2.2 Temperature Distribution of the Smoke Plume 
 
As smoke plume rises, its volume expands by entraining surrounding cold air, pushing the 
boundary layer outwards, as shown in Figure 2. Assuming that the indoor air is isotropic and the 
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fire source is axisymmetric, the smoke plume will be similar to an inverted axisymmetric cone. The 
temperature distribution of smoke plume can be described as follows: (1) the highest temperature 
always locate in the centre whatever the cross section, and it decreases gradually to the lowest 
(approximately equals to room temperature) in the boundary layer, as displayed in Figure 2 (a), and 
(2) along the vertical direction, the centreline temperature falls down gradually with the height 
increasing, as shown in Figure 2 (b). 
 

Boundary layer

Center line Center line

Boundary layer Boundary layer

Fire sourceFire source

 
(a) Cross section        (b) Centreline 

Figure 2. Air Temperature Distribution of Smoke Plume 
 
In the process of combustion, the relevant parameters of smoke plume, such as flow rate, 
temperature, and the density distribution, can be accurately simulated through fluid theory. The 
precondition of forming a stable smoke plume in large space fire is that the ceiling has a certain 
height. For large-space steel structures, if the height of ceiling exceeds 10m an obvious smoke 
plume will be developed (Li and Du [9]; Huang and Wen [10]). 
 
2.3 Temperature Distribution of Smoke Layer 
 
After the rising smoke plume collides with the ceiling of a large-space steel structure, an impact 
area is firstly formed, as illustrated in Figure 3. Additionally, the smoke plume moves horizontally 
to two sides, and the smoke layer is formed. The smoke layer contains most of the convective heat 
released from the fire source. Therefore, for large-space steel structures, the temperature of 
structure and components are influenced by temperature distribution of the smoke layer directly. It 
is important to capture the temperature distribution of this smoke layer for the analysis of structural 
fire resistance.  
 
The temperature distribution law in smoke layer can be described as follow (Shi et al. [11]; Cooper 
and Stroup [12-13]): 
(1) The temperature declines step by step from the centreline of impact area to surrounding areas. 

The impact area exhibits great air temperature gradient along horizontal direction, and obvious 
local effects. 

(2) As burning continues, the smoke layer accumulates more heat and increases its thickness 
gradually. 

(3) For thickness direction of the smoke layer, the temperature falls down gradually as the height 
decreases, until it meets the indoor temperature.  

(4) With heat release rate declining, the increment of temperature and thickness gradually drops, 
and the smoke layer comes to be stable.  

 
Figure 3 illustrates the temperature distribution of the smoke layer at the ceiling of large-space steel 
structures. 
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Figure 3. Temperature Distribution of the Smoke Layer  

 
3.  TEMPERATURE FIELD MODEL OF LARGE SPACE FIRE 
 
3.1 Model of Fire Source  
 
The fire source model is defined as the relationship between the heat release rate and the burning 
time. The crucial parameters include the fire load density, the burning rate of the fire source, the 
maximum heat release rate, the burning area, the flame height, and the burning time. However, the 
complex combustion process with great randomness in variety, mass, and distribution of the 
combustibles, makes it difficult to determine the fire source model, and parameters precisely. 
Nowadays, the method combines mathematical statistics with experimental research is widely 
adopted by researchers in this field. 
 
3.1.1  Fire load density 
 
Fire load density Fq  is defined as the heat released by the fire source per unit burning area per unit 

time, which depends on the variety, mass and distribution of the combustibles. Relevant statistical 
analysis of fire date by Harmathy [14], Anon [15], and Vrouwenvelder [16) revealed that there is a 
great difference in the value of fire load density for various building functions, such as residence, 
office, and school, in different countries. 
 
Sunil and Kameswara [17] prescribed that the fire load density could be taken as 2

F 500kJ mq  for 

malls and other public places, as well as warehouses of supermarkets. The large space structures 
studied in this paper are public buildings for commercial use, so the fire load density is chosen as 

2
F 500kJ mq  . 

 
3.1.2  Burning rate of the fire source  
 
The burning rate of the fire source reveals the relationship between heat release rate of the fire 
source and burning time, which depends on the variety of combustibles and the indoor ventilation 
conditions. Considering large space fire, the heat release rate of the fire source is basically 
proportional to the square of burning time (Harmathy and Mehaffey [18]), expressed by 
 

2
p

max p

0
( )

t t t
Q t

Q t t
    

                                                    (1) 

 
where  Q t  is the heat release rate of the fire source at a certain time (MW), maxQ  is the 

maximum heat release rate of the fire source (MW),   is the increasing coefficient of the heat 
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release rate ( 2kW s ), which is determined according to the fire growth rate in Table 1, and t is the 

burning time (s); p maxt Q   is the time of the heat release rate reaching the maximum value(s). 

 
Table 1. Increasing Coefficient of Heat Release Rate  ( 2kW s ) 

Burning rate of the fire 
source  

Slow Medium Fast Very fast 

Coefficient   0.002931 0.011270 0.046890 0.187800 
 
3.1.3  Maximum heat release rate 
 
The maximum heat release rate maxQ is influenced by the variety of combustibles, the building 

function, and the fire-fighting facilities. In this paper, based on the research findings from She [19], 
the values of maxQ are taken as 5MW, 10MW, 15MW, 20MW, e and 25MW respectively which 

corresponding to different building enclosures as illustrated in Table 2. 
 

Table 2. Maximum Heat Release Rate for Different Building Enclosures 
Values of 

maxQ  
Fire severity 

Fire-fighting 
facility 

Building Enclosures 

5 MW Mild 
With 

sprinkler 
Waiting room, gymnasium and other public 
buildings 

10 MW Medium No sprinkler 
Waiting room, gymnasium and other public 
buildings 

15 MW Relatively severe 
With 

sprinkler 
Shopping malls, supermarkets, warehouses, 
libraries and other large space buildings 

20MW Severe No sprinkler 
Shopping malls, supermarkets, warehouses, 
libraries and other large space buildings 

25 MW Extremely severe － 
large-space steel structures that contain a large 
number of flammable and explosive chemicals 

 
3.1.4  Burning area and flame height 
 
The spread of the burning surface is affected by many factors with certain randomness. In order to 
simplify the calculation, it is assumed that the boundary of the fire source in large space fire 
advances to all directions at the same rate, and the burning surface has the same heat release rate. 
Therefore, the shape of the fire source model can be regarded as an axisymmetric cone [20], which 
is shown in Figure 4. The burning area and the flame height per unit time can be obtained as 
 

2
F( 2) ( )A D Q t t q    ;  2 /50.235 ( ) 1.02L Q t D                                  (2) 

 
where A  is the burning area of the fire source per unit time ( 2m ); D is the diameter at the bottom 
of the fire source model per unit time (m); L  is the flame height per unit time (m); t represents the 
burning time, which is taken as 1s.  
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D

L

 
Figure 4. Simplified Model of the Fire Source 

 
When the maximum heat release rate is reached, for example,   maxQ t Q , A and L for different 

fire scenarios can be obtained from Eq. 2. 
 
3.1.5  Burning duration 
 
The burning duration mt  is defined as the total time taken from the initiation of the fire to its 

natural extinguishment, as shown in Figure 5 (a). 
 
Based on the principle of energy conservation, the total amount of heat released from the fire 
source should be equal to the integral of the heat release rate  Q t  throughout the burning 

duration, which is demonstrated as the shaded area in Figure 5 (a). In order to simplify calculation, 
the descending curve in the extinguishing phase may be approximated by an equivalent vertical line 
according to the conservation of the total heat, as shown in Figure 5 (b). 
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(a)  Actual model                           (b) Simplified model 

Figure 5. The Relationship between Heat and Duration of Fire 
 
From Figure 5 (b), the total amount of heat J released from the fire source can be derived by solving 
the integral of Eq. 3. 
 

 m p m

p

2 3
max p max m p0 0

( )d d d / 3
t t t

F t
J q A Q t t t t Q t t Q t t                                (3) 

in which 

 3
m p F p max/ 3 /t t q A t Q                                                       (4) 

 
where  i i F

i

A m q q   is the equivalent area after normalizing the heat release rate of all 

combustibles according to Fq ; im  and iq  are, respectively, the total mass of the i  type of 

combustibles (kg), and the heat release rate per unit mass ( kJ kg ). 
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Based on the test data from Chow et al. [21] and William [22], for large space fire the total mass of 
combustibles ranges from 200 to 2000 kg and the average heat release rate per unit mass is 
approximately 325 10 kJ kg . In addition, corresponding to five values of maxQ = 5MW, 10MW, 

15MW, 20MW, and 25MW, the burning duration mt  for different mass of combustibles and 

different fire growth rates can be calculated from Eq. 4. The calculation results are shown in Figure 
6. 
 
The results in Figure 6 demonstrate that the burning duration mt  would rarely exceed 80 minutes 

(see curves of FS-10, VS-25 and so on), if the total mass of combustibles is lower than 2000kg. 
Only when the value of maxQ is 5MW, and the mass of combustibles exceeds 1400kg, the burning 

duration mt can reach and even more than 120 minutes (see curves of SS-5, MS-5, FS-5, and VS-5). 

Therefore, it is proposed that the burning duration of large space fire can be taken conservatively 
as m 120mint  . 

 
3.2 Model of Smoke Plume  
 
The smoke plume model mainly depends on the distribution in time and space of flow rate, density, 
temperature, and other state parameters of the smoke, as shown in Figures 7 (a) to (c). According to 
previous discussion, the shape of the smoke plume is similar to an inverted axisymmetric cone, and 
thus its motion equation can be derived with the cylindrical coordinates system. The rising direction 
and the radial direction of smoke plume are assumed as the z and r axis respectively, and the 
corresponding flow rates to two axes are u and v separately. Based on the principles of mass 
conservation (the continuity equation), momentum conservation (the motion equation), and energy 
conservation (the energy equation) of the smoke plume, the differential equations of smoke plume 
are obtained as follows (Motevalli [23]; Zukoski et al. [24]). 
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Figure 6. The Burning Duration of Fire mt  

(SS represents slow, MS represents the medium, FS represents fast, VS represents very fast, as 
shown in Table 1) 
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Figure 7. Actual Distribution of State Parameters  
 
Continuity equation:      0u z v r v r                                          (5a) 

Motion equation:        
1 1

( )
u v p

u v g ruv
z r z r r
   

    
   

                         (5b) 

Energy equation:       
1

( )
T T

u v ru T
z r r r

  
   

  
, 

1
( )u v ru

z r r r

    
   

  
   (5c) 

where aT T T   , a     . 

 
Considering a unit volume of the smoke along the symmetry axis, the differential equations are 
solved with boundary conditions and assumptions. The air temperature mT  along the centreline of 

the smoke plume can be expressed as (Gershuni et al. [25]): 
 

   1 32 3 5/ 3
m a 0 a 0 a 0 a11.21 /T T V g z T T  

                                        (6) 

 
where mT  is the air temperature at the point where the vertical distance along the centreline is z 

from the fire source (oC); 0T  is the air temperature of the burning surface (oC); aT  is the indoor 

temperature (oC); a and 0  are, respectively, the density of the surrounding air, and the initial 

density of the burning surface ( 3kg m ); g  is the acceleration of gravity ( 2m s ); 0V  is the 
volume flux across a certain cross section of the smoke plume. 
 
Assuming that the heat release rate on the burning surface is evenly distributed, the rising velocity, 
density, and temperature of the surrounding air would also approximately follow uniform 
distribution, as demonstrated in Figures 8(a) to (c). Ignoring the influence of the sudden change of 
the parameters around the circumference of the burning surface, the following formula can be 
obtained. 
 

 c p 0 0 aQ =qΔt=c m T -T                                                            (7) 

 
where cQ  is the convective heat release rate of the fire source ; t  is the time duration of the 

heating process; pc  is the coefficient of the specific heat at constant pressure for air; 0m  is the 

mass of the heated air, and q  is the heat release rate of the fire source per unit area. 
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Figure 8. Simplified Distribution of State Parameters 
 
It can be obtained from Figure 8(a) that 2

0 0 0 0πm b u t  , 2
0 0 0πV b u . Introducing them into Eq. 7, 

the following relationship can be obtained: 
 

2
p 0 0 0 0 aπ ( )q c b u T T    ,   0 p 0 0 a/V q c T T                                        (8) 

 
Introducing Eq. 8 into Eq. 6, the following formula can be derived.  
 

1/ 3

2 / 3 5/ 3a 0 a
m a 2 2

p 0 a 0

( )
11.21

( )

T T
T T q z

gc


  

 
      

                                         (9) 

 
Introducing a virtual temperature source, which is demonstrated in Figure 9, the burning area can 
be extended from a unit area to the whole surface. Therefore, replacing the heat release rate per unit 
area q with the total heat release rate cQ in Eq. 9, the air temperature can be expressed as: 

 
1/ 3

2 / 3 5/ 3a 0 a
m a c 02 2

p 0 a 0

( )
11.21 ( )

( )

T T
T T Q z z

gc


  

 
      

                                  (10) 

 
where 0z  is the vertical distance between the virtual temperature source and the fire source. Using 

Eq. 10 and m 0T T , the position of the virtual temperature source is expressed by  

 
1/ 5

2
a c

0 2 2 2
p 0 a 0 0 a

4.26
( )( )

Q
z

gc T T


  

 
      

                                           (11) 
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Figure 9. Distribution of Temperature in the Smoke Plume 
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According to the parameter changes with temperature of thermal physical properties of air at 
normal pressure, and the burning test results of different combustibles (Guan[26]), the flame 
temperature of most fibrous combustibles is o1200 C . Therefore introducing o

0 1200 CT  , 
3

0 0.2322 kg m  , 3
a 1.1614 kg m  , 3

p 1.230kJ mc  , o
a 23 CT  , 29.8m sg  , and 

0.8cQ Q  into Eq. 10 and 11, the following formulas can be obtained. 

 
2 / 3 5/ 3

m a 0119.15 ( )T T Q z z                                                     (12a) 
2 /5

0 0.25z Q                                                                 (12b) 

 
Based on the similarity principle of the smoke plume model (Fang et al. [27]), the distribution of 
temperature difference can be described as follow. 
 

    2
m r a m a exp[ ( ) ]T T T T T T Pr r b                                            (13) 

 
where rT  is the air temperature of the smoke plume (oC); Pr is the Prandtl number of air, which 

may be taken as 0.72 according to Guan [26]; b is the half width of the temperature field at the 
position where the vertical distance is z from the fire source, 00.102 ( )b z z   . Introducing Eq. 

12a into Eq. 13 yields: 
 

 22 2/3 5/ 3
r a 0 c 0exp 67.28 119.15 ( )T T r z z Q z z                                      (14) 

 
By varying the total heat release rate cQ  as 5MW, 10MW, 15MW, 20MW, and 25MW, and the 

vertical height z from 0 to 20m, air temperature of the smoke plume mT along the centreline of the 

fire source can be obtained from Eq. 12a and Eq. 12b and they are plotted in Figure 10. Figure 11 
plots the results of the radical temperature profile of the smoke plume using Eq. 14. 
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Figure 10. mT z Curves of Smoke Plume along the Centreline of Fire Source 
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Figure 11. rT r Curves of Smoke Plume at Different Heights for c 20MWQ   

 
According to Eq. 15a and Eq. 15b, the maximum centreline flow rate of the hot air mu  can be 

solved. 
 

2 2
n n-1 m2v v a h                                                                  (15a) 

n n-1 mv v a t                                                                   (15b) 

 
where nv and n-1v  is the flow rates of air at different heights of the smoke plume; m  is the 

rising acceleration of the smoke plume; h  and t  are, respectively, the height step, and the 
time step for iteration. 
 
Considering the value of total heat release rate cQ  as 5MW, 10MW, 15MW, 20MW, and 25MW 

respectively, and the vertical height z ranges from 0 to 20m, based on Eq. 15a and Eq. 15b, the 
maximum centreline flow rate mu  of the hot air in the smoke plume can be solved with iteration 

method, as displayed in Figure 12. 
 
The curves in Figure 12 demonstrate that mu  is basically in linear relationship with the logarithm 

of height z. With data fitting, as displayed in Figure 12, the maximum flow rate mu  can be 

expressed as follows. 
 

m 1 2lnu C z C                                                                 (16) 

 
where 1C and 2C are the fitting coefficients, their values are demonstrated in Table 3. 

 

u m (5)= 2.3203Ln(z) + 6.4346
u m (10)= 2.7632Ln(z) + 6.7976
u m (15)= 3.0468Ln(z) + 6.9729
u m (20)= 3.2587Ln(z) + 7.0789
u m (25)= 3.4289Ln(z) + 7.1501
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Figure 12. mu z Curves (Where Ln is the Fitting Curves) 
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Table3. The Value of 1C and 2C  

Total heat release rate cQ  5MW 10MW 15MW 20MW 25MW 
Coefficient 1C  2.3203 2.7632 3.0468 3.2587 3.4289 
Coefficient 2C  6.4346 6.7976 6.9729 7.0789 7.1501 

 
Based on the similarity principle of the smoke plume model (Harmathy and Mehaffey [18]), the 
following formula can be obtained. 
 

2
m exp[ ( ) ]u u r b                                                             (17) 

 
where u represents the air flow rate of the smoke plume at a certain time. 
 
Introducing Eq. 16 into Eq. 17, solving the integral, the relationship between u and mu along the 

centreline can be expressed as 
 

 
2π 2 2 1 1

m m 1 22 0 0

1
exp( ) d d (1 ) (1 ) ln

π

b
u u r b r r e u e C z C

b
                            (18) 

 
3.3 Model of Smoke Layer 
 
In large space fire, the hot air flow is primarily divided into three areas: the smoke plume area, the 
impact area, and the ceiling jet area, which are demonstrated in Figure 13. In area A, the flow 
characteristics and the temperature distribution are detailed in section 3.2. In area B, the motion 
direction of the smoke plume changes significantly, which creates certain pressure gradients. The 
smoke in the top of this area flows nearly parallel to the ceiling. In area C, the hot smoke 
continually diffuses to surrounding areas from the centreline of the fire source as the circle centre. 
 
3.3.1 Air temperature distribution of impact area 
 
The temperature, flow rate, density, and pressure of the hot smoke change significantly in the 
impact area. According to the test results of inverted axisymmetric smoke layer in large space fire 
from Beltao and Rajaratnam [28], the range of the impact area in large space fire is about 
0.86H z H  , in which H is the distance between the burning surface and the ceiling, as shown 
in Figure 1.  
 
According to Figure 14, assuming a micro unit of the hot smoke along the centreline, the pressure 
difference p  between the upper and lower surfaces in the impact area can be derived as: 
 

  2
s a a 00.2 0.5p p p gH u                                                    (19) 

 
where sp is the pressure at the stagnation point in the impact area; ap  is the pressure at the 

bottom of the impact area; a  is the indoor air density; 0  is the air density at the bottom of the 

impact area; 0u  is the maximum centreline flow rate of the hot air at the bottom of the impact 

area. 
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Figure 13. Partition of Smoke Layer             Figure 14. Micro Unit of Hot Smoke 

 
According to the parameter changes with temperature of thermal physical properties of air (Guan 
[26]), it can be fitted that 0.86H356 T  . Using formula (12a), (12b), and (16), 0.86HT , 0z , 0u , and 

  can be  obtained. Substituting these into Eq. 19, the curves of the pressure difference p  for 

different heat release rates cQ  can be obtained, as shown in Figure 15. 

 
In the impact area, because the hot air entrains little cold air, its density barely changes, and the 
temperature is approximately proportional to the pressure. p z  Curves in Figure 15 point out 

that the pressure difference p of the hot air at the stagnation point is below 100 2N m , and the 

relative value  5
a 100 1.0 10 0.1%p p     is small.  Therefore the influence of the pressure 

on the temperature is not significant. According to Eq. 12a, the air temperature at the stagnation 
point near the ceiling can be expressed by relationship. 
 

  5/ 32/3
0.86 a c 0119.15 0.86H HT T T Q H z

                                            (20) 
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Figure 15. p z  Curves for Different Values of cQ  

 
According to the test results from (Beltao and Rajaratnam [28], the air pressure near stagnation 
point can be approximately described by: 
 

 2

s exp 0.693p p r b                                                          (21) 

 
Because of the proportional relationship of air temperature with pressure in the impact area, the 
temperature distribution near the stagnation point can be expressed as:  
 

     2

r a H a exp 0.693T T T T r b                                                 (22) 
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Introducing Eq. 20 into Eq. 22, the air temperature in the impact area can be obtained as 
 

   2 5/ 32/3
r a c 0exp 0.693 / 119.15 0.86T T r b Q H z

                                    (23) 

 
where r is the horizontal distance from a certain point near the ceiling to the centreline of the fire 
source; 0 0( ) / 2b D z z z   is the half width of the temperature field in the impact area; D  is the 

diameter of the fire source; 0z  is the vertical distance between the virtual temperature source and 

the fire source; aT  is the indoor temperature. 

 
3.3.2 Air temperature distribution of ceiling jet area 
 
Taking the radius of burning zone ( 0.5r D ) as the demarcation point of impact area and ceiling 
jet area, Eq. 22 takes the following form. 
 

       2 22
D/2 a H a 0 0exp 0.693 0.5 exp 0.693T T T T D b z z z                             (24) 

 
Considering the similarity principle of smoke plume model, the temperature difference in ceiling jet 
area can also be described as: 
 

         1.12 2.242 2
r a D/2 a m D/2exp exp 0.5 0.5

Pr Pr
T T T T u u r D D           

              (25) 

 
Letting Prandtl constant as 0.72Pr  , Eq. 24 multiplied by Eq. 25 yields  
 

         1.6 1.6 22
r a H a 0 0exp 0.5 0.5 0.693T T T T r D D z z z                           (26) 

 
Introducing Eq. 20 into Eq. 26, the air temperature in ceiling jet area can be obtained as 
 

       1.6 1.6 2 5/32 2/3
r a 0 0 c 0exp 0.5 0.5 0.693 119.15 0.86 0.5T T r D D z z z Q H z r D

             (27) 

 
3.3.3 Temperature distribution of smoke layer 
 
Eq. 23 may be used for calculating the air temperature in the impact area, and Eq. 27 is for 
calculating the air temperature in the ceiling jet area. Combining Eq. 23 with Eq. 27, the air 
temperature of the smoke layer in large space fire can be obtained. 
 

       

   

1.6 1.6 2 5/ 32 2/3
0 0 c 0

r a 2 5/ 32 2/3
0 0 c 0

exp 0.5 0.5 0.693 119.15 0.86 0.5

exp 0.693 119.15 0.86 0.5

r D D z z z Q H z r D
T T

z z z Q H z r D





             
        

(28) 

 
Figures 16(a) and 16(b) display the air temperature distribution of the smoke layer when the value 
of heat release rate cQ  is 5MW and 20MW respectively. For the ceiling height 10mH  , and 

different cQ values of 5MW, 10MW, 15MW, 20MW, and 25MW, the radial air temperature profile 

of the smoke layer is plotted as shown in Figure 17. In addition, for 10mH   and c 20MWQ  , 

the vertical air temperature profile for different distances from centreline is shown in Figure 18. 
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Figure 16. Radial Air Temperature Profile of Smoke Layer  
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Figure 17. Radial Air Temperature Profile of Smoke Layer for Different Heat Release Rates 
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Figure 18. Vertical Air Temperature Profile of Smoke Layer at Distance r from Centreline 

( 10mH  , c 20MWQ  ) 
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Figure 18 shows that with the increasing time of fire, the hot smoke will accumulate in the upper 
space, and the smoke layer will be thicken ceaselessly.  
 
 
4.   CALCULATION OF AIR TEMPERATURE NEAR  

THE CEILING OF LARGE SPACE 
 
4.1  Modified Temperature Model in Smoke Layer 
 
Eq. 28 describes the air temperature distribution in the smoke layer near the ceiling of large space 
based on the assumption that the indoor space of large space structures is infinite. However, since 
most large space fire occurs in a limited space, the air temperature distribution in the smoke layer 
will be affected by the following three factors (Bai et al. [29]; Jin et al. [30]). (1) Limited space: 
since walls and other surfaces in limited space block the flow of the hot smoke, the smoke will 
continually accumulate near the top of the indoor space, and affect the temperature distribution. (2) 
Time lag: due to the large volume of the indoor space, time is needed for the rising of hot air from 
the fire source to the ceiling, leading to obvious time lag phenomenon in temperature field of 
smoke layer. (3) Temperature uniformity degree: limited by walls and other surfaces, back flow and 
convection of hot smoke will take place in smoke layer, in this sense, cold air and hot air mix 
constantly, which averages and uniformizes the air temperature near the ceiling. The influences of 
the three factors on the air temperature near the ceiling of large-space steel structures will be 
discussed in the following sections. 
 
4.1.1  Coefficient of limited space 
 
In Reference 3, the simulation software FDS of temperature field was applied to analyze a series of 
fire scenarios with different indoor areas, and different ceiling heights in large space. Considering 
the air temperature at the stagnation point near the ceiling, Table 4 shows the relevant experimental 
results in detail. 
 

Table 4. Experimental Result of Air Temperature at the Stagnation Point of Ceiling  

c 5MWQ   c 25MWQ   

H (m) H (m) 

Height of 
ceiling 

Indoor 
area A ( 2m ) 4 6 9 12 15 20 4 6 9 12 15 20 

500 603 573 573 573 553 463 1153 1063 1053 1053 1053 913 
1000 503 503 503 483 443 423 1103 973 933 903 883 853 
3000 503 453 413 413 403 393 933 903 803 753 723 623 
6000 433 413 393 383 373 353 833 813 753 683 653 613 

 
When the indoor area is 6000 m2, the indoor space is large enough to be supposed as an infinite 
space. Therefore, for 6000 m2 in Table 4, dividing the experimental results by those respectively, 
the ratio (the coefficient of limited space s ) of the air temperature at the stagnation point in limited 

space to infinite space could be obtained in detail in Table 5. 
 
Table 5 demonstrates that the coefficient of limited space s  mainly depends on the indoor area, the 

height of ceiling, and the heat release rate. For small indoor area, s   ; while for infinite space, 

s 1.0  . Fitting the data in Table 5, as displayed in Figures 19 (a) and (b), the coefficient of 

limited space s can be approximately expressed as: 
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 0.2 0.5 0.3
s c1 exp 0.1 /Q A H                                                      (29) 
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    (a) c 5MWQ                              (b) c 25MWQ   

Figure 19. Comparison of the Fitting Curves with Experimental Data of the Coefficient s   

(FM for the Data in Table 5) 
 

Table 5. Ratio of Air Temperature at the Stagnation Point of Ceiling in  
Limited Space to Infinite Space 

c 5MWQ   c 25MWQ   

H (m) H (m) 

Height of 
ceiling 

Indoor 

Area A ( 2m ) 4 6 9 12 15 20 4 6 9 12 15 20 

500 1.42 1.41 1.49 1.52 1.52 1.33 1.45 1.36 1.47 1.66 1.75 1.61 
1000 1.17 1.23 1.30 1.28 1.20 1.22 1.38 1.23 1.28 1.39 1.43 1.49 
3000 1.17 1.10 1.05 1.08 1.09 1.12 1.14 1.13 1.08 1.13 1.13 1.02 
6000 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

 
The curves in Figures 19 (a) and (b) shows the relationships between the coefficient s  with the 

indoor area A , ceiling height H , and heat release rate cQ . For regular structure fire, when heat 

release rate c 25MWQ  , and indoor area is about 4000 m2, the influence of limited space on the 

increasing of temperature is less than 10%. 
 
4.1.2  Coefficient of time lag  
 
The air temperature basically increases basically with the burning time. For large space fire, the 
coefficient of time lag t  is defined as the degree of the air temperature increase lagging behind the 

growth of heat release rate, which is expressed by the following formula (Li and Du [3]). 
 

   t 1 0.8exp 0.2exp 0.1t t                                                   (30) 

 
where t is the burning duration;   is the coefficient, which depends on the fire growth rate, the 
maximum heat release rate, the height of ceiling, and the indoor area. As the large space fire in 
public structures is rapid growth type,   takes the values in Table 6. 
 

Table 6. The Value of Coefficient   
Maximum heat release 

rate cQ  5MW 10MW 15MW 20MW 25MW 

Coefficient   0.0030 0.0024 0.0020 0.0018 0.0016 
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4.1.3  Coefficient of temperature uniformity degree 
 
The coefficient a  represents the temperature uniformity degree, and  f r  describes the 

temperature distribution of air flow near the ceiling of an infinite space. According to Eq. 28, 
considering the temperature uniformity degree, the air temperature near the ceiling can be described 
as follows. 
    

      5/ 32/3
r a a a c 01 119.15 0.86T T f r Q H z                                       (31) 

 
 

     

2

1.6 1.6 22
0 0

exp 0.693 0.5

exp 0.5 0.5 0.693 0.5

r b r D
f r

r D D z z z r D

      
       

                  (32) 

 
According to Eq. 31, for 0t  , a 0  ; for t  , a 1  . 

 
Li and Du [3] carried out numerical simulation using FDS software for 120 cases of fire scenarios 
and provides the coefficient of temperature uniformity degree a  for different heat release rates, 

different ceiling heights, and different indoor areas, as detailed in Table 7. 
 
According to Table 7, it can be concluded that, based on the same burning duration, larger indoor 
area will lead to smaller the coefficient a . Higher the ceiling leads to larger a  value; and the 

larger the heat release rate leads to the smaller coefficient a . In addition, among the three factors, 

the indoor area A  has the most influence on coefficient a , and the height of ceiling H has the 

second most influence, the heat release rate cQ  has the least influence and hence it is ignored in 

this paper. 
 

Table 7. The Value of Coefficient a  

c 2MWQ   c 5MWQ   c 25MWQ   

A ( 2m ) A ( 2m ) A ( 2m ) H (m) 

500 1000 3000 6000 500 1000 3000 6000 500 1000 3000 6000 
4 0.60 0.40 0.30 0.15 0.75 0.60 0.30 0.20 0.60 0.40 0.30 0.20 
6 0.60 0.50 0.40 0.20 0.60 0.70 0.45 0.30 0.80 0.50 0.35 0.26 
9 0.65 0.55 0.45 0.40 0.75 0.60 0.60 0.40 0.55 0.60 0.50 0.30 

12 0.70 0.60 0.45 0.30 0.75 0.65 0.60 0.40 0.60 0.60 0.50 0.40 
15 0.80 0.70 0.55 0.40 0.70 0.75 0.55 0.45 0.70 0.60 0.55 0.40 
20 0.85 0.70 0.60 0.40 0.75 0.70 0.60 0.55 0.70 0.60 0.65 0.45 

 
Fitting the data in Table 7, as displayed in Figure 20, coefficient a  can be expressed as follows: 

 

 a 1 exp 0.0012 /t H A                                                        (33) 

 
where A is the indoor area of large space (m2); H is the ceiling height (m).  
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Figure 20. Comparison of the Fitting Curves with Experimental Results of the Coefficient a   

(SL for the Fitting Curve) 
 
4.2 Prediction of Air Temperature Near the Ceiling of Large Space 
 
Introducing the coefficient of temperature uniformity degree a , and time lag t  into Eq. 31, a 

precise formula for calculating the air temperature near the ceiling of large space can be obtained. 
 

      5 / 32/3 2/5
r a s t a a c c1 119.15 0.86 0.25T T f r Q H Q   

           
                    (34) 

 
where the coefficient s , t ,  f r  and a are determined by Eq. 29, 30, 32 and 33 respectively. 

 
4.3 Accuracy of the Formula Proposed and Its Limitations 
 
Li and Du [3] recommended a formula for calculating the air temperature near the ceiling of large 
space structure in fire as  

          g z(x,z,t) 0 1 0.8exp 0.2exp 0.1 1 exp /T T T t t r b                         (35) 

 
where  g 0T is the initial indoor temperature; t  is burning duration; r  is the horizontal distance 

from the fire source; z  is the vertical distance from the fire source; zT ,  , ,b ,  are parameters 

depending on the fire growth type and the position of the fire source, which can be obtained from 
She [19]. 
 
In order to verify the accuracy of the calculation formula proposed in this paper, according to Eq. 
(34), and (35), the temperature is calculated respectively for different heat release rates, indoor 
areas, and ceiling heights. The results of comparative analysis would be discussed in this paper. 
 
4.3.1  cQ is constant, changing A and H  

 
Changing indoor area A and ceiling height H , while the heat release rate cQ  remains 25MW, 

according to Eq. 34 and 35, the air temperature distribution can be calculated respectively in 
Figures 21 (a) ~ (d) (The temperature distribution curves of Figure 22 correspond to different 
burning durations--5min, 20min, 60min, and 120min). 
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(b) 212m, 6000mH A   
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(c) 220m, 500mH A   
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(d) 220m, 6000mH A   

Figure 21.  Air Temperature Distribution near the Ceiling of Large Space ( c 25MWQ  ) 

(FL-A is from Eq. 34, and FL-B is from Eq. 35, a-5min, b-20min, c-60min, d-120min) 
 
Comparing curves in Figures 21 (a) to (d), the differences between the two temperature distribution 
curves of Eq. 34 and 35 are as follows.  
(1) At the beginning phase, there is a large difference between the two curves (see curves FL-A-a 

and FL-B-a), however after 120 minutes’ burning, the two curves become basically consistent 
with each other (see curves FL-A-d and FL-B-d).  
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(2) The air temperature distribution curve above the fire source (in impact area), which can be 
calculated from Eq. 35, is close to a horizontal line, therefore the temperature is almost the 
same everywhere (see curves FL-B-a to FL-B-d), and the result disagrees with the actual 
condition. Furthermore, the larger burning radius is, the greater difference will be. However, 
the temperature distribution of formula (34) is a curved line, which comparatively obeys the 
characteristics of the temperature distribution in impact area, and is close to actual condition.  

(3) In the temperature distribution curves of formula (35), the horizontal temperature gradient 
barely changes over time (curves FL-B-a to FL-B-d), which contradicts the phenomenon of 
time lag in large space fire. However the temperature distribution curves of formula (34) 
demonstrate a smooth tendency with the increasing of burning time (curves FL-A-a to FL-A-d). 
Furthermore, as indoor area increases, the effect of time lag becomes even more obvious, as the 
curve of FL-A-b displays in Figures 21 (a) and (b). Therefore, formula (34) proposed in this 
paper is more suitable for calculating the air temperature near the ceiling of large space 
structures in fire, and has a higher accuracy than others. 

 
4.3.2  cQ  and H are constant, changing A  

 
Changing the indoor area A , while keeping the heat release rate c 5MWQ  , and the height of 

ceiling 12mH   unchanged, the air temperature distribution curves calculated from formula (34) 
and (35) are displayed in Figures 22 (a) and (b) (The temperature distribution curves of Figure 22 
correspond to different burning durations--5min, 20min, 60min, and 120min). 
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(a) 2500mA   
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(b) 26000mA   

Figure 22.  Air Temperature Distribution near the Ceiling of Large Space ( c 5MWQ  , 12mH  ) 

 (FL-A is from Eq. 34, and FL-B from Eq. 35, a-5min, b-20min, c-60min, d-120min) 
 
Comparing the temperature distribution curves in Figures 22 (a) and (b), for small heat release rate 
( c 5MWQ  ), the air temperature above the fire source of formula (34) is significantly higher than 

that of formula (35). In this sense, with formula (34) proposed in this paper, the local effect of 
temperature distribution is more obvious, and the relationship between the indoor area and the 
effect is positive. The reasons are mainly as follows: (1) the smaller the heat release rate, the 
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weaker the thrust generated by the smoke plume, which slows down the horizontal diffusion of heat 
and the mixture of cold and hot air. Therefore the local effect of air temperature is much more 
obvious; (2) in the derivation process of formula (34), the assumption of energy dissipation is 
ignored; therefore the result of this formula tends to be conservative. 
 
4.3.3  Relationship between air temperature along the centreline of ceiling and burning time. 
 
According to formula (34) and (35), the relationship between air temperature along the centreline 
of ceiling and burning time can be obtained for different heat release rates, different indoor areas, 
and different heights of ceiling, as demonstrated in Figures 23 (a) to (d) (The temperature 
distribution curves of Figure 23 correspond to different heights of ceiling ). 
 
Comparing the curves in Figures 23 (a) to (d), for ceiling height 10mH  , the air temperature along 
the centreline of ceiling of Eq. 34 is higher than that of Eq. 35. In addition, the smaller the heat 
release rate, the larger the difference between the two results, as shown in Figures 23 (c) and (d). 
When the ceiling height H is less than twice the diameter of fire source, it is difficult to form a 
steady rising smoke plume, and the assumptions in the derivation process of Eq. 34 will be invalid. 
Therefore, for ceiling height 10mH  , there are significant differences between the results of Eq. 
(34) and (35). However for ceiling height 10mH  , the results of Eq. 34 and 35 are consistent with 
each other. 
 
In conclusion, in order to calculate air temperature near the ceiling of large space structures in fire 
with formula (34) accurately, the application scope of the formula should be: height of 
ceiling 10mH  , indoor area 2500mA  , and heat release rate c 5MWQ  . 
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c 5MW, 6000mQ A   
Figure 23.  Relationship between Air Temperature along Centreline of Ceiling and Burning 

time 
 (FL-A from Eq. 34, FL-B from Eq. 35, H1-4m, H2-6m, H3-9m, H4-12m, H5-15m, H6-20m) 

 
 
5.   EXAMPLE 
 
A multi-function hall in a library is an indoor, semi-underground large space structure with a large 
capacity--28m long, 30m wide, and 10m high with a total floor area of 840 2m . The plane layout 
and the function are displayed in Figure 24. Based on performance-based fire protection analysis 
and design [31], according to structure type, function, and combustible distribution of the 
multi-function hall, the combustibles can be classified into two major types (for example, curtain 
and seat), and different fire scenarios also can be defined. The information regarding type, 
maximum heat release rate, and fire growth rate in different fire scenarios are given in Table 8. The 
locations of different fire sources are demonstrated in Figure 25. 
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Figure 24. Plane Layout of Multi-function Hall         Figure 25. Locations of Fire Sources 
 
With the fire dynamic simulation software CFAST-v4.02 and field simulation software FDS3.0, 
Ref [31] calculates the ceiling temperature along the centerline (axis y in the Figure 25) at different 
burning time. Table 9 demonstrates the results for different fire scenarios mentioned. 
 
In the meantime, the air temperatures near the ceiling along the centreline, for fire scenarios 
FS1~FS4 in Table 8 at different burning time, are calculated with Eq. 34. The results are compared 
with those in Table 9, as displayed in Figures 26 (a) to (d) (The temperature distribution curves of 
Figure 26 correspond to different burning time).  
 

Table 8. Information of Different Fire Scenarios  

Type 
Fire 

scenarios 
Main material 

Unit heat 
release rate 

Maximum 
heat 

release 
rate 

Fire growth 
rate 

FS1 
Canvas and fibers. 
(No fire-retardant 

treatment) 

88~127 
kW/m2 

6MW Fast 
Curtain 

FS2 
Canvas and fibers. 

(fire-retardant treatment) 
88~127 
kW/m2 

4 MW Medium 

FS3 Sofa sort 14~18 MJ/kg 16 MW Fast 
Seat 

FS4 Wooden chair sort 1.8~7.0 MJ/kg 8 MW Medium 
 

Table 9. Air Temperature near the Ceiling along the Axis y for Different Fire Scenarios (oC) 
Horizontal distance on y axis (m) Fire 

scenarios 
Burning 

time  0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 
60s 23.6 23.8 24.0 24.4 24.8 25.0 25.6 26.0 26.8 28.2 30.0 32.8 34.8 32.8 30.0 

180s 25.0 25.3 25.6 26.0 26.4 27.0 27.6 30.8 34.4 38.6 49.8 62.0 69.0 62.0 49.8 
300s 45.0 45.2 45.5 45.8 46.2 46.7 48.2 48.9 52.2 66.6 108 160. 195 160 108 

FS1 

600s 52.0 52.5 53.0 53.8 55.0 56.0 58.0 61.2 68.2 96.2 142 256 345 256 142 
60s 23.6 23.7 23.8 23.9 24.0 24.2 24.4 24.6 24.8 25.0 25.4 26.6 28.4 26.6 25.4 

180s 25.0 26.5 28.2 30.1 32.4 34.2 36.2 38.6 40.2 42.4 45.2 46.9 49.5 46.9 45.2 
300s 29.6 31.2 33.6 35.8 37.7 40.6 44.2 48.2 52.5 62.4 76.3 92.0 116 92.0 76.3 

FS2 

600s 45.0 46.0 47.2 48.6 50.0 53.2 55.8 59.2 62.8 82.6 123 232 272 232 123 
60s 24.1 24.8 26.5 28.2 30.5 33.2 35.0 33.2 30.5 28.2 26.5 24.8 24.1 23.8 23.5 

180s 38.2 42.7 49.2 56.8 62.5 70.4 78.0 70.4 62.5 56.8 49.2 42.7 38.2 36.9 35.0 
300s 68.2 72.2 89.4 110 132 154 165 154 132 110 89.4 72.6 68.2 57.3 48.0 

FS3 

600s 92.5 105 136 221 306 436 460 436 306 221 136 105 92.5 76.8 65.1 
60s 23.8 24.6 25.4 26.0 27.2 28.4 29.0 28.4 27.2 26.0 25.4 24.6 23.8 23.1 22.5 

180s 32.4 33.5 36.2 38.6 44.2 50.3 56.0 50.3 44.2 38.6 36.2 33.5 32.4 31.8 31.2 
300s 46.0 48.3 52.8 64.3 78.2 92.8 100 92.8 78.2 64.3 52.8 48.3 46.0 44.8 43.4 

FS4 

600s 56.0 65.8 72.6 95.1 140 240 265 240 140 95 72.6 65.8 56.0 52.3 47.5 
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(a) Fire scenario FS1 
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(b) Fire scenario FS2  
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(c) Fire scenario FS3  
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(d)Fire scenario FS4  

Figure 26. Comparison of Air Temperature Distributions near the Ceiling along Centreline at 
Different Fire Scenarios  

 (FL-A from Eq. 34, Fm is the Values of Table 9, t1-60s, t2-180s, t3-300s, t4-600s) 
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As shown in Figures 26 (a) to (d), during the early stage of burning (about the first 300s of burning 
time), the air temperatures calculated with Eq. 34 are generally higher than those in Table 9. In 
Figure 26 (a), for example, for burning time 180s, 300s, and 600s, the corresponding temperatures 
calculated with formula (34) are respectively 183oC, 253oC, and 3545oC. Compared with the 
simulation temperatures in of 69 oC, 195 oC, and 345oC as in Table 9, the former are higher by 
166%, 30%, and 2.8% respectively. It can be seen that, due to large temperature difference between 
hot and cold air, the heat dissipation of the smoke plume is significant in the early stage of burning, 
which is ignored in the derivation of Eq. 34.  Therefore there are some differences between the 
analytical and numerical results.  However, if the heat dissipation recedes with burning continuing, 
the temperatures calculated by Eq. 34 may tend to be close to the simulation ones in Table 9. 
 
 
6. CONCLUSION 
 
Based on the field model of fire thermodynamics and heat transfer, the temperature field model of 
large space fire is established, which considers fire source, smoke plume, and smoke layer model. 
Parametric studies of the large space fire were carried out and the results showed that the duration 
of burning is less than 80 minutes when the total amount of combustibles is not more than 2000kg.  
However, if the heat release rate cQ is less than 5MW, the burning time of fire can be more than 120 

minutes. It is thus recommended that the burning duration may be taken as 120 minutes 
conservatively in the fire analysis of large-space steel structures. 
 
An analytical expression (Equation 34) has been derived which can be used to predict the air 
temperature of large space fire that meets the criteria of (1) ceiling height greater than 10m, (2) 
indoor area more than 500 m2 and (3) heat release rate greater than 5MW.  The accuracy of the 
proposed equation was verified by comparing the results with those obtained by fire dynamic 
simulation software. 
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ABSTRACT: One of the significant contributions of using double-skinned concrete-filled-steel-tubular (CFST) 
columns is that it can extend the maximum limit of concrete strength that can be practically used in the construction 
industry, by improving the ductility of columns through providing more uniform and continuous confining pressure 
to the in-filled concrete.  However, because of the imperfect interface bonding occurs at early stage, the elastic 
strength and stiffness will decrease so that the confinement effect provided by the steel tube is not fully utilized.  To 
improve the situation, the authors have proposed to use external confinement in the form of steel rings on the outer 
steel tube to restrict the dilation of CFST columns and thus restore an intact interface bonding condition.  It has been 
verified by uni-axial compression test that the elastic strength, stiffness and interface bonding were improved.  
Based on the test results, the authors have developed a theoretical model for predicting the uni-axial load-carrying 
capacity of doubled-skinned CFST columns.  As a continued study, the authors will investigate the most critical 
parameters affecting the uni-axial strength, and to develop a simplified formula for practical design of 
doubled-skinned CFST columns through an extensive parametric study. 
 
Keywords: Columns, Concrete-filled, Double-skin tubular, External confinement, Rings 

 
 
1.  INTRODUCTION 
 
High-strength concrete (HSC) of concrete strength about 100 MPa has been adopted popularly in 
East Asia for construction of tall buildings.  Not only does the HSC improve the 
strength-to-weight ratio, reduce embodied energy, but also save extra floor space.  Recently due to 
the rapid development of superfine materials such as micro-silica and superfine cement, as well as 
the matured filler technology [1,2], the concrete compressive strength can now be pushed up to 130 
MPa.  Using such a very high-strength concrete can also improve the lateral stiffness of tall 
buildings and limit the overall and inter-storey drift ratio to within the serviceability limit state.  
Therefore, it is indeed very attractive to the column construction of tall buildings.  However, 
notwithstanding these merits, the adoption of such a high concrete strength is still rare in the 
construction industry.  The use of lower concrete strength for column construction of tall buildings 
is under-utilising the construction materials and wasting available floor space that can possibly be 
saved.   
 
One of the major reasons that inhibits the use of HSC is its brittleness [3-7], which needs to have 
substantial confinement to protect the concrete core from explosive failure.  The traditional 
method of utilizing transverse steel in the form of closed hoops or ties for normal-strength 
reinforced concrete (RC) columns is not applicable in HSC columns, because the transverse 
reinforcement required for providing sufficient confinement against explosive failure will be too 
large to enable good placing quality of concrete.  In order to have a breakthrough in the maximum 
limit that can be practically used in column construction, special type of confinement that can 
provide larger, more continuous and uniform confining pressure to concrete should be devised.  
One of the most ineffective reasons for adopting transverse reinforcement in RC columns is the 
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concrete arching action, which decreases the effectively confined concrete area.  In order to 
eliminate this action, a continuous concrete confinement in the form of steel tube has been 
advocated.  Two composite structural forms of high-strength concrete-filled-steel-tubular 
(HSCFST) column that contains one (i.e. single-skinned) or two hollow steel tubes (i.e. 
double-skinned) for concrete confinement were put forward.   

 
From structural point of view, these forms of composite column construction can provide larger 
axial strength [8-20], bending stiffness, moment capacity [10,21-24], better ductility [25,26,27] and 
excellent seismic performance [28-34].  The tubes are both longitudinal reinforcement and 
formwork, which saves the construction cycle time and cost.  Due to composite action, the sizes of 
double-skinned CFST column can be up to 50% smaller than that of HSC columns with the same 
load-carrying capacity.  The larger strength-to-weight ratio decreases the embodied energy level in 
the building structures.  Furthermore, higher strength concrete is more durable than 
normal-strength concrete (NSC), therefore, it lengthens the design life of the buildings and reduces 
the construction and demolition waste generated.  The double-skinned CFST columns are more 
structural efficient than another type of single-skinned CFST columns (one tube with in-filled 
concrete).  It improves the strength-to-weight ratio by replacing the bulky central concrete with a 
lighter inner steel tube.  It also provides a dry atmosphere within the inner steel tube, which is 
particularly useful to house sub-sea oil production facilities for offshore structures [32,35,36]. 

 
The steel tubes in the double-skinned CFST columns provide superior confining pressure to the 
in-filled concrete to enhance its strength and stiffness.  However, the confinement performance 
during the initial elastic stage has not been fully developed due to the imperfect steel-concrete 
interface bonding [9,37] since steel dilates more than concrete under compression [38-41].  In 
order to maximize the confining performance of steel tubes in the early elastic stage, the authors 
have previously proposed to use external confinement in the form of steel rings to restrict the 
dilation of HSCFST columns for restoring an intact interface bonding [42,43,44].  The proposed 
method has been verified by a preliminary test programme on uni-axial compression performance 
of unconfined and ring-confined double-skinned CFST columns.  It has been shown from the 
results that the rings provided effective lateral restraint points, and between the rings, the lateral 
dilation of columns is smaller than that of unconfined columns.  Overall speaking, the Poisson’s 
ratios of columns between ring levels were close to 0.2, except for the locations further away from 
the rings, which were about 0.3.  It verified that the interface bonding have been substantially 
improved under the extra confinement effect provided by the steel rings.  Previously, efforts have 
been spent on installing internal stiffeners and binding bars for achieving similar purpose [45-48].  
However, it is worth noting that the welding of these internal stiffeners and binding bars are more 
difficult than that of the proposed external confinement, in particular for double-skinned HSCFST 
columns where the gap between steel skins is very limited.   

 
Based on the test results, the authors have developed a theoretical model based on force equilibrium 
equations for evaluating the uni-axial load-carrying capacity of both unconfined and ring-confined 
double-skinned CFST columns.  Nevertheless, the evaluation procedure was divided in to several 
steps and depends on hoop stress that is not readily available at early design stage.  Therefore, an 
iterative process may be required to get the final load-carrying capacity of a design section.  In 
order to simplify the evaluation process and to make the model more user friendly particularly at 
the design stage, the authors will in the paper investigate the major factors that affect the 
load-carrying capacity of ring-confined double-skinned HSCFST column through a parametric 
study.  Based on the obtained results, a simplified equation relating the load-carrying capacity and 
solely geometry and material factors will be proposed.  It is believed that the simplified equation 
can serve as a design aids for practical design of ring-confined double-skinned CFST columns.  
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2.   DETAILS OF SPECIMENS 
 
To verify the effectiveness of the proposed external ring confinement on the improvement of 
interface bonding, strength and stiffness of double-skinned CFST columns, the authors has 
previously conducted a series of uni-axial compression test on 20 double-skinned CFST columns.  
The specimens were divided into four groups based on the provision of confinement, concrete 

cylinder strength and the hollow ratio �F (defined as
oo
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� �F ), where Di and Do are the 

diameters of the inner and outer tubes respectively, to is the thickness of the outer tube: (1) Four 
double-skinned CFST columns of hollow ratio 0.56 and external steel rings of various spacing (5to, 
10to, 15to and 20to); (2) Four double-skinned CFST columns of hollow ratio 0.72 and external steel 
rings of various spacing (5to, 10to, 15to and 20to ); (3) One double-skinned CFST column of hollow 
ratio 0.56 but without external steel rings; (4) One double-skinned CFST column of hollow ratio of 
0.72 but without external steel rings.  In each of the two sets of specimens (i.e. �F = 0.56 and 0.72), 
concrete cylinder strength of 50 and 85 MPa were adopted.  The grade of both inner and outer 
steel tubes is S355 produced as per BS EN 10210-2:2006.  For all tested specimens, the thickness 
of both inner and outer steel tubes is 5 mm and the diameter of outer steel tube is 168.3 mm 
(measured to the outer face).  For columns of hollow ratios 0.56 and 0.72, the diameters of inner 
tubes are 88.9 and 114.3 mm respectively (measured to the outer face).  The total height of the 
specimens is 330 mm (aspect ratio of 2).  Figure 1(a) shows the double-skinned normal-strength 
concrete-filled-steel-tubular (NSCFST) columns with hollow ratio of 0.56 and with external steel 
rings of various spacing (5to, 10to, 15to and 20to).  Figure 1(b) shows the double-skinned NSCFST 
columns with hollow ratio of 0.72 and with external steel rings of various spacing (5to, 10to, 15to 
and 20to).  Figure 1(c) shows the double-skinned NSCFST columns with hollow ratio of 0.56 and 
without external steel rings. Figure 1(d) shows the double-skinned NSCFST columns with hollow 
ratio of 0.72 and without external steel rings.  Figure 1(e) shows the double-skinned HSCFST 
columns with hollow ratio of 0.56 and with external steel rings of various spacing (5to, 10to, 15to 
and 20to). Figure 1(f) shows the double-skinned HSCFST with hollow ratio of 0.72 and with 
external steel rings of various spacing (5to, 10to, 15to and 20to). Figure 1(g) shows the 
double-skinned HSCFST columns with hollow ratio of 0.56 and without external steel rings. Figure 
1(h) shows the double-skinned HSCFST columns with hollow ratio of 0.72 and without external 
steel rings. The section and material properties of the specimens are summarised in Table 1. 

 

 
Figure 1(a) Double-skinned NSCFST columns with external steel rings  

(s=5to, 10to, 15to and 20to) with Hollow Ratio of 0.56 
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