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Abstract: This study investigates the influence of buckling restrained brace systems (BRBs) on the overall 
structural stability against fire following a severe incident, which caused the failure of a column on the first 
storey of a steel building. A four-storey moment frame fitted with the inverted-V arrangement of braces is 
modelled, considering a multi-hazard approach. This technique concentrates on a structural plane frame that is 
designed to meet the progressive collapse criteria according to the U.S. Department of Defense guidelines and 
assumes that an extreme event damaged a first-storey centre column, before the exposure to an ensuing fire. The 
performance of BRBs in preventing the global collapse of the structure due to a post-event fire is compared with 
that of ordinary concentric brace systems (OCBs). The results indicate that BRBs offer a higher global collapse 
time to the building owing to the greater stiffness they provide to the structural frame. The fire resistance 
provided by BRBs is restricted to the participation of bracing elements and framing girders afterwards. In the 
case of OCBs, columns contribute to the structural resistance prior to the full capacity of braces used. To 
conclude, it is found that BRBs are more capable in maintaining the stability of a damaged building against fire 
resulting from an extreme event than OCBs. 
 
Keywords: Buckling restrained brace (BRB); Ordinary concentric brace (OCB); Progressive collapse; Damaged 
building; Fire response. 
 
DOI: 10.18057/IJASC.2018.14.1.1

 

1.   INTRODUCTION 

Progressive collapse is a continuous event that initiates by the local damage of structural load-
bearing members and results in the disastrous global breakdown of the entire building. There 
have been several instances of progressive collapse, such as that of the London Ronan Point 
residential tower block in 1968 and the Oklahoma Alfred P. Murrah Federal Building in 1995. 
Since the partial collapse of the Ronan Point building in 1968 [1], the structural engineering 
community has faced significant challenges to prevent such alarming incident. In response to 
these and similar incidents, structural standards and building codes now include design 
guidelines and resistance criteria [2-4]. Recently, extensive research has been dedicated to 
investigating the progressive collapse resistance of various types of structural frames. Many 
of these studies have shown that seismically designed structural frames are less susceptible to 
the progressive collapse under the abrupt loss of column caused by severe incidents [5-7]. 
Kim et al., [8] compared the progressive collapse resistance provided by various steel braced 
frame systems with that of moment resisting frame (MRF). They showed that appending the 
braced systems to the structural moment frames enhanced the resistance of a building against 
progressive collapse, while the bracing systems remained stable after the abrupt column loss. 
Fu [9] demonstrated that using braced resisting systems with cross arrangement could 
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noticeably improve the progressive collapse resistance of a multi-storey structure. Mohamed 
[10] suggested that the large forces generated due to the sudden removal of the column could 
be efficiently moderated by appending bracing members to the structural frame. Khandelwal 
et al., [11] demonstrated that altering the type of braced resisting systems from concentric to 
eccentric could successfully enhance the progressive collapse resistance of the entire 
structure. Although several studies have discussed the progressive collapse mechanisms of 
buildings with conventional bracing systems, none has considered the effect of applying 
improved types of bracing systems such as buckling restrained braces (BRB) on preventing 
the progressive collapse of structural frames subjected to extreme events. 
 
It is well known that the strength of ordinary concentric braces (OCB) drops rapidly due to 
early buckling of compressive bracing components, before braces exhaust their capacity. This 
shortcoming in the response of OCBs has led to the development of buckling restrained 
braces. The compressive bracing elements in BRBs exhibit superior performance due to their 
buckling resistant characteristic compared to OCBs [12]. The principal advantages of BRB 
systems are high energy dissipation ability, high ductility and almost symmetrical hysteretic 
responses in tension and compression [13]. In terms of constituent components, BRBs are 
composed of a yielding steel core encased in a concrete-filled steel hollow casing to prevent 
buckling (Figure 1(a)), non-yielding and buckling-restrained transition parts as well as non-
yielding and unrestrained end regions (Figure 1(b)). About 60% to 70% of the entire length of 
the core is restrained by the casing. In these bracing systems, compression stresses are mainly 
sustained by the restrained portion of the core. Furthermore, the yield strength of the steel 
core is much lower than that of steel tube casing. This allows the core to yield in the same 
manner during tension and compression prior to the casing, thus considerably enhancing the 
energy dissipation abilities of BRBs in comparison with ordinary bracing systems.  
 
Because of Poisson's ratio effect on the steel core, it expands when it is compressed. To 
prevent the axial stress transition from the core to the restrainer (concrete filled-in steel tube 
casing), a certain amount of clearance between the core and concrete is provided to avoid 
friction (Figure 1(c)). In addition to this gap, a debonding agent is also applied to the surface 
of the core to minimize the friction between the core and concrete, as shown in Figure 1(a). 
Due to the aforementioned advantages of BRBs, the main aim of this study is to evaluate the 
effectiveness of this system in maintaining the stability of a building damaged by an extreme 
event and subjected to a resulting fire.  
 

Yielding steel core 

"Unbonding" agent between 
the steel core and concrete 

Encasing concrete 

Steel tube 

 

Restrained yielding segment
Restrained
non-yielding segment

Unrestrained
non-yielding segment

Ending Buckling restrained segment EndingTransition
    part

Transition
   part

Restraining system

 
                                          (a)                                                   (b) 

P P

Seperation gap

Buckling restraining mechanism

Steel core

P P

Un-bonding material

 
             (c) 

 

Figure 1. Detail of BRB: (a) General Structure, (b) Steel Core Constituent Segments and  
(c) Separation Gap at Steel Core-restrainer Interface [14] 
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Although building guidelines [2-4] have improved the buildings’ ability to withstand a 
collapse disproportionate to the damage suffered during a severe incident, current structural 
collapses have underlined the need to further improve the progressive collapse resistance of 
buildings damaged by a serious event then subjected to an ensuing fire. This situation is not 
clearly addressed in current progressive collapse design provisions. It can be however, crucial 
if a structure is to experience such incident. The majority of research on progressive collapse 
resistance of structures focuses on the events that put a building in danger of global collapse 
without considering a subsequent fire. This phenomenon has seldom been investigated. Della-
Corte et al., [15] studied the response of a steel moment resisting frame under fire conditions 
after it had experienced permanent deformations caused by a seismic activity. Chen and Liew 
[16] estimated the resistance of columns under fire conditions in a steel building that had been 
damaged by a blast. 
 
Owing to the limited literature on the aforementioned issue, this paper examines the response 
of a building damaged by a severe incident and subsequently subjected to an ensuing fire 
using a multi-hazard approach. For this purpose, a four-storey steel moment frame fitted with 
BRB elements and designed to resist progressive collapse in accordance with the guidelines 
given by the U.S. Department of Defense [3] is used as a prototype structure for study. The 
specified structural steel frame is assumed to be subjected to the sudden loss of the first-storey 
middle column due to a severe event and is subsequently exposed to a fire resulting from that 
event. The efficacy of BRBs in preventing the eventual structural collapse due to fire loading 
is compared with that of ordinary concentric brace systems (OCBs). To perform the analysis, 
a multi-hazard approach considering two main scenarios is utilized, namely the sudden loss of 
the first-storey middle column caused by an extreme event and the consequent fire. The detail 
of the modelling approach as well as the analysis sequence is described next. 
 
2.   METHODOLOGY 

In order to assess the effect of bracing systems on maintaining the overall stability of a 
damaged steel building against fire, a multi-hazard approach is considered in this study. In 
this technique, first, the structure is subjected to a severe event (Stage 1 in Figure 2(a)). This 
is then followed by a sudden removal of the first-storey middle column, shown as Stage 2 in 
Figure 2 (b). After the column loss, the load previously carried by this column is redistributed 
to the adjacent members until the onset of stable plastic deformations as progressive collapse 
resistance takes place (Figure 2(b)). Finally, a severe fire in the vicinity of the removed 
column is developed as a result of the extreme event in stage 1 (Stage 3 in Figure 2(c)). 
 

Stage 1 : 

the structure is subjected
to a severe event  

Stage 2 : 

column loss, load redistribution and the 
formation of plastic deformations

Stage 3 : 

post event fire 

F 

 

                             (a)  (b)                      (c) 

Figure 2. Stages considered in the Multi-hazard Approach as  
(a) stage 1, (b) stage 2 and (c) stage 3 
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Considering the sequential events illustrated in Figure 2, the analyses are performed according 
to the order described below. First, the progressive collapse analysis is performed through a 
sudden removal of the middle column to ensure that the building conforms to DoD guidelines 
[3]. In this stage, analysis is threat-independent and the reason for member failure is not taken 
into account. To simulate the progressive collapse phenomenon, the alternative path method is 
adopted. Two types of analysis are implemented, namely, the nonlinear static and the dynamic 
analyses, using the SAP2000 program version 14.0 Advanced [17]. Afterwards, the fire 
resistance of the damaged structure is evaluated. In this stage, it is presumed that the onset of 
fire is immediately after the structure reaches a stable permanent deformed shape caused by 
column loss. To perform the structural fire analysis, a two-dimensional nonlinear plane frame 
is modelled, using Vulcan program version 10.12.0 [18]. 
 
2.1.    Progressive Collapse Analysis 
 
The capacity of a structure to sustain gravity loads without collapse through redistributing the 
internal forces resulting from the abnormal loads defines its progressive collapse resistance. 
To perform an appropriate analysis for progressive collapse, it is essential to follow the 
sequence of failure occurrence within the structural elements. Accounting for the dynamic 
response when applying static analysis, both the GSA [2] and the DoD [3] proposed the 
application of twofold the load combination as a dynamic amplification factor (Figure 3).  
 

  
(a) Static method according to GSA, 2003             (b) Static method according to DoD, 2010 

  

  

(c) Dynamic method according to GSA, 2003         (d) Dynamic method according to DoD, 2010
 

Figure 3. Load Combinations used for the Progressive Collapse Analyses based on the GSA 
[2] and the DoD [3] guidelines

 
The nonlinear static pushdown (vertical pushover) analysis is implemented first, such that the 
response of the structural frame is verified by progressively enlarging the downward 
displacement in the top position of the lost column. The dynamic analysis is carried out 
afterwards, in which the column removal is simulated as follows. First, the reaction forces 
operating on a column specified for a remove scenario are calculated prior to its elimination. 



5 
Elnaz Talebi, Mahmood Md Tahir, Farshad Zahmatkesh, Ahmad B.H. Kueh and Aly M. Said  

 

Next, the column is replaced by the computed forces on the node in the position of the 
corresponding column. Finally, these reaction forces are concurrently and suddenly brought to 
the zero value. Practically, this phenomenon can be simulated in the SAP2000 by imposing at 
the corresponding node an equal set of forces in the opposite direction, as shown in Figure 3. 
 
In order to simulate the quick rate of column removal from an equilibrium condition, the 
reactions are eradicated after a certain time has elapsed (Figure 4). In the current study, the 
removal time is considered as 5ms, which connotes a quasi-instant elimination [20]. 
 

 
 

Figure 4. Time Histories of Applied Loads used for Simulation of Column  
Removal in Dynamic Analysis 

 
2.2 Structural Fire Analysis 
 
The fire resistance of a specified damaged structure is verified using the Vulcan program [18]. 
In Vulcan, beam-column structural members are modelled by three-noded line elements 
containing two Gaussian integration points along their length, and these elements are 
connected to each other at the nodal intersection points [19]. In this FE program, each line 
element can have different temperatures distributed across its cross-section, which leads to 
changes in the material properties and thermally induced strains at elevated temperatures. This 
is done by dividing each element into a matrix of segments. By means of this division, each 
part can have its own characteristics [19]. In this program, issues such as material thermal 
expansion and degradations in the stress-strain relationship are taken into account. Also, both 
material and geometric nonlinearities are considered in this FE program. With this 
information, Vulcan is adequate for the analysis of structural frames under fire conditions.  
 
3.  NUMERICAL FE MODEL 
 
3.1 Problem Description 
 
The effect of BRBs on maintaining the overall stability of structural frames is compared with 
that of an ordinary concentric braced system (OCBs). For this, a structural moment frame 
fitted with the inverted-V braces is modelled numerically. This type of bracing configuration 
has been established to offer an enhanced progressive collapse resistance due to a sudden 
column loss in comparisons to other bracing arrangements [8]. As shown in Figure 5, the 
specified structural plane frame has four storeys, each of which is 3.4 m high. There are four 
bays, each with a 6.0 m span, exposed to a sudden loss of the first-storey centre column (C3-1 
in Figure 5), followed by the symmetrical deformation of the structural frame. In Figure 5, the 
sections are nominated such that each member's name comprises three main letters. The first 
letter corresponds to the element type, i.e., C for column and Br for braces. The second letter 
shows the element position while the third letter refers to a storey level, BrL-1 for instance 
denotes the left brace at the first storey.  
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5*6 (m)

4*
3.

4 
(m

)

C1-1 C2-1 C3-1 C4-1 C5-1

C1-2 C2-2 C4-2 C5-2

C1-3 C2-3 C3-3 C4-3 C5-3

C1-4 C2-4 C4-4 C5-4

Br L
-1 Br R-1

Br L
-3 Br R-3

C3-2Br L
-2 Br R-2

C3-4Br L
-4 Br R-4

Column to be removed

G1-1 G2-1 G3-1 G4-1

4

 
 

Figure 5. Structural Plane Frame with Inverted-V format of BRB Elements  
 
The beams and columns are made of ASTM A992 steel and their section sizes are as listed in 
Table 1. 
 

Table 1. Cross-sections of Beams and Columns 

Storey               Column section     Beam section 
        external             internal

Ground floor        W5×19   W8×40      W21×57 
First floor        W5×19   W8×40      W21×57 
Second floor        W4×13   W5×16      W21×57 
Third floor        W4×13   W5×16      W21×57 

 

The bracing elements for OCBs are rectangular hollow steel sections (HSS) (Figure 6(a)), 
made of ASTM A500-46 structural steel. Similarly, HSS are used as the steel tube casing in 
BRBs, while cores of rectangular sections with a nominal yield strength of 250 N/mm2 (A36 
steel) are inserted within the hollow sections (Figure 6(b)). Concrete used to fill the steel tube 
(restrainer) is of normal weight type with a density of 2400 kg/m3. The compression strength 
and Poisson's ratio of concrete are 35 N/mm2 and 0.2, respectively. The section sizes used for 
the braces are as listed in Table 2. 
 

  
 

 

a 

a 

Hollow Steel Section 
(HSS) 

Section a-a 

HSS

                        

 
 

 

 

  Restraining system as  
HSS in-filled concrete 

Steel core

a

a 

Steel core 
 stiffeners 

Section a-a 

core

Restrainer

 

              (a)                       (b)  
 

Figure 6. Overall Scheme and Cross-section of Braces for (a) OCB and (b) BRB Systems 
 



7 
Elnaz Talebi, Mahmood Md Tahir, Farshad Zahmatkesh, Ahmad B.H. Kueh and Aly M. Said  

 

Table 2. Cross-sections of Bracing Elements used for Both Bracing Systems 

     Storey      BRB section             OCB section 
            Steel casing          Steel core (mm)  

Ground floor  HSS4-1/2×4-1/2×0.3125  PL-70×16  HSS4-1/2×4-1/2×0.3125 
First floor  HSS4-1/2×4-1/2×0.3125  PL-70×16  HSS4-1/2×4-1/2×0.3125 
Second floor  HSS4-1/2×4-1/2×0.3125  PL-70×16  HSS4-1/2×4-1/2×0.3125 
Third floor  HSS4-1/2×4-1/2×0.3125  PL-70×16  HSS4-1/2×4-1/2×0.3125 

 
The specified structural plane frame is designed according to the AISC Load and Resistance 
Factor Design [21] and the Seismic Provisions for Structural Steel Buildings [22]. The design 
loads of 4.3 kN/m2 and 2.4 kN/m2 are assumed for dead and live loadings, respectively, and 
are uniformly distributed along the length of girders, accounting for the one-way behaviour of 
floor slabs. The building is designed seismically in accordance with the Minimum Design 
Loads for Buildings and Other Structures [4]. The parameters for design spectral acceleration, 
Ss and S1, are derived as 1.5 and 0.6, respectively, considering the IBC-2006 format [23]. 
Correspondingly, the site coefficients of 1.0 and 1.5 are obtained for Fa and Fv, respectively, 
using the response modification factors 6 and 7 for OCBs and BRBs, respectively. According 
to the AISC Seismic Provisions [22], the strength of bracing connections must be the smallest 
value of their nominal tensile strength and the maximum load they can sustain. Hence, in this 
study, the bracing connections are considered to remain elastic throughout the analysis and 
the plastic hinging is allowed only in braces. 
 
3.2  Modelling of Progressive Collapse Analysis 
 
Finite element (FE) analysis of the specified structural frame is conducted, using the 
SAP2000 Advanced [17]. Structural elements in the buildings are modelled as an assemblage 
of finite beam, column and braces. The buckling-restrained braces are modelled implicitly, 
considering a symmetrical response in tension and compression for defining the plastic hinges 
within the core elements. To simulate the restraining system in BRB elements, the in- and out-
of-plane rotations of the steel core are restrained. The numerical modelling leads to the 
formation of 228 nodes and 232 frame elements, as shown in Figure 7. For simplicity, the 
models are considered to be two-dimensional in this study, which may not benefit from the 
effect of out-of-plane structural elements and the floor systems. To provide the progressive 
collapse resistance of the structural frame, the beam-to-beam continuity is assumed to be 
preserved, once the column is removed. 
 

A

 
 

Figure 7. Finite Element Model of Structural Plane Frame in SAP2000  
and its Associated Nodes and Elements  
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In relation to the acceptance criteria for progressive collapse analysis, the GSA guideline [2] 
provides limitations for structural steel members, based on the maximum ductility and 
rotation angle of beams, columns and braces. The current study, however, considers the 
nonlinear force-displacement relations recommended by the Federal Emergency Management 
Agency (FEMA) [24] instead (Figure 8), because of the more detailed failure criteria 
presented in FEMA as compared to the GSA guidelines. According to the DoD [3], it is 
presumed that the entire structural members are at normal temperature throughout the 
progressive collapse event. 
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Figure 8. Force-displacement Relations used for (a) Flexural Members  
and (b) Braces, according to FEMA 356 [24] 

 

3.2.1 Validation of the progressive collapse analysis model 
 
To ensure the accuracy of the proposed FE model described in Section 3.2 for progressive 
collapse analysis, a one-storey structural plane frame involving four bays is simulated in the 
SAP2000 [17], as shown in Figure 9.  
 

 

500 kN 

Column A 

Column B 

Column C 

Column D 

Column E

 
Figure 9. Load and Boundary Condition of the Proposed FE Model for Validation 

 
The validating model duplicates a 1/3-scale testing of a composite plane frame conducted by 
Guo et al., [25]. The referenced experiment simulated the progressive collapse of a structural 
frame subjected to a sudden loss of the middle column. The test simulation carried out was 
based on similar techniques considered for modelling the prototype structure, as mentioned in 
Section 2 of this paper. In terms of elemental properties, the section sizes and boundary 
conditions are the same as those considered in the test. A concise description of the section 
sizes and properties is provided in Table 3.  
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Table 3. Section Sizes and Properties used in the Validating Model 
under Progressive Collapse Analysis  

Element         Section*         fy (MPa)        fu (MPa)    Es (105 MPa) 

  (mm)    Flange    Web  Flange    Web  Flange    Web                  Flange    Web 

Beam  H200×100×5.5×8   269   275   401    411   1.96    2.09 
Column  H200×200×8×12    247   276   396    415   2.00    1.98 
  

*The dimensional order is: H-overall depth (d) × flange width (bf) × web thickness (tw) × flange thickness (tf) 

 
For comparison with the referenced experiment by Guo et al. [25], we have taken into account 
in the validating model the same specifications and settings adopted by them. Reinforced 
concrete (RC) slabs of 800 mm width with a thickness of 100 mm are used in the models. In 
relation to the reinforcement ratio, a value of 85% is adopted for meshing the RC slabs. For 
reinforcing the longitudinal direction, steel bars 12 mm in diameter as well as two layers of 
transversal bars 8 mm in diameter are used within the slabs. Shear studs 16 mm in diameter 
are connected to the steel beams, allowing 100 mm spacing between each. In the experiment 
[25], all the columns are fixed at the bottom except the one chosen for the column loss 
scenario. In the FE model also the bottoms of columns are defined as fixed supports, 
analogous to those set in the test. In order to simulate the column loss, a 500 kN static 
concentric load is applied at the top location of Column C (Figure 9), as implemented in the 
test. 
 

Figure 10 compares the vertical displacement of Column C results from the numerical 
solution with those obtained experimentally. To foster more confidence in the proposed 
model, the vertical displacements of Column C versus horizontal displacement of other intact 
columns (Columns A, B, D and E in Figure 9) are compared in Figure 11. Altogether, the 
trends of graphs are closely aligned with very similar values for both approaches, which 
shows an acceptable agreement between the numerical and experimental simulations (Figs. 
10-11). 
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Figure 10. Axial Load versus Vertical Displacement of Column C 
in the FE model and the Test [25]  
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   (a) External columns           (b) Internal columns 
 

Figure 11. Horizontal Displacement of (a) External and (b) Internal, Intact Columns versus 
Vertical Displacement of Column C in the FE Model and the Test [25]  

 
The proposed FE model slightly underestimates the displacement of framing columns, as 
compared with those obtained experimentally. This can be attributed to the identified 
modelling parameters such as material nonlinearity, which considerably affects the accuracy 
of numerical results. Besides, since progressive collapse may induce local reverse loading, the 
accurate depiction of unloading in the constitutive relationships while defining material 
models can be significant [26]. As we are more concerned with the overall performance of the 
structure, this model is adequately accurate to perform the progressive collapse analysis. 
 
3.3 Modelling for Structural Fire Analysis 
 
After performing the progressive collapse analysis and ensuring the resistance of structural 
frame against specified column loss scenario, the resistance of the damaged structure against 
post-event fire was analysed. Figure 12 shows the scheme of damaged structure exposed to 
fire loading. The heated columns (C2-1 and C4-1 in Figure 5) are subjected to fire on four 
sides and the heated girders (G2-1 and G3-1 in Figure 5) are exposed on three sides, assuming 
their top face is sheltered by floor slabs. It is presumed that all heated elements are exposed to 
temperature rise uniformly across their sections during heating time. 
 

 
 

Figure 12. View of Damaged Structural Plane Frame, subjected to the Post-event Fire  
 
As the main aim of this study is to verify the overall influence of BRB systems on the fire 
resistance of a damaged structure in comparison to OCBs, the bracing elements are assumed 
to be insulated (remain unheated) throughout the heating time. In this phase of simulation, the 
model conservatively considers that the whole load redistribution will occur in the parts of the 
frame above and adjoining the removed column (Figure 12).  
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The effects of natural post-flashover are ignored by defining the ISO 834 fire curve [27] in the 
models. Although this curve does not comprise the cooling phase or account for the 
compartment properties, it is employed as a relatively conservative approximation to track the 
ultimate failure by exposing the damaged building to long-term duration of elevated 
temperatures. The structure is assumed to be a typical office building with a total line load of 
40 kN/m in fire condition. Structural elements in the buildings are modelled as an assemblage 
of finite beam-columns, braces and connections. In Vulcan, the beam-columns are represented 
by three-node line elements with two Gaussian integration points along their length. The 
buckling-restrained braces are modelled implicitly, using three-node line elements. BRB 
sections are defined as concrete-filled hollow steel elements with the core inside and the 
clearance between the steel core and the restrainer is modelled using the gap elements in 
Vulcan. To simulate the restraining system provided by the concrete and the steel casing on 
the core in preventing the buckling of BRB elements, the in- and out-of-plane rotations of the 
steel core are restrained. In Vulcan, temperature-dependent mechanical properties for steel 
recommended by Eurocode 3 (EC 3) Part 1.2 [28] are adopted, as shown in Figure 13 (a). The 
average value of the coefficient of thermal expansion for steel material (1.4×10−5/°C), 
recommended by EC3, is used. Thermal properties of concrete at elevated temperature are 
extracted from Eurocode 4 (EC 4) Part 1.2 [29], as shown in Figure 13(b). Moisture content of 
3% is adopted for the concrete. The effect of creep in the steel at high temperatures is 
considered implicitly in the stress-strain relations as proposed in EC3. All possible 
nonlinearities such as geometric nonlinearities are also considered in the model. To account 
for the influence of floor slabs on temperature distribution within the beams, it is presumed 
that the temperature of the heated beam at the top flange is 70% of the temperature at its 
bottom flange and web.  
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Figure 13. Stress-strain Relationship of (a) Steel and (b) Concrete, at Elevated Temperature 
  

3.3.1  Validation of the structural fire analysis model 
 
The accuracy of the proposed model for structural-fire analysis (described in Section 3.3) is 
verified by comparing the FE results with those measured in a test carried out by Rubert and 
Schaumann [30]. As demonstrated in Figure 14, the model comprises of two structural plane 
frames, an L-shaped span (Figure 14 (a)) and a one-storey double span frame (Figure 14 (b)). 
For comparison between the numerical results and the test data, the current study makes the 
same assumptions as those considered in the experiment [31]. The modelled frames were all 
uniformly heated, using the standard ISO 834 [27] fire curve. The structural elements were 
made of IPE80 profiles of I-section.  
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Figure 14. Structural Steel Frames Tested in Fire by Rubert and Schaumann [30] 
 
Figure 15 compares the displacements at different locations within the modelled frames for 
the FE solution and the test observations. It can be seen that the results generated by the 
current model are in good agreement with the experimental data. Hence, this model is 
adequately accurate to perform the structural-fire analysis using the Vulcan program. 
 

          
 

Figure 15. Comparison of Displacement at Different Locations within the Frames  
between the proposed FE Model and the Test [30] Results 

 

4.    RESULTS AND DISCUSSION 
 
4.1    Progressive Collapse Analysis 
 
The study presented in this paper focuses on the first-storey middle column removal shown in 
Figure 5 as C3-1. The specified scenario stands for one of the most typical and most critical 
framing column losses. This could be attributed to a higher restraint provided by the 
neighbouring elements onto the centre column, resulting to the earlier failure of the 
corresponding column because of the highest axial force experience within it. In order to track 
the progressive collapse mechanism and to ensure the resistance of the structural frame 
against progressive collapse under the specified damage scenario, two analyses are performed 
in the SAP2000 [17]. The results of each analysis are discussed next. 
 
4.1.1  Static pushdown analysis 
 
Nonlinear pushdown (vertical pushover) analysis is performed such that the middle column at 
the ground level (C3-1 in Figure 5) is removed and the vertical displacement at the top point 
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location of the corresponding column (Joint A in Figure 7) is increased gradually afterwards. 
In the pushdown analysis, the maximum strength with a value of less than 1.0 reveals that the 
structural frame is not strong enough to withstand the 2(DL+0.25LL) load amount proposed 
by GSA guideline [2]. With respect to this criterion, the pushdown curve is represented in 
Figure 16 for examining the progressive collapse resistance of a structural frame.  
 

 
 

Figure 16. Comparison of Pushdown Curves Versus Vertical Displacement  
for Both Bracing Systems 

 
Figure 16 shows that the load factor attains a maximum value of 2.78 and 2.45 in BRBs and 
OCBs, respectively. This is followed by an abrupt reduction in the strength, caused by further 
increase of vertical displacement after the maximum strength is gained, for both bracing 
systems.  
 
The variation of axial forces within failed elements for both bracing systems is illustrated in 
Figure 17, in which the elemental failure sequence is represented by the number order, i.e., 1, 
2, 3, etc. In this figure, the member forces are normalized by dividing the compressive 
member forces by the buckling load, Pcr, and tensile member forces by the yielding load, Py.  
 

    
   (a)            (b) 

Figure 17. Variation of Axial Force within Failed Elements in (a) OCB and (b) BRB System 
 
Figures 16-17 reveal that both BRB and OCB systems meet the acceptance criterion 
according to GSA [2], i.e., maximum strength > 1. Hence, the selected structural frame is 
capable of resisting the progressive collapse due to the designated column loss scenario. It is 
worth mentioning that although both bracing systems adequately resist progressive collapse, 
the resistance provided by BRBs is higher than that of OCBs, owing to the higher stiffness the 
former provides to the structural frame. 
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4.1.2   Nonlinear dynamic time history analysis 
 
As mentioned in Section 2.1, the nonlinear dynamic analysis is performed by abruptly 
eliminating the reactions acting on the lost column (Figure 3 (c-d)). Figure 18 shows the 
vertical displacement at the top point location of the removed column (Joint A in Figure 7), 
resulted from the nonlinear dynamic time history analysis. In Figure 18, the horizontal marked 
lines represent the vertical displacement of the corresponding column resulting from the linear 
static analyses for the condition whereby the structural frame is subjected to the DL+0.25LL 
load combination. 
  

 
 

Figure 18. Vertical Displacement at the Top Point Location of Removed Column  
for Both Bracing Systems  

 

Figure 18 shows that the dynamic response slowly converges to that of the static analysis 
(without imposing the dynamic amplification factor of two). Evidently, the constant values 
resulting from the linear elastic responses are almost identical to the corresponding steady 
dynamic values, for both resistance systems. This means there is no permanent deformation 
and the structural frame’s behaviour remains elastic for both BRB and OCB systems. 
Accordingly, the structural frame is capable of resisting progressive collapse due to the 
specified column loss scenario in both BRBs and OCBs. The only difference is that the 
progressive collapse resistance provided by BRBs is higher than that of ordinary systems. The 
higher maximum load factors, which resulted from the static push down analyses, with the 
smaller vertical displacements at Joint A of the Column C3-1 resulting from nonlinear 
dynamic response for BRBs, offer good evidence of the system better resisting capability. By 
ensuring the progressive collapse resistance, the damaged building is now ready to be 
analysed under the post-event fire. The results of structural-fire analysis are discussed next. 
 
4.2  Structural-Fire Analysis 
 
The temperature distribution within the heated beams and columns (shown in Figure 12) 
against elapsed heating time is represented in Figure 19 based on the modelling approach 
discussed earlier in Section 3.3. Results show that the average temperatures experienced by 
the heated columns are higher than those of the heated beams. This can be attributed to the 
influence of floor slabs, which shield the top face of heated beams from fire.  
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Figure 19. Temperature-time History within the Cross-section of Heated Elements  
subjected to the ISO 834 Fire Curve 

 
By increasing the heating time in the damaged structure, the top point of the removed column 
(Point R'' for OCBs in Figure 20(a)) tends to move downwards and as a direct result, the axial 
force within the braces and the intact columns (adjacent to the lost column) rises. This process 
is continued until the column reaches its yield strength, leading to the failure of adjacent 
members. The final state of failure for the structural frame with both bracing systems is 
illustrated in Figure 20. 
 

R" 
buckling of heated 
column 

buckling of heated 
braces 

     

R'

 
                       (a)                 (b) 

 

Figure 20. Failure Scheme of a Damaged Structure with (a) OCB and (b) BRB Systems,  
after Exposure to Post-event Fire 

 

In the damaged structure restrained with the OCB system, the deflection experienced by the 
heated girders at the location of the removed column (R" in Figure 20 (a)) is less than that of 
the BRB system (R' in Fig 20 (b)). This phenomenon corresponds to the failure process of the 
structural frame with BRB and OCB systems. In terms of the failure scheme of a damaged 
building exposed to fire, the response of a structure with OCBs is such that the braces on the 
ground level yield first. This is followed by the buckling of braces on the second and third 
storeys before they reach their full capacity and leads to the buckling of the heated column on 
the first storey (Figure 20 (a)). With the buckling of the column, the building with an OCB 
system loses the majority of its strength and the structural global failure starts. In contrast, the 
structural frame with a BRB system remains stable, thanks to the buckling-resistant 
characteristic of braces, which leads to braces solely maintaining the overall stability of the 
building during fire (Figure 20 (b)). Consequently, it can be seen that at the moment when the 
damaged structure with OCB has lost most of its strength, the same building with a BRB 
system is able to resist further girder deflection and higher axial forces induced within the 
columns and braces due to fire loading.   
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Figure 21 compares the deflection of heated girders (G2-1 and G3-1 in Figure 5) at the 
vicinity of removed column for the structural frame restrained with BRB and OCB systems. 
Results show that through the weakening of heated girders, the damaged structure experiences 
a slow increase in deflection until it reaches a value of 323 mm after 76 minutes (Point A' in 
Figure 21) and 397 mm after 72 minutes (Point A" in Figure 21) in BRBs and OCBs, 
respectively. At this point, the deflection curve quickly rises to a value of 393 mm (Point B' in 
Figure 21) in BRBs while there appears no increase for OCBs. This is because the buckling 
restrained braces append an additional strength to the damaged structure owing to the 
buckling-resistant behaviour of the braces, as compared to OCBs. As a direct result, for the 
BRB structural frame the failure starts in the girders after the braces reach their yield strength 
and fail with no signs of buckling in the framing columns (Figure 20 (b)). In contrast, for 
OCBs the braces fail before reaching their full capacity, leading to the participation of the 
first-storey column to resist the post-event fire. Hence, the girder deflection for the damaged 
building with the ordinary system is similar to that of BRBs, until the fire loaded column fails 
(Figure 20 (a)) and as a result, there is no further increase in the deflection curve of heated 
girders for OCBs (Point A" in Figure 21).  
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Figure 21. Girder Deflection at the Top Point of  
Removed Column caused by Temperature Rise 

 

Apparently, the structural frame with BRBs experiences a sharp slope in the heated girder's 
deflection from Point A' to Point B' (Figure 21). This quick rise may be attributed to the 
occurrence of plasticization in the fire loaded girders. The plasticized steel elements begin to 
unload when they reach the 15% strain and continue unloading until attaining the ultimate 
strength at 20% strain [30]. At this point, i.e., 20% strain, the structural steel member is 
unable to carry any further load. For a comprehensive scheme on this phenomenon, the 
variation of strain against elapsed heating time is shown for the girders within the damaged 
structure in Figure 22, for both bracing systems.  



17 
Elnaz Talebi, Mahmood Md Tahir, Farshad Zahmatkesh, Ahmad B.H. Kueh and Aly M. Said  

 

 

0

5

10

15

20

25

0 10 20 30 40 50 60 70 80 90 100

S
tr

ai
n

 (%
)

Time (min)

Heated girder- BRB system

Heated girder- OCB system

Cool girders- BRB system

Cool girders- OCB system

a'' a'

b' c'

d'

 
 

Figure 22. Development of Strain within the Girders of Damaged Structures  
due to Fire Loading  

 
Obviously, a maximum strain within the heated girders reaches 15% prior to the occurrence of 
a further rapid rise in the girder's deflection (shown as Points A' and A'' in Figure 21 for BRBs 
and OCBs, respectively). In terms of 15% strain, it can be seen that the heated girders in the 
damaged building with BRBs gain the corresponding value after 76 minutes of burning (Point 
a' in Figure 22). Similarly, in the structural frame with OCBs, the fire loaded girders reach 
15% strain after 72 minutes (Point a" in Figure 22). After the 15% strain is reached, there 
appears an abrupt increase in the strain until the girder gains an ultimate value of 20% after 86 
minutes (Point b' in Figure 22) in BRBs. At this point, there is no additional increase in the 
strain curve of girders for OCBs due to first-storey column failure prior to girders reaching 
further strain. In BRBs, once the heated girder reaches 20% strain it fails and sheds its load to 
the cooler girders. The maximum strain experienced by the cooler girders in BRBs is a good 
example of unloading action in the heated girders, as shown in Figure 22. According to 
Eurocode 3 [29], at this point there exists an 18% decrease in the stiffness with no reduction 
in the strength. Once the heated girder transfers its carrying load, the framing girders 
experience an increase in deflection until the cool girders become overloaded and are unable 
to sustain any further load. A second sudden increase in the deflection curve (shown as line 
C'D' in Figure 21) shows this phenomenon, which leads to the global failure of the specified 
frame with BRBs. At this stage, it can be seen that the BRB system maintains the overall 
stability of the frame for 89 minutes with a maximum deflection of 511 mm experienced in 
the heated girders (Point D' in Figure 21). 
 
With respect to the failure process described hitherto for BRBs, in order to follow the final 
failure scheme of the OCB system and compare it with BRBs, the response of fire loaded 
columns in a damaged building should be presented. To this end, the development of vertical 
displacements within the intact columns adjacent to the removed one (C2-1 and C4-1 in 
Figure 5) is demonstrated in Figure 23. Figure 23 shows that both BRBs and OCBs 
experience a decrease in the axial displacement of the heated columns after an initial increase. 
This is attributed to the vertical deflection of heated girders, which impose tensile force within 
the heated columns (that are connected to the girders) and cause an upward movement of the 
corresponding columns. Apparently, this decrease continues in BRBs with no sudden 
increase, meaning that there is no sign of column buckling at the time of structural global 
failure, i.e., 89 minutes. Inversely, for OCBs the vertical displacement increases dramatically 
up to a value of 67 mm after 72 minutes, which shows that the structural failure starts with the 
buckling of heated columns at 72 minutes. 
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Figure 23. Vertical Displacement Developed within the Fire Loaded Columns  
(C2-1 and C4-1) adjacent to the Removed Column  

 
To sum up, the final failure of a damaged structure with OCBs is initiated by the failure of the 
first-storey heated column (Figure 20 (a)) and that of BRBs by the failure of cool framing 
girders after the failure of braces and heated girders, respectively. BRB elements are able to 
absorb the thermally induced axial forces and transfer the loads successfully to the adjacent 
girders, thus, postpone the columns’ buckling. Contrary, the ordinary braces buckle before 
reaching their full capacity, resulting in buckling of the columns after 72 minutes. BRBs 
sustain the post-event fire for 89 minutes. This indicates that at the time that a damaged 
structure with OCB system fails because of the post-event fire, a similar building with BRBs 
can resist the corresponding event for about 17 minutes more. 
 
5.    CONCLUSIONS 
 
In this paper, the effect of the BRB system in maintaining the overall stability of a damaged 
building against post-event fire in comparison with the OCB system was investigated, using a 
multi-hazard approach. For this purpose, a two-dimensional plane frame subjected to the 
sudden removal of a first-storey centre column was subsequently exposed to the standard fire 
curve. Considering the superior performance of inverted-V arrangement for bracing elements 
in resisting progressive collapse, this bracing configuration was modelled and compared for 
both bracing systems. Several important conclusions can be drawn as follows: 
 
(1) In the BRB system, bracing members behave similarly in both tension and 
compression. Hence, during a column loss scenario they can withstand higher axial forces 
without the occurrence of buckling in the bracing member. Whereas, in the OCB system, 
bracing elements are not as effective as expected, owing to the buckling of the braces. 
 
(2) When a localized failure occurs in the first-storey centre column, buckling restrained 
bracing members are more efficient in transferring the load previously carried by this column 
to the other stiffer adjacent elements. This makes the BRB system more efficient in 
maintaining the structural overall stability due to the sudden column loss, as compared with 
the ordinary bracing elements. 
 
(3) Although both systems withstand the progressive collapse caused by sudden column 
loss, it is demonstrated that BRB elements are more effective in redistributing the post-event 
fire loading from heated elements to the other bays, thanks to their buckling-resistant 
characteristic. Furthermore, it is observed that a structural frame with BRBs can resist greater 
axial displacements caused by fire loading, in comparison to OCBs.  
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(4) BRB elements are able to absorb the thermally induced axial forces and transfer the 
loads successfully to the adjacent girders and prevent the columns’ buckling. In contrast, the 
ordinary braces buckle before reaching full capacity, followed by the buckling of first-storey 
fire loaded columns.  
 
(5) For a damaged structure restrained with the OCB system, the deflection experienced 
by the fire loaded girders at the location of the removed column is less than that of BRBs. 
This is attributed to the participation of girders in resisting the fire loading after BRB 
elements reach their yield strength. In an ordinary system, the first-storey columns contribute 
structural resistance after the braces yield, follows by a higher displacement developed within 
the columns. 
 
(6) Because of the greater stiffness of BRBs, they can resist higher axial forces when 
exposed to the post-event fire loading. Hence, they increase the global collapse time of the 
damaged structure and there is a significant difference in the structural failure scheme, as 
compared to that of OCBs. 
 
(7) The final failure of a damaged structure with OCBs is initiated by the failure of the 
first-storey fire loaded column, while that of BRBs is initiated by the failure of cool framing 
girders after the failure of braces and heated girders, respectively. 
 
(8) BRBs sustain the post-event fire for 89 minutes, demonstrating that when a damaged 
structure with OCB system has failed because of the post-event fire after 72 minutes of 
heating time, a similar building with BRBs can resist the corresponding event for about an 
additional 17 minutes. 
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ABSTRACT: This study presents an analytical formula based on differential equations of equilibrium to analyse the 
behaviour of steel columns with initial lateral displacements in fire. The imperfections of the initial flexure of the steel 
columns are considered. Yielding of the edge fibres at the middle span of a column subjected to elevated temperature is 
designated as the failure criterion for the fire resistance of the column. After validating the results of the formula using 
ANSYS, a numerical application is performed to demonstrate the effects of different parameters on the ultimate load 
bearing capacity. The formula is then used to predict the axial force of axially restrained steel columns based on the 
displacement coordination condition; then, the axial force is verified by ANSYS. The axial displacement predictions 
from the proposed method correspond well with those obtained through the finite element method. The critical 
temperature can also be predicted by calculating the load bearing capacity and axial force at a certain temperature. The 
results show that the increase of initial lateral displacement and temperature decreases the bearing capacity of the steel 
column and that the critical temperature decreases with increasing constraint stiffness. 
 
Keywords: Steel column, fire resistance, initial lateral displacement, load bearing capacity, critical temperature 
 
DOI: 10.18057/IJASC.2018.14.1.2 

 
 
1. INTRODUCTION 
 
Inclining steel columns can have insufficient fire resistance because of their lateral displacement, 
which can generate additional bending moments in the columns during an earthquake, leading to a 
higher maximum stress. Therefore, it is critical to investigate the fire resistance of steel members 
with initial lateral displacements. 
 
A number of publications have described the effect of fire protection losses on the fire resistance of 
steel columns [1-5]. Unprotected steel structures do not have desirable fire resistance because the 
temperature of unprotected steel elements increases rapidly in fire due to the high thermal 
conductivity of steel. Shahria et al. [6] studied the fire performance curves of unprotected HSS steel 
columns. The moment-rotation behaviour, lateral load-deflection behaviour, stiffness and ductility 
of the columns at different axial load levels were the main parameters considered in their study. 
Corte et al. [7-8] studied the effects of structural damage caused by earthquakes on the fire 
resistance of steel columns and found that the impact of structural damage on fire resistance is more 
significant if the design of the steel structure only considers the ultimate limit state. Mohammad 
Hany Yassi [9] described the impact of a post-earthquake fire on the frame structure and proposed 
two approaches to study the damage caused by a post-earthquake fire. In the first approach, an 
equivalent static lateral load is applied to the structure to cause lateral deformation, after which the 
fire load is applied. The second approach is application of time history motion data, which was 
used to analyse the structure before applying the fire load. 
 
A column is often axially restrained by adjacent members in steel structures, such as slabs, beams, 
and supports. The restraint has a significant impact on the ultimate load bearing capacity of 
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columns. At normal temperatures, the axial restraint can improve the ultimate load bearing capacity 
of the column [10]. Li and Guo [11] showed that restrained steel beams have better fire-resistance 
capabilities than isolated steel beams. Liu et al. [12] investigated the effect of restraints on steel 
beams during fire experiments. The restraint effect was found to be important for the behaviour of 
the beam in fire conditions; catenary actions were observed. Studies have also addressed the 
restraint of a column during a fire. Rodrigues et al. [13] showed that neglecting the effect of 
thermal axial restraints can caused the fire resistance of columns to be overestimated. Huang and 
Tan [14] proposed a Rankine approach that incorporated both the axial restraint and creep strain for 
critical temperature prediction of an axially restrained steel column. Li and Guo [15] analysed 
restrained steel columns during the cooling phase for safety evaluations and repairs of steel 
structures against fire. Ellobody and Young [16] presented a nonlinear 3-D finite element model 
investigating the behaviour of concrete-encased steel composite columns at elevated temperatures. 
Wang and Davies [17] performed tests to determine how bending moments in restrained columns 
would change and how these changes might affect column failure temperatures. 
 
However, few studies have considered the effects of initial displacement. This paper presents an 
analytical model based on differential equilibrium equations to predict both the ultimate load 
bearing capacity of steel columns with initial lateral displacement and the critical temperature of 
axially restrained steel columns. 
 
 
2. ULTIMATE LOAD BEARING CAPACITY OF STEEL COLUMNS 
 
2.1 Supported Steel Columns with Both Ends Hinged 
 
Steel columns can laterally move during a fire at either the top or bottom of the column. This paper 
assumes that the displacement occurs at the top and that the temperature of the entire column is 
uniform. 
 
Figure 1 shows a mechanical model of a steel column with simply fixed boundary conditions and 
an initial lateral displacement at its top ends. It is assumed that every column in an actual building 
has some initial imperfections. The ultimate load bearing capacity for columns with initial 
imperfections is less than that of perfect columns. The initial flexure of a column can be expressed 
as 

0 0 sin( )
x x

y a
L L

  
                                                                    (1) 

 
Where L is the length of the column, a0 is the initial flexure at the mid-span of the column and  is 
the initial lateral displacement.  
 
According to the differential equation for equilibrium, if the lateral displacement of the column 
under the action of a vertical load is represented by y, then the following equation can be obtained: 

 

0 0) ( ) 0TE I y y P y e     （   (0 )x L                                             (2) 

 
Where ET is the elastic modulus of steel at temperature T, e0 is the load eccentricity distance, and I 
is the inertia moment of the column. 
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Figure 1. Mechanical Model of a Steel Column with Simply Fixed Ends 
 
Because the displacement at the two ends of the column is fixed, the following boundary conditions 
can be adopted: 

 

0) 0 )y y L  （ ，（                                                                    (3) 

 
For convenience, the following parameters are used: 
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The general solution to Eq. 2 is given by 

 

 0
1 2 02

 ( ) sin cos sin
1

au x u x x
y x C C e

L L Lu

                      
                                 (5) 

 
where parameters C1 and C2 are determined by employing the boundary condition (Eq. 3) as 

 

      1 0 cos / sinC e u e u                                                          (6) 

2 0 C e                                                                             (7) 

 
By using the yielding of the edge fibre at the maximum displacement of the column as the failure 
criterion, the ultimate load bearing capacity of a column with initial lateral displacement should be 
the solution for the following equation: 

 

max 0( )
yT

P eP
f

A W

  
                                                              (8) 
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where A is the area of cross-section of the column, W is the section flexure modulus of the column, 

fyT is the yield strength of steel at temperature T, and max

2L
y

3
    

 
. 

 
Eq. 8 is a transcendental equation. Shift the right side of the equation to the left side. 
 
Given the dimension of the steel column at a specified temperature distribution, the ultimate load 
bearing capacity can be obtained with Eq. 8 via the Newton iterative method. 
 
2.2  Steel Columns with Both Ends Rigidly Supported 
 
The initial flexure of the column can be expressed by 

0 0

1 2
1-cos

2

x
y a x

L L

     
 

                                                              (9) 

 
where L is the length of the column, a0 is the initial flexure at the mid-span of the column and  is 
the initial lateral displacement. 
 

 
 

Figure 2. Mechanical Model of a Steel Column with Simple Rigidly Fixed Ends 
 
Figure 2 shows the mechanical model of a steel column with rigidly fixed boundary conditions. 
According to the differential equation for equilibrium, if the lateral displacement of the column 
under the action of a vertical load is represented by y, then the following equation can be obtained: 
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The following boundary conditions can be adopted: 
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The general solution to Eq. 10 is given by 
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where parameters C1, C2 and M are determined by employing the boundary condition of Eq. 11 as 
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By using the yielding of the edge fibre at the mid-span of the column as the failure criterion, the 
ultimate load bearing capacity of the column with initial lateral displacement should be the 
minimum solutions to the following two equations: 

 

max
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f

A W
M PP

f
A W
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                                                                (16) 

 
where A is the cross-sectional area of the column, W is the section flexure modulus of the column, 

fyT is the yield strength of steel at temperature T, and max ( )
2

L
y  . 

 
Given the dimensions of a steel column at a specific temperature distribution, the ultimate load 
bearing capacity can be obtained with Eq. 16 by determining the simplest solution. 
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2.3    Validation of the Deflection Curve via FEM 
 
To verify the equation of the deflection curve proposed in the paper, two FEM models are presented 
using ANSYS software. The element type used in the analysis is BEAM3, a uniaxial element with 
compression, tension, and bending capabilities. The element has three degrees of freedom at each 
node: translations in the nodal x and y directions and rotation about the nodal z-axis. The length of 
the element is 50 mm. 
 
The mechanical properties of steel at an increased temperature is recommended in the Chinese 
Technical Code on Fire Safety of Steel Building Structures [18]. Young’s modulus at elevated 
temperatures can be obtained by the following formula: 
 

T TE E  
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where Ts is the temperature of the column, ET is the elastic modulus of steel at temperature Ts, E is 
the elastic modulus of steel at room temperature, and T is the reduction coefficient of the elastic 
modulus at elevated temperature. 
 
The yield strength of steel at elevated temperature can be obtained by the following formula: 
 

yT T yf f  
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                                        (17) 

 
 

where fyT is the yield strength of steel at temperature Ts, fy is the yield strength of steel at room 
temperature, and T is the reduction coefficient of yield strength at elevated temperature. 
 
Model 1 is used to verify the flexure shape of the steel column, the most important parameter in 
defining the ultimate load capacity of the steel column with initial lateral displacement. In this 
model, the column section is H300300816, with L=5 m, =0.001, P=3,000 kN, and fy=235 
N/mm2. The temperature of the column with damaged fire protection is 600°C. The results obtained 
by ANSYS and the proposed approach in this paper are shown in Figure 3; there is general 
agreement between the FEM and the formula proposed in this paper. 
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Figure 3. Comparison of the Deflections of the Both-Ends-Hinged Steel Column  
obtained with ANSYS and the Proposed approach 

 
Model 2 is used to validate the mid-span displacement of the steel column with initial lateral 
displacement at the top end of the column under different vertical loads P. In this model, the column 
section is H300300816, with L=5 m, =0.001, δ=15 mm, and fy=235 N/mm2. The temperature 
of the column is 600°C. The results obtained with ANSYS and the proposed approach in this paper 
are shown in Figure 4. The mid-span displacement predictions obtained with the method proposed 
in this paper concur with those obtained by the FEM. 
 

 
Figure 4. Comparison of the Mid-span Displacements of the Both-ends-hinged-supported  

Steel Column obtained with ANSYS and the Proposed Approach 
 
2.4   Parametric Analysis 

 
To understand the behaviour of a steel column with initial lateral displacement at the top end during 
a fire, a column is analysed using the proposed model as an example. 
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The load bearing capacity coefficient of a steel column with initial lateral displacement is defined 
as 
 

20
T

y

P

f A
                                                                                            (18) 

 
We can study the variation of the bearing capacity coefficient along with the change in initial lateral 
displacement, temperature, initial bending, load eccentricity and slenderness by considering a 
typical steel column with section 300 300 8 16H    . 
 
In this part, we analyse how the initial lateral displacement and temperature affect axially restrained 
steel columns with both ends having hinged support. Because the initial lateral displacement and 
temperature are the most relevant parameters for this paper, study of other parameters will be 
researched in another paper. 

 
The main characteristic parameters of the column are the initial bending rate,  =1‰, the load 

eccentricity, 0 4%e  , and the length of the column, L=5 m. The curve?curves of the load bearing 

capacity coefficient versus temperature for different initial lateral displacements is?are plotted in 
Figure 5. 
 

 
 

Figure 5. Load Bearing Capacity Coefficient–temperature Curve of the Example Steel Column 
 

Figure 5 illustrates that regardless of the initial lateral displacement, when the temperature is in the 
range of 100-300°C, the load bearing capacity coefficient remains essentially unchanged; when the 
temperature exceeds 300°C, the load bearing capacity coefficient decreases notably with increasing 
temperature. When the temperature reaches 800°C, the bearing capacity coefficient is 
approximately zero. 
 
 
3. AXIAL FORCE OF AXIALLY RESTRAINED STEEL COLUMNS AT HIGH 

TEMPERATURES 
 
3.1   Axial Force of Axially Restrained Steel Columns 

 
If an axially restrained column (e.g., a column in a frame) is heated via a fire, additional axial 
forces will be produced in the column as a result of thermal expansion; this is schematically 
illustrated in Figure 6. 
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(a) Both ends hinged supported 

  
(b) Both ends rigidly supported 

 
Figure 6. Model of a Restrained Steel Column 

 
As the temperature increases, the overall thermal expansion of the column can be obtained as 

 

1 0( )th Tl T T L                                                                    (19) 

 
where T is the thermal expansion coefficient of the steel columns and T0 is the normal 
temperature. 

 
(a) Initial state   (b) Compressive state    (c) Flexural state 

 
Figure 7. Representation of the Change in the Length of a Column under Compression  

(b) and bending (c) 
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At increased temperatures, the column will become shorter because of the decrease in the elastic 
modulus and the increase in the axial compressive force. In addition, bending will also shorten the 
length of the column. As illustrated in Figure 7(b), the change in the length of a steel column at two 
different axial forces and different elastic moduli can be represented as 
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As shown in Figure 7(c), 
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Therefore, the change in the length of the column resulting from bending can be represented as 
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According to the above formula, the complete shrinkage of the column with initial lateral 
displacement can be determined by 
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where PT is the axial force of the column at increased temperatures and P20 is the axial force of the 
column at room temperature. y(PT) is the lateral displacement of the column under the action of 
vertical load PT. y(P20) is the lateral displacement of the column under the action of vertical load P20. 
 
The spring representing the axial restraint will be compressed due to the increase in axial force. The 
length change of the compressed spring can be given by Hooke’s law, i.e., 

 

s / sl P k                                                                           (24) 

 
where P=PT-P20 and ks is the axial restraint stiffness of the column. 
 
As shown in Figure 7, the following equation can be obtained and employed to determine the axial 
force in the column at an elevated temperature: 
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3.2    Validation of the Axial Displacement via FEM 
 
To verify the equation of axial displacement proposed in the paper, another FEM model (Model 3) 
is used to validate the axial displacement of the steel columns with increased temperature. The 
column section is H300300816, with L=5 m, =0.001 and P20=328 kN. The thermal expansion 
coefficient is =1.410-5. The spring stiffness is ks=0.02E20A/L. Comparisons of the development 
of the axial displacement obtained using the model proposed in this paper and the FEM method are 
shown in Figure 8. The axial displacement predictions obtained with the method proposed in this 
paper correspond well with those obtained by the FEM. 

 

 
 

Figure 8. Comparison of the Axial Displacements of a Steel Column with Fixed Ends  
obtained with ANSYS and the Proposed Approach 

 
3.3     Parametric Analysis 
 
The axially restrained example column with initial lateral displacement is also examined to study 
the variation of the axial force in the column with increasing temperature. The relationships 
between the temperature of the column and the axial force in the column with various restraint 
stiffnesses and load ratios are illustrated in Figure 9;  is the load ratio and  is the axial restraint 
ratio of the column and are defined as 
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respectively, where fy20 is the yield strength of the steel at a normal temperature.  
 
As shown in Figure 9, the axial force in the column with initial lateral displacement and axial 
restraint initially increases with increasing temperature. The axial force then decreases to the initial 
level with increasing temperature, possibly because the steel column has a large flexural 
deformation when the axial force has been released. When considering the same load ratio, a larger 
stiffness ratio will cause the axial force to increase further at high temperatures. When considering 
the same stiffness ratio, a larger load ratio will result in a lower axial force at high temperatures. 
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Figure 9. Axial Force in the Steel Column Example 
 
 
4. CRITICAL TEMPERATURE OF AXIALLY RESTRAINED STEEL COLUMNS 
 
The axial force of steel columns subjected to fire may increase because of the restraint in the 
thermal elongation. When the axial force reaches the ultimate load bearing capacity in a fire, the 
column will fail. The critical temperature of the column with initial lateral displacement in a fire is 
defined as the temperature at which the increasing axial force equals the decreasing ultimate load 
bearing capacity of the column. For a given steel column, the ultimate load bearing capacity of the 
column can be calculated by Eq. 8 or Eq. 16. Given a specific restraint stiffness, the axial force of 
steel columns subjected to a fire can be determined using Eq. 25. The critical temperature of the 
columns can thus be obtained.  
 

 
Figure 10. Critical Temperature of the Axial Restraint in the Steel Column Example 

Figure 10 shows the critical temperature of both ends of simply hinged supported steel columns 
with different constraint stiffnesses and load ratios; the figure shows that the critical temperature 
decreases with increases in the constraint stiffness and load ratio. 
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5. CONCLUSIONS 
 
Using an experimental approach to predict the fire resistance of a steel column is both time 
consuming and expensive. As an alternative, theoretical analysis that can be simply performed is a 
convenient tool for engineers to rapidly evaluate the fire resistance of a column. This paper 
presented an analytical model to determine the behaviour of restrained steel columns with initial 
lateral displacement in a fire. The ultimate load bearing capacity and critical temperature of steel 
columns can be predicted by employing the proposed model. The model can also be used to assess 
the fire resistance and predict the critical temperature of steel columns with initial lateral 
displacement. 
 
The following conclusions can be drawn based on the numerical study on a typical steel column 
with initial lateral displacement: 
 
(1) The load bearing capacity of a steel column with both hinged support sides exposed to a fire decreases 

linearly at a given temperature with increasing initial lateral displacement. The load bearing capacity 
will be lower at a higher temperature. The load bearing capacity of a steel column is approximately zero 
when the temperature reaches 800°C. 

 
(2) The axial force in the axially restrained column with initial lateral displacement initially 

increases with increasing temperature; once reaching a certain temperature, the axial force may 
suddenly decrease with increasing temperature. 

 
(3) The critical temperature decreases with an increase in constraint stiffness and the axial force of 

the steel column at room temperature. 
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1. INTRODUCTION 
 
This paper surveys trends in the design of steel framed structures under quasi-static loads with 
reference to design codes such as those of the US [1], the UK [2], Australia [3], Europe [4], and 
Hong Kong [5]. 
 
The development of design codes relies heavily on experience and on the theoretical and 
experimental findings of research studies.  The steady and now rapid increase in these has lead to 
significant expansions in the guidance provided by codes.  It is worth noting that an unexpected 
consequence of these expansions is that it becomes increasingly more onerous to revise and update 
design codes. 
 
The following sections provide a brief timeline of the development of design codes over the past 80 
years, summarises the methods of design now permitted in codes, discusses some of the 
shortcomings of present design codes, and suggests future areas for improvement. 
 
 
2. A TIMELINE FOR STEEL DESIGN CODES 
 
Steel design codes in the 1930’s were working stress codes in which the member stresses 
determined by analysing the frame structure under the quasi-static working loads were required to 
be less than the permissible working stresses set out in the codes.  Analysis of all but statically 
determinate frames (Figure 1) was difficult, because the established methods of indeterminate 



38 
Trends in the Code Design of Steel Framed Structures 

analysis were time consuming and error prone for many practical structures.  Instead, approximate 
methods were used such as those which relied on assumed points of contra-flexure to render the 
structure statically determinate, or the moment distribution method developed by Hardy-Cross.  
Limited and relatively simple and sometimes empirical approximations were given for the 
permissible working stresses which made allowances for buckling, initial crookedness, and 
yielding, and incorporated factors of safety of the order of 2. 
 

 
Figure 1. A Structure Designed Manually 

 
This situation continued until the 1960’s, when plastic analysis and design were permitted.  At this 
time, factors of safety were reduced, and more accurate expressions were used for the permissible 
working stresses which allowed for a wider range of restraint conditions for beams and columns 
which fail by buckling.  The 1968 predecessor of [3] allowed a method of design by buckling 
analysis in which the results of analyses for the elastic lateral buckling of beams could be used 
directly in determining the allowable stresses.  Although computers were being used by researchers, 
they had little impact on designers.  
 
The development of formulations for the permissible working stresses continued until the 
introduction of limit states design codes in the 1980’s and 1990’s, in which the analysis and design 
for strength moved from the working towards the ultimate load level.  This required a more careful 
assessment of stability effects at these higher loads, and more accurate assessments of the strength 
design capacities of members and connectors. 
 
The 1990 predecessor of [3] contained for the first time a section which distinguished among the 
different types of analysis that were permitted, including first-order elastic analysis, amplified first-
order analysis, second-order elastic analysis, and elastic buckling analysis, as well as plastic 
analysis.  Design methods varied according to the method of analysis used. 
 
The code recognized that designers were increasingly using computer methods of elastic analysis.  
It also recognized that design strength formulations could become more detailed, because the 
widespread use of computers would lead to these formulations being programmed, and even linked 
directly to computer analysis programs.   
 
This predecessor also introduced the concept of advanced analysis, in which the previously separate 
activities of analysing the structure to determine the member actions and of designing suitable 
members to resist those actions was replaced by a single analysis of the structure which included all 
the effects that affect member strength. 
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Later codes have continued the process of making their member strength formulations more 
detailed. 
 
 
3. PRESENT METHODS OF ANALYSIS AND DESIGN 
 
3.1   Methods of Structural Analysis. 
 
In most methods of analyzing frame structures under quasi-static loads, each member is represented 
as a single line element, and the distribution of forces and moments throughout the frame is 
determined by using the conditions of static equilibrium and of geometric compatibility between 
the members at the joints. The way in which this is done depends on whether a frame is statically 
determinate (in which case the complete distribution of forces and moments can be determined by 
statics alone), or is statically indeterminate (in which case the compatibility conditions for the 
deformed frame must also be used before the analysis can be completed). 
 
A statically indeterminate frame can be analysed approximately if a sufficient number of 
assumptions are made about its behaviour to allow it to be treated as if determinate. One method of 
doing this is to guess the locations of points of zero bending moment and to assume there are 
frictionless hinges at a sufficient number of these locations that the member forces and moments 
can be determined by statics alone.  
 
The accurate analysis of statically indeterminate frames is complicated by the interaction between 
members:  the equilibrium and compatibility conditions and the constitutive relationships must all 
be used in determining the member forces and moments. 
 
There are a number of different types of analysis which might be made, some of which are 
discussed in the following sub-sections.  These are identified using a set of acronyms which is 
exemplified by LBA (Linear Buckling Analysis) and GMNIA (Geometrically and Materially 
Nonlinear Analysis with Imperfections). 
 
3.1.1  First-order elastic analysis (LA) 
 
For some frames, it is common to use a first-order elastic analysis which is based on linear elastic 
constitutive relationships and which ignores any geometrical non-linearities and associated 
instability problems (Figure 2). The deformations {1} determined by such an analysis are related 
to the applied loads {Q} through the linear relationships (Figure 3) 
 
[K]{1}={Q}                   (1) 
 
in which [K] is the stiffness matrix, and so the principle of superposition can be used to simplify the 
analysis.  It is often assumed that axial and shear deformations can be ignored in frames whose 
actions are predominantly flexural, and that flexural and shear deformations can be ignored in 
frames whose member forces are predominantly axial. 
 
3.1.2 Elastic buckling analysis (LBA) 
 
However, a first-order elastic analysis will underestimate the forces and moments in and the 
deformations of a frame when instability effects are present.  Some estimate of the importance of 
these can be obtained by making an elastic buckling analysis of the frame according to 
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in which 0 is the buckling load factor and [G] is the stability matrix for the initial forces. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.1.3 Amplified first-order elastic analysis 
 
More generally, the effects of instability must be allowed for, and as a first approximation the 
results of an elastic first-order analysis may be amplified by using factors derived from the frame 
elastic buckling loads (Figure 3), so that 
 
{1a}= {1}/(1-1/0)                                                                 (3) 
 
3.1.4  Second-order elastic analysis (GNA) 
 
A more accurate allowance for the effects of instability may be made by using an elastic second-
order elastic analysis (Figures 2, 3), in accordance with 
  
[K-G]{2}={Q}                                                                                        (4) 
 
While some codes [1, 3] allow second-order analyses to be made of the nominal frame (GNA), 
others [4, 5] require the effects of geometrical imperfections, residual stresses, and spread of 
plasticity to be allowed for approximately by using equivalent geometrical imperfections {i} 
(GNIA).  The shape of these is usually taken to be the same as that of the lowest elastic buckling 
mode {b} [6], while the magnitude i is defined in the code, so that 
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{i}=i {b}                                                                             (5) 
 
It is often convenient to replace these equivalent imperfections by equivalent (or notional) loads 
 
{Qi}=[K]{i}                                                                             (6) 
 
which induce first-order deformations equal to the imperfections, whence 
 
 [K-G]{2i}={Q+Qi}                                                                            (7) 
 
3.1.5   Plastic analysis (MNA) 
 
The analysis of statically indeterminate frames near the ultimate load is further complicated by the 
decisive influence of the material non-linearities.  Many two-dimensional (2D) frames have very 
small axial forces and instability effects, in which case it is comparatively easy to use a first-order 
plastic hinge analysis, according to which a sufficient number of plastic hinges must form to 
transform the frame into a collapse mechanism (Figure 3).  The computational efficiency of the 
plastic hinge method is enhanced when the effects of geometrical non-linearities can be accurately 
allowed for by using one element per member [7, 8] (GMNA).  Some attempts have been made to 
extend these plastic hinge methods to allow for semi-rigid rather than rigid joints between members 
[9, 10]. 
 
Plastic zone analyses of 2D frames for which local and lateral buckling are prevented may allow for 
geometric (in-plane instability) and material (yielding) non-linearities, residual stresses, and 
geometrical imperfections, and account for the spread of the yielded zones through the cross-
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sections and along the members of the frames [9 – 11].  However, while this method is extremely 
accurate, it is computationally comparatively complex, wasteful, and slow.  Plastic zone methods 
have been used to develop benchmark solutions for testing the more efficient but less accurate 
plastic hinge methods [13 – 17], in which yielding effects are concentrated at a few cross-sections, 
and residual stress and geometrical imperfection effects are approximated by using reduced 
stiffnesses.   
 
The plastic hinge method is simpler to use and computationally much more efficient than the plastic 
zone method.  The results of the two methods are similar, except when the bending moment is 
nearly uniform with a wide spread of plasticity.  In most practical cases, the plastic hinge method is 
considered to be adequate. 
 
3.1.6  Advanced analysis (GMNIA) 
 
In advanced analysis [12, 13, 18], the previously separate activities of analysing the frame to 
determine the line element member actions and of designing suitable members to resist those 
actions is replaced by a single analysis of the frame which includes all those effects that affect 
member strength such as local and lateral buckling, geometrical imperfections, residual stresses, 
and inelastic behaviour.  It is then only necessary for the frame to reach a stable equilibrium 
position under the design loads (increased by incorporating a frame capacity factor) for it to be 
deemed satisfactory (Figure 3). 
 
For 2D frames for which local and lateral buckling are prevented, plastic hinge analyses which take 
account of in-plane stability and equivalent imperfections are equivalent to advanced analyses. 
 
As originally envisaged, advanced analysis of steel frames was expected to be carried out by using 
line elements to represent the members.  More generally, however, advanced analysis may also be 
carried out by modeling the members as assemblages of plate or shell elements, even though the 
greatly increased number of elements requires increased computer speeds and storage to be viable. 
 
3.1.7  Quasi advanced analysis for local and out-of-plane buckling 
 
There are a number of quasi advanced methods for the analysis of 2D frames with 2D loading 
which include the effects of strength reductions due to local and out-of-plane buckling.  Quasi 
advanced methods use 2 stages instead of the single analysis stage of a true advanced analysis.  
First an advanced in-plane analysis is made of the frame which omits the effects of local and out-
of-plane buckling.  For the second stage, the local and out-of-plane member strengths are checked 
by using either the code formulations (which conservatively ignore interactions between members) 
or more accurate analyses of the buckling strengths, if available.  
 
Quasi advanced analyses are comparatively efficient when only a few line elements per member are 
needed for the in-plane analysis, since the larger number of elements required for accurate 
determinations of the local and out-of-plane strengths are avoided. 
 
3.2   Methods of Design 
 
3.2.1 Design by code formulations 
 
Present code methods of design provide formulations of the design strengths which are used to 
check the adequacy of the members and connections to resist the actions determined by the analysis 
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of the frame.  Of necessity, these are often limited in their application to the most common 
examples such as members of doubly symmetric cross-section.  In some cases, the formulations 
(for beam-columns) are extremely complicated [4], while in others they are very simple [1]. 
 
3.2.2   Design by elastic buckling analysis  
 
Some design codes [2, 3, 5] give advice on the effects of moment distribution, load height, and 
elastic restraints on the elastic lateral buckling of beams which is sometimes of somewhat doubtful 
accuracy, especially with respect to the effects of load height, while all codes are limited in the 
amount of advice on elastic buckling that they can give.  This difficulty is avoided in [3], which 
explicitly allows the alternative method of design by elastic buckling analysis [19] in which 
accurate values of the elastic buckling moment M0 are used directly in the design process to 
determine the nominal design capacity Md.  This allows computer programs such as PRFELB [20, 
21] to be used to obtain accurate values of  the elastic buckling moment M0 which account properly 
for the effects of moment distribution, load height and end restraints. 
 
In [3], the lateral buckling design of beams is founded on a basic beam design curve which reduces 
the elastic buckling moment M0u of a simply supported beam in uniform bending.  This is achieved 
by using slenderness reduction factors  
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in which Ms is the section moment capacity, which were determined using the results of tests on 
full-scale members with practical values of residual stress and geometric imperfections [19]. 
 
In the method of design by elastic buckling analysis, the actual elastic buckling moment M0 is 
substituted for the value M0u for a simply supported beam in uniform bending.  However this 
method is conservative because it does not allow for the effects of the moment distribution on 
inelastic buckling.  This is compensated for in [3] by using a moment modification factor 
 

usm M/M 00                     (9) 

 
in which M0u is the elastic buckling moment of a beam which is unrestrained against lateral rotation 
and loaded at the shear centre.  The nominal design capacity is then determined from 
 

sssmd MMM                   (10) 

 
The method of design by buckling analysis is demonstrated in Figure 4 for the example of the 
lateral buckling of simply supported beams under moment gradient. 
 
The European code [4] gives no advice on elastic lateral buckling, but requires the direct use of M0 
in the design process.  This implicitly requires the use of the method of design by buckling analysis.  
The method of design by elastic buckling analysis is also required by [4] for the design of 
compression members, while [3] allows this method to be used for non-uniform compression 
members. 
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The method of design by elastic buckling analysis is also used as the Direct Strength Method for 
the design of cold-formed steel members against local buckling, distortional buckling [22], and 
flexural, torsional and flexural-torsional member buckling in [23, 24]. 
 
3.2.3  Out-of-plane design by inelastic buckling analysis 
 
In the code method of out-of-plane design by elastic buckling analysis, the results of an elastic 
buckling analysis which incorporates the effects of non-uniform bending, load height, and elastic 
restraints are used in determining slenderness reduction factors, which also make allowance for the 
effects of residual stresses and geometrical imperfections. However, this method does not allow for 
the local effects of non-uniform yielding on the inelastic lateral buckling resistance.  
 
The inelastic out-of-plane buckling resistance of a beam under non-uniform bending is significantly 
affected by local reductions in the out-of-plane stiffnesses in the high moment regions of the beam 
where yielding takes place.  Because the moment distribution varies, so do the stiffnesses, and the 
beam becomes non-uniform.  To analyse this, account must be taken of the distribution of the 
elastic and inelastic regions both in the cross sections as well as along the beam.  
  
One way to achieve this is to use the method of member strength design by inelastic buckling 
analysis [25] in which an elastic buckling analysis is carried out which allows for the local effects 
of non-uniform yielding on the out-of-plane stiffnesses by using reduced moduli E, G [26].  The 
advantage of the method is that finite element buckling analysis programs such as PRFELB [20, 
21] may be used directly without empirical adjustments of the results. 
 
This method has been tested against code formulations [3] for the lateral buckling strengths of 
beams under moment gradient, beams with central concentrated loads acting away from the shear 
centre, and beams with elastic end restraints [25].  It has also been used for columns, beam-columns 
[25], frames [7], and cantilevers [28]. 
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It has also been used in conjunction with the [1] formulations for column and beam strengths and 
brace stiffnesses [29, 30]. 
 
Extensive calibrations of this method against advanced analyses of the inelastic buckling strengths 
of beam, columns, and beam-columns have been made [31 – 34].  It has been anticipated [35] that 
this method will be incorporated in a future edition of [4]. 
 
The reduced elastic moduli E, G used in the elastic buckling analysis to determine a reduced 
buckling moment M0r are derived from the nominal lateral buckling design strengths Md for simply 
supported beams in uniform bending, and so include allowances for the effects of yielding, residual 
stresses and geometrical imperfections.  For beams in uniform bending, the resultant reduced 
moments M0r are equal to the design moments Md.   
 
The reduced moduli decrease as the bending moment increases (Figure 5), and so when they are 
applied to beams with non-uniform moment distributions, there are greater reductions in the high 
moment regions and smaller or no reductions in the low moment regions.  The method thus takes 
account of the effect of the moment distribution on inelastic lateral buckling. 
  
The results of using the method of design by inelastic buckling analysis has been used to determine 
the nominal [3] design strengths Md = M0r of simply supported beams under moment gradient are 
shown in Figure 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.2.4 Design by advanced analysis 
 
When using advanced analysis, the design criterion may be expressed as 
 
λm ≥ 1/ js                   (11) 
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where λm is the maximum value of the load factor at failure (Figure 3) determined by repeated 
analysis and js is the system resistance factor (equivalent to the frame capacity factor) which may 
be obtained from a reliability analysis of the structural system.  In the design situation where the 
design loads are known ( = 1 in Figure 3), this criterion further simplifies to the frame being 
satisfactory when the advanced analysis shows that the frame is in equilibrium under the load set 
defined by λ = 1 / js, which obviates the repeated analysis needed to determine λm  
 
In the original formulation for design by advanced analysis [3], the analysis is carried out at the 
design load level ( = 1) and the frame is satisfactory if none of the design member section and 
connection capacities are exceeded.  This method provides an approximate alternative to using the 
system resistance factor js. 
 
Research has been conducted in recent years to determine system resistance factors js for 2D steel 
frames with compact cross-sections [36] and cold-formed steel frames with slender cross-sections 
[37], suggesting that the system resistance factor js typically lies in the range 0.8-0.9 depending on 
the structural system and target reliability. Design by advanced analysis provisions were included 
in the 2012 revision of the Australian Standard for rack structures [38] and have been implemented 
in the current draft of the revised Australian Cold-formed Steel Structures Standard [23]. Design by 
advanced analysis is also permitted in Appendix 1 of the AISC Specification [1], where the system 
resistance factor js is implicitly incorporated by reducing the yield stress Fy and stiffness E by a 
factor of 0.9.  A justification of this approach is given in [39]. 
 
 
4. SHORTCOMINGS IN CODE METHODS OF DESIGN 
 
4.1   Local Buckling Strength 
 
Code rules for local buckling strength are usually based on the behaviour of isolated plates, and 
while there are some approximations for allowing for the increased strengths that arise when the 
critical plate elements are restrained by others in the member cross-section, these are of somewhat 
doubtful accuracy. 
 
4.2    Compression Members 
 
While some code formulations of compression member strength already incorporate the results of 
elastic buckling analyses, there are many important situations that are not catered for, and so codes 
are generally inadequate in the advice that they give. 
 
In some codes, the possibility of torsional or flexural-torsional buckling of compression members 
[40] is not covered directly.  For example, cruciforms may fail torsionally, while angles, tees and 
some channels are susceptible to flexural-torsional buckling.  While the method of design by elastic 
buckling analysis in some codes allows the actual elastic buckling load to be used directly, this may 
sometimes lead to strength predictions which are overly conservative, as shown in Figure 6 [41]. 
 
Compression members are frequently braced eccentrically (Figure 7) or in planes which are 
inclined to their principal planes, leading to flexural-torsional buckling [42].  The method of design 
by elastic buckling analysis may also be used in these cases. 
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Another shortcoming of some design codes is that they define rigid tolerances on compression 
member crookedness which prevent the use of overly crooked members (Figure 8), even when they 
are lightly loaded [43]. 
 
 

1.2 
 
 
1.0 
 
 
0.8 
 
 
0.6 
 
 
0.4 
 
 
0.2 
 
 
0 

0                    0.5                    1.0                    1.5                    2.0 

N
d/

N
s 

Torsional “strength” Ndz 
Flexural buckling N0y/Ns 

Flexural strength  
          Ndy /Ns 

Torsional buckling N0z/Ns 

b    b 

b 

b 

fy = 235 MPa 
 

b/t = 20 

Modified flexural slenderness y =(Ns /N0y) 

Figure 6. Design of Cruciform Columns [4] 

D
im

en
si

on
le

ss
 b

uc
kl

in
g 

lo
ad

 N
0
/N

0x
z 

1.0 
 
 
 
 
 
 
 
 
 
0 

2e/d = 0 

           1 

           
N0z 

 

N0x 

 

 

N0y 

 N0y     N0z       N0x 

Figure 7. Buckling of Columns with Eccentric Central Restraints 

0                                                    1.0 

Dimensionless length L/L0xz 

e 
d 

x 

y 



48 
Trends in the Code Design of Steel Framed Structures 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.3  Beams 
 
Guidance given by codes for designing beams against lateral buckling is limited, extremely 
variable, and mainly based on the behaviour of doubly symmetric I-beams, which may be overly 
conservative for other beams such as rectangular hollow sections [44, 45], as shown in Figure 9. 
 
There are a number of common effects that modify the strength, including the geometry, the 
moment distribution, the load height above the shear centre, and elastic restraints [40].  More 
consistent designs may be achieved by using the method of design by elastic buckling analysis, but 
this method alone does not allow for the strengthening effects of moment gradient on inelastic 
buckling (Figure 4).  While some codes do make allowance for these, they are often unnecessarily 
conservative [4]. 
 
Guidance given for the design of monosymmetric I-beams under moment gradient is often 
inaccurate, both in the elastic and the inelastic buckling ranges, as indicated in Figure 10 [46]. 
 
The effects of distortion on the strength of beams with slender webs are rarely covered, although 
the method of design by elastic buckling analysis has been used by substituting the elastic lateral-
distortional buckling load for the elastic lateral buckling load.  Distortion effects become important 
in continuous under-slung monorails, where the bottom flange cannot be restrained at intermediate 
supports, as shown in Figure 11 [47]. 
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Angle section beams are frequently loaded in biaxial bending and torsion, but code rules do not 
adequately reflect this behaviour, and may give rise to variable strength predictions, as shown in 
Figure 12 [48]. 
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4.4  Beam-Columns 
 
The variety of different formulations for beam-column strength [1, 4] suggests that there is a 
corresponding lack of accuracy in their predictions of strength.  Some code formulations are 
excessively complicated, so that manual implementation is tedious and error prone. 
 
 
4.5  Biaxial Bending and Torsion 
 
Torsion and combined bending and torsion is largely neglected in steel design codes, even though 
there is a considerable body of knowledge of the former [19], and some research studies [49] of the 
latter. 
 
4.6   Arches and Curved Girders 
 
The design of arches [50 – 54] and of members curved in plan [55] is not treated in design codes. 
 
 
5. FUTURE TRENDS 
 
5.1  Computer Hardware 
 
Future analysis and design methods will be greatly influenced by further development of computer 
hardware and software.  The expansion of storage capacity and increase in speed will allow more 
sophisticated structural analyses to be made of even larger structures, and will facilitate the efficient 
application of increasingly more complex code advice on member design.  Improvements in 
computer speed and storage are leading to practical methods of advanced analysis for a much wider 
range of applications than has been the case. 
 
At the same time there will be further developments in user-friendly pre- and post-processors for 
the input of data and the display of results, while there will be even greater linking of computer 
programs for analysis, design [56], detailing, shop drawing and manufacture.  However, there will 
be an even stronger need for checking procedures, since data errors will propagate through linked 
programs (Figure 13). 
 
5.2  Methods of Analysis 
 
5.2.1  Advanced analysis 
 
There have been a number of attempts to extend the method of advanced analysis of 2D frames 
with 2D loading to include the effects of out-of-plane and local buckling [37]. 
 
The accurate prediction of the out-of-plane strength requires the use of a finite element analysis 
which accounts for elastic buckling, yielding, initial crookedness, and residual stresses.  The 
elements must be comparatively closely spaced with consequent rises in computer storage and 
speed requirements. 
 
The accurate prediction of local buckling effects must account also for out-of-flatness and for post-
buckling behavior.  The elements must be even more closely spaced than for out-of-plane strength. 
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Advanced analysis methods which replace the member line elements with closely spaced plate or 
shell elements may account for all combined effects on member strength which have been difficult 
to represent. 
 
5.2.2  Analysis of biaxial bending and torsion. 
 
Methods of analysing biaxial bending and torsion are generally limited to first-order elastic 
analyses, and many of these omit the strengthening effects of warping torsion in open section 
members.  Further difficulties arise when second-order effects must be allowed for. 
 
5.3 Methods of Design 
 
The accurate prediction of local buckling effects on member strength requires the same use of a 
finite element analysis as that described above for advanced analysis.  Again, the elements must be 
closely spaced with consequent sharp rises in computer storage and speed requirements. 
 
Torsion and combined bending and torsion are largely neglected in steel design codes, while the 
design of arches and members curved in plan is not treated. 
 
 
6.  CONCLUSIONS 
 
This paper surveys trends in the design of steel framed structures under quasi-static loads with 
reference to design codes such as those of the US [1], the UK [2], Australia [3], Europe [4], and 
Hong Kong [5]. 
 
The past 80 years have seen substantial developments in analysis and design, many of which have 
been empowered by the development and application of computers.  Working stress design has 
been replaced by limit states design, and second-order and advanced methods of analysis and 
design have been introduced, while code strength formulations have become increasingly detailed 
as they incorporate more and more research findings. 
 
At present, methods of advanced analysis using line elements in which a single stage of analysis 
and design replace the separate stages of computer analysis and code strength design are largely 
restricted to 2D frames with 2D loading for which local and out-of-plane buckling are prevented.  

Figure 13. Computer Transmission of Errors 
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However, the Australian Standard AS4084 [38] for steel storage racks allows design by advanced 
analysis of rack structures subject to local, distortional and flexural-torsional buckling. 
 
Quasi advanced analyses use advanced analysis of the in-plane behaviour, and code formulations 
for local and member out-of-plane buckling strengths.  In the meantime, the adoption of the method 
of design by inelastic buckling analysis will allow the comparative inaccuracy of some code out-of-
plane strength formulations to be bypassed. 
 
There are a number of design code shortcomings that can be expected to be rectified in the future as 
more research is carried out.  These include the needed for multiple beam curves for different 
sections such as angles, rectangular hollow sections, and monosymmetric I-sections.  Further 
improvements are needed in the specification of beam-column strength and in the treatment of 
flexural-torsional buckling of columns.  Situations not catered for in design codes include biaxial 
bending and torsion, and arches and curved girders. 
 
A possible solution to these problems is to allow the use of purpose-built computer programs which 
can provide accurate predictions of member strength.  Thus future design codes might only describe 
the characteristics of the methods of structural analysis and those of determining the design 
strengths of structural members which may be used.  Such a code would have all the inaccuracies 
and shortcomings of approximating the member strengths removed and replaced by more accurate 
member strength computer programs. 
 
This is already partially in place with the present practice of some codes which either allow or 
require design by elastic buckling analysis.  An increased use of advanced finite element programs 
which use plate or shell elements can be anticipated. 
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ABSTRACT: Axially restrained steel beams exhibit lower structural efficiency when they are subjected to 
elevated temperature. Thermal expansion is one of the most hazardous conditions such beams could experience 
throughout their service life. In this regard, using an adequately performing connection can enhance the thermal 
performance of the beams. This paper, therefore, evaluates experimentally the performance of slant end-plate as 
a proposed connection for dissipating thermal expansion experienced by the steel beam. In this study, several 
experimental tests were carried out on two different specimens in terms of scaling and gravity loads to prove the 
hypothesis and results obtained from a present analytical study. The evaluation of tests and analytical results 
showed that both outcomes are consistent with each other with comparison ratios between 0.96 and 1.09. In 
addition, the experimental tests, as well as analytical outcomes, have proven that the slant end-plate connection 
can successfully reduce the additional thermally induced axial forces via the upward crawling mechanism.  
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1. INTRODUCTION 
 
Thermal effects are well-known as among the most harmful loading types any steel structure 
can experience throughout its service life. With ever-developing large cities and limited space 
available for buildings, it is inevitable that structures grow in an upward fashion. As a result, 
the risk of thermal hazard increases as well. Thus far, it is well documented that thermal 
loading has a significant influence on steel structural components. Elevated temperature can 
induce an extra axial force in structural members. One most common thermal effect identified 
in steel structures is the reduction in compressive strength due to increase in temperature. 
Rodrigues et al. [1] found that the thermal failure of a structural element occurs in two major 
stages: linear and nonlinear. They posited that the first stage constitutes the initiation 
mechanism of failure, involving the yielding of members before the inelastic regime and the 
reduction of Young’s modulus. Mourão and Silva [2] investigated the expansion of steel 
beams caused by uniformly elevated temperatures and illustrated that in an axially restrained 
beam, the end supports resist against thermal expansion. Wong [3] demonstrated that the 
strength of a steel beam at room temperature is acceptable for design regardless of the 
existence of axially restrained boundary conditions or otherwise. 
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The search for an economical resistance method to improve the performance of steel 
structures in the presence of elevated temperature remains a challenging task that captures the 
interest of structural engineers. Research on steel structures with the confinement of axial 
expansion in restrained beams has been quite intensive since the early 2000s. Commonly 
employed engineering solutions, which address temperature-related concerns, take the form of 
section area increment, provision of lateral supports [4], cooling action by air-conditioning 
and watering [5], and thermal breaks [6].  
 
A considerable amount of literature has been published on the structural response of steel 
beams under initially induced thermal axial forces [7-9]. In addition, a number of studies have 
investigated end-plate connections at elevated temperatures [10-15]. However, there is so far 
no adequate evidence showing the existence of a reliable structural method to reduce the axial 
force in restrained beams subjected to elevated temperature. In the present work, we propose 
to explore further by experimental means slanted end-plate connections as a structural 
solution to protect beam and connections against primary failure in the presence of elevated 
temperature. The fundamental development in terms of an analytical model for such a 
connection when subjected to a non-symmetric gravity load and a temperature increase has 
been formulated by Zahmatkesh et al. [16]. They demonstrated that a temperature increase in 
a steel beam with conventional connections induces a huge additional axial force that 
decreases the beam ability to bear external gravity loads. Besides, this study shows that by 
changing the connection to that of the slanting type, this additional axial force can be 
dissipated efficiently. 
 
 
2. VERTICAL AND SLANT END-PLATE CONNECTIONS 

CHARACTERISTICS AT ELEVATED TEMPERATURE 
 
The popularity of end-plate connections is largely owed to their simplicity in fabrication and 
installation. Figure 1 shows the typical conventional (vertical) and slant end-plate 
connections. In general, these connections consist of end-plates that are welded to the ends of 
a beam in the workshop and then bolted to the flange of columns on site. They can be utilised 
with slanted beams and are able to tolerate moderate offsets in the beam to column joints. The 
current study has focused on the slant end-plate connection as a proposed thermal resistance 
connection. The slant end-plate connection is similar to conventional end-plate connections, 
differing only in the inclination angle of the end-plate as shown in Figure 1. In the currently 
investigated experimental tests, the angle of slanting of the end-plate is set to 45o, as it is a 
practical angle for installing bolts into the holes at the top and bottom of the end-plate.  
 
In elevated temperature conditions, when a steel beam is heated, it tends to expand. Therefore, 
if the supports resist this expansion, an additional axial force is generated in the beam. 
Usually, the thermal elongation (∆L) of the steel beams is very small in the elastic range of 
material. Zahmatkesh et al. [17] demonstrated that the use of slant end-plates instead of 
conventional (vertical) connections can lead to a dissipation of the generated thermal axial 
force. Equations 1 to 4 determine the value of axial force (P) in an axially restrained steel 
beam with slant end-plate connections under various loading conditions.  
 
Under symmetric gravity load and before elevated temperature:  
 

cot( )                  (1)
2

i

WL
P     
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Figure 1. Typical (a) Vertical and (b) Slant Bolted End-plate Connections 

 
Under non-symmetric gravity load, before sliding and before elevated temperature:  
 

   cot                   (2)i aWLP     
 
Under non-symmetric gravity load, after sliding and before elevated temperature:  
 

 2 2cos sin
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sin 2
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After elevated temperature for both cases of gravity loads: 
 

 ( ) co t( )    ( 4 )
2

       t m

W L
P   

 
 
where W is the linear uniform gravity load along the length of steel beam (L), a is the slanting 
angle, ø is the friction angle between slant end-plates based on the Coulomb model, and a is 
the distance of the resultant of non-symmetric gravity load to support. The thermal force 
dissipation mechanism involves an upward crawling of the connections inclined surfaces at 
the end of the steel beam as a result of expansion. The behaviour of a restrained steel beam 
with vertical and slant end-plate connections under temperature increase are shown in Figures 
2 and 3, respectively. As shown in Figure 2, after an increase in temperature, the conventional 
(vertical) connections resist against expansion of the beam and it is buckled because the beam 
could not tolerate an extra axial load (Pcr). On the other hand, Figure 3 illustrates that, after an 
elevation in temperature, two inclined supports induce thermal axial force into the steel beam 
through member expansion. However, the two slanted surfaces allow the beam to dissipate 
the thermal axial force and expansion by linear crawling on the two inclined plates. Although 
there is a vertical motion tolerance between the surfaces in the conventional (vertical) end-
plate connections, it is unable to absorb the overall thermal expansion at the two ends of the 
beam in the horizontal direction. This is because the direction of thermal expansion is 
perpendicular to the direction of the moving surface. In the slant end-plate connection, there is 
a slanting tolerance between the surfaces to absorb the thermal elongation of the beam using 
the crawling mechanism over the slanting faces. Therefore, the direction of horizontal 
expansion can be projected to the slanting plane of the connection. 
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Figure 2. Beam with Vertical Bolted End-plate Connection subjected to Temperature Increase  
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Figure 3. Beam with Slant Bolted End-plate Connection subjected to Temperature Increase 
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3.  EXPERIMENTAL STUDY  
 

To validate the results of the analytical method used by Zahmatkesh et al. [17], two cases 
were of interest: i) small-scale and ii) full-scale specimens. Table 1 lists the material 
properties of steel beams used in this study.   
 

Table 1. Material Properties of Steel Beam 

Material 
type 

Yield 
stress 
[MPa] 

Ultimate 
stress 
[MPa] 

Density 
[kg / 
m3] 

Young’s 
modulus 

[GPa] 

Linear 
coefficient 
of thermal 
expansion 

Poisson’s 
ratio 

St37 240 370 7850 200 1.5e-5 0.3 
 
3.1   Small-Scale Specimen 
 
3.1.1  Symmetric gravity load test 
 
The structural responses computed by the analytical approach were first compared with the 
experimental tests on the small-scale specimen. Experimental data were taken from the small-
scale steel beam tests carried out at the Structure Lab of the Universiti Teknologi Malaysia 
(UTM). The geometrical details of the considered structure are shown in Figure 4. The section 
of the specimen was of H shape with a thickness of 1.5 mm. The columns height and the 
beam length were 235 mm and 450 mm, respectively (the middle beam was 350 mm long). 
Figure 5 shows the composition of components used for the small-scale specimen test. The 
structural members of this specimen consist of five separate parts: the beam specimen with 
inclined ends supported by a corbel beam at each end and two columns. These five parts were 
assembled with normal bolts and nuts. To conduct the tests, the beam was detached as a 
separate component from the supporting frame, resembling those of the analytical 
assumptions [17]. 
 

 
 

Figure 4. Geometrical Details of the Steel Beam with Slant End-plate Connection  
for Experimental Study (Small-scale Specimen). All Units are in mm 
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Figure 5. Parts of a Steel Frame with Slant End-plate Connection (Small-scale Specimen) 

 
In line with the primary assumptions, the axially restrained steel beam was connected to the 
end supports by a slider system. As a result, oversize holes with clearance for bolts movement 
were considered for free sliding of the beam on the inclined end-supports, as in the primary 
assumptions. For this reason, four oval shape holes (slot) have been provided for free sliding 
of the beam on the slanted supports. The tightened normal bolts had been restricted for plane 
displacement but they were free for sliding on the inclined supports. Conforming to the 
analytical equations, the friction factor, µs, between two faces of the slant end-plate 
connection was required. Figure 6 shows a basic friction test set-up for determining the 
friction factor between the inclined steel plates. The self-weight of the beam was 6.67 N with 
a connection slanting angle of 45° (θ = 45°). As shown in Figure 6 a 39.22 N weight had been 
placed at the end of the left side beam in the vertical direction. To measure the sliding force, a 
load cell with 5 kN capacity had been located at the side of the beam. A data logger (UCAM-
70A) had been used to measure the corresponding axial force. The static friction coefficient 
was found to be 0.37 (µs = tan φ) from the test. 
 

 

Weight 

Data logger 

Weight

Load cell  

Load cell 

Data logger

Beam 

Sketch of friction test 

Rigid plate

 
Figure 6. Friction test for finding the static friction coefficient (µs)  

between two faces of slant end-plate connection (small-scale specimen) 
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After determining the friction coefficient, the small-scale specimens were tested at room and 
elevated temperatures conditions. The tests were designed with the aim of verifying the 
performance of the slant connection as well as the analytical method. Figure 7 shows the test 
set-up for the small-scale specimen. In the conducted tests, the values of axial force in the 
beam due to elevated temperature and seven symmetric gravity load intensities (6.67 N, 26.29 
N, 45.91 N, 65.53 N, 85.15 N, 104.77 N and 124.39 N) were recorded.  

Thermocouple readings 

Transverse load 

Data logger  

Load cell  

Hot air blower 

Beam 

 
 

Figure 7. Test set-up for Small-scale Specimen under Symmetric Gravity Load 
 

Similar to the friction test, the axial force was recorded with the data logger and a load cell 
located at the end of the beam. To keep the temperature under 100° or within elastic zone 
[18], 10 thermocouples were attached along the beam with the heat source coming from a hot 
air blower placed in the middle of the beam. Note that only some key outcomes of the 
analytical method are considered for comparison with the experimental responses. Figure 8 
shows the relationships between gravity loads and axial forces (Pi and Pt) in the beam for two 
case studies, before and after elevated temperatures. It is evidenced that the analytical models 
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conform acceptably to the outcomes produced by experiments, both before and after 
temperature increase, thus reflecting the consistency of both methods. 
 

 
 

Figure 8. Relationship between Symmetric Gravity Load and induced Axial Force in the  
Beam in Small-scale Specimen (friction factor, μs = tan Φ = 0.37, θ = 45°) 

 
3.1.2   Non-symmetric gravity load test 
 
In the second stage, the small-scale specimen was tested under non-symmetric gravity loads. 
In the non-symmetric load case study, the distance between slant support and the resultant 
vector of gravity load is a.L where L is the length of the beam (Figure 9). Based on Equation 
(5) [19], the values of a factor can be determined for both before and after sliding cases. The 
obtained a factors for the cases before and after sliding were 0.688 and 0.878, respectively. 
 

 
cot(θ )

a         Equilibrium condition before sliding    (5)
cot θ cot(θ )

 


    
 

 
The beam was tested for several incrementally applied non-symmetric gravity loads with 
three sub-cases: before (two cases) and after elevated temperatures. Figure 9 shows the test 
set-up for both cases, i.e., before and after sliding. During the test, the axial force was 
recorded with a force sensor located at the end of the beam that was connected to an interface 
kit system (model 8/8) attached to a computer. The distances from the centre of mass of 
gravity load to the right support were 0.688L and 0.878L, respectively.   
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Beam 
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Phidget software 
for PC 
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(a) 

(b)  
 

Figure 9. Test Set-up at Room Temperature for Two Case Studies  
a) before sliding, a = 0.688 and b) after sliding, a = 0.878 

 
In the case of after elevated temperature, a 10-channel thermocouple set was used for 
measuring the applied temperature with the heat source coming from a hot air blower placed 
in the middle of the beam. The aim was the same, i.e., to measure the axial force in the beam 
for incremental load magnitudes. In compliance with the experiment, the results obtained 
from the analytical approach (the small-scale specimen modelling) were used for comparison. 
Figure 10 shows the relationships between applied non-symmetric gravity loads and axial 
forces in the small-scale specimens for all cases of sliding and temperature conditions. The 
trend exhibited by the experimental test is reasonably similar to that of the analytical method. 
It is apparent that in both methods, the axial force in the beam increased with the non-
symmetric gravity load.  
 
As shown in Figure 10, after the initiation of primary sliding on the inclined surface, an 
increase in temperature did not change the axial force. Because of limitations imposed on the 
experimental study, only some of the important features were chosen for testing (for example, 
it would have been somewhat laborious to change the friction factor to cover all cases). 
Results indicate that the model agrees well with the experimental findings, both with and 
without temperature change. 
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Figure 10. Relationship between Non-symmetric Gravity Load and Axial Force  

in the Small-scale Specimen (friction factor, μs = tan φ = 0.37, θ = 45°) 
 

3.2 Full-Scale Specimen  
 
3.2.1  Symmetric gravity load test 
 
Next, the thermal performance of a full-scale specimen with slant end-plate connections was 
investigated by experimental tests where the direction of supports slanting angle had been 
fixed at 45°. Again, the structural responses computed by the analytical method were used for 
comparison. The geometrical details of the structure are shown in Figure 11. As shown in this 
figure, the main and side beams were of I sections with a thickness of 6 mm for webs and 8 
mm for flanges. The length of the beam was 1800 mm. Figure 12 shows the composition of 
components used for the full-scale specimen test. The structural components of this specimen 
consist of five separate parts: the test beam with slanting ends and two short side beams. 
These five parts were assembled by normal bolts and nuts.  
 
For the tests, the side beams and middle beam were attached as a connected member of the 
whole specimen, similarly to the analytical assumptions. According to the analytical 
hypothesis, the axially restrained steel beam is connected by a sliding connection system. 
Therefore, slot holes were considered in the specimen for free sliding of the beam on the 
inclined supports. 

0

20

40

60

80

100

0 10 20 30 40 50 60 70 80 90 100

A
x

ia
l f

o
rc

e
 in

 th
e

 b
e

a
m

  (
N

)

Applied  non-symmetric gravity  load, W, (N)

Analytical ,Pi,(W), before sliding

Analytical ,Pi,(W), after sliding

Analytical,Ptmax,(W+∆T)

Experimental,Pi,(W), before sliding

Experimental,Pi,(W), after sliding

Experimental,Ptmax,(W+∆T)



67 
Farshad Zahmatkesh, Mohd. H. Osman, Elnaz Talebi, Ahmad Kueh and Mahmood Tahir 

400 400

23 4 34

1

2

66
1775
1755

2

1755

Section 152*89

Section 152*89

Section 152*89

3000

50

1

312212
50

34

100

252100

252
100

300

118

63

118

10

30

24 53 24

10mm

4pc165

212
100

41

10mm15

41

15
56 53 56

40 85

4pc

40

 
 

Figure 11. Geometrical details of the Steel Beam with Slant End-plate Connection  
for Experimental Study (Full-scale Specimen). All Units are in mm 
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Figure 12. Parts of the Steel Beam with 45° Slant End-plate Connection (Full-scale Specimen) 
 
For the current test, the friction factor, µs, between two plates of the slant connection was also 
needed. Therefore, the friction test was again carried out to determine the friction coefficient 
of connections. Figure 13 presents the setting of the friction test based on the Coulomb 
friction concept on the inclined surface. The self-weight of the side beam was 0.08826 kN 
with a connection slanting angle of 45° (θ = 45°). The overall weight on top of the side beam 
was obtained as 0.14164 kN. As shown in Figure 13, a load cell of 1 kN capacity had been 
located at the right side of the beam to measure the value of the sliding force. An automated 
digital data logger (Phidget 4 bridge- interface kit) was used to measure the corresponding 
axial force. The friction test measured a magnitude of 0.42 (µs = tan φ) for the static friction 
coefficient of the inclined surfaces. After finding the friction coefficient, the components of 
the full-scale specimen were installed between two rigid columns that provided fixed-end 
supports, similar to the analytical assumption. The test was carried out at two different 
temperatures, before and after elevated temperatures. In the idealised models in the analytical 
and numerical methods, the value of the elevated temperature was considered uniform. 
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Therefore, in the experimental tests, a steady-state heating trend was employed. The heat 
application was carried out for a few minutes to ensure the uniformity of temperature 
throughout the beam.  

Weight 

Load-cell 

 
 

Figure 13. Friction Test to Determine the Static Friction Factor (µs)  
between the Two Faces of Slant End-plate Connection (Full-scale Specimen) 

 
A series of tests were conducted to verify the analytical outcomes. Figure 14 shows one of the 
typical cases. As shown in this figure, the axial forces were measured by a 5 kN (capacity) 
load cell located at the side beam. The measured values were recorded by a digital data logger 
board (Phidget 4 Bridge) that was linked to a computer. For the heating system, an electrical 
heating element was installed on the web so that the required temperature can be controlled 
by a control box. To keep the temperature within 100 °C or elastic zone [18] , one 
thermocouple set was attached to the main beam. The thermal sensor of this set was 
connected to a digital screen board in the control box so that the maximum temperature for 
the heating system can be imposed. The performance of the steel beam was investigated under 
13 symmetric gravity load intensities (0.215 kN, 0.382 kN, 0.549 kN, 0.828 kN, 1.043 kN, 
1.195 kN, 1.303 kN, 1.503 kN 1.703 kN, 1.903 kN, 2.003 kN, 2.103 kN and 2.203 kN ). The 
results from the experimental studies were compared at certain loadings with the analytical 
models. Figure 15 shows the relationships between applied loads and axial forces in the beam 
at two different thermal conditions: before and after elevated temperatures. It is evidenced 
that the analytical models conform acceptably to the results produced by experiments, both 
before and after temperature increase. 
 
3.2.2  Non-symmetric gravity load test 
 
In the non-symmetric case study, the beam specimen was tested under a group of weights for 
two different load distributions in terms of resultant gravity load location on the beam. With 
the analytical equation (Equation 5) the values of a can be determined for both before and 
after sliding cases for the full-scale specimen: these values were obtained as 0.65 and 0.8, 
respectively. Similarly, the beam was tested for several incrementally applied non-symmetric 
gravity loads with three sub-cases: before (two cases) and after elevated temperature. During 
the test, the axial force was recorded with a force sensor located at the end of the side beam 
and an interface kit system (model 8/8) attached to a computer. The aim was the same, i.e., to 
measure axial force in the beam for incremental load magnitudes. For the current tests, the 
distances from the centre of mass of non-symmetric gravity load to the right support were 
0.65L and 0.8L for the cases of before and after sliding, respectively. The beam of a full-scale 
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specimen was tested at room and elevated temperatures. A thermocouple set was used to 
measure the applied temperature. The heat source from an electrical element was placed in the 
middle of the beam web. The experimental results were compared with the analytical results. 
Figure 16 illustrates a comparison between the analytical and experimental methods based on 
the relationships between applied non-symmetric gravity loads and the axial forces in the steel 
beam, for various sliding and thermal conditions. 
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Figure 14. Test Set-up for full-scale Specimen with  = 45° under Symmetric Gravity Load 
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Figure 15. The Relationship between Symmetric Gravity Load and Axial Force  
in the Beam for Full-scale Specimen (friction factor, μs = tan Φ = 0.42, θ = 45°) 

 

 
 

Figure 16. Relationship between Non-symmetric Load and Axial Force  
in the Full-scale Specimen (friction factor, μs = tan φ = 0.42, θ = 45°) 
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In the experimental study, two specimens with different sizes were designed to verify the 
primary hypothesis on the performance of the proposed connection. On the other hand, 
structural behaviour was simulated and examined by an analytical approach. Equation 6 is 
adopted to determine the comparison ratio of analytical to test results where P is the measured 
axial force under various boundary conditions such as Pi or Pt and n is the number of tests 
under various gravity loads.   
 

( )

( )

1
                                                (6)

 
  

i

i

average ratio

Analytical

test

i

P

n P
R

n


 
  
  

 
 
The comparison ratio for the small-scale specimen is 0.97 under symmetric gravity load only. 
However, after an increase in temperature, this ratio is computed as 1.08. Under non-
symmetric gravity load, the ratio ranges from 1.00 to 1.02. From the full-scale specimen, the 
comparison ratios are between 0.96 and 1.09.  
 
 
4. CONCLUSION  
 
In this research, a series of experimental tests was conducted for steel beams with a 45° 
slanting angle of end-plate connection to validate the results obtained from the analytical 
approach, where two sets of specimens were fabricated for tests: a small-scale and a real-scale 
physical models.  
 
The test results were in consistency with those of analytical for both the small-scale and real-
scale specimens within an acceptable range of agreement. Therefore, the models can predict 
satisfactorily the behaviour of a steel beam with slant end-plate connections in various 
boundary conditions.  
 
It is concluded that the axial load-bearing capacity of a steel beam under symmetric gravity 
load is higher than that under non-symmetric load at room temperature. On the other hand, the 
axial load-bearing capacity of this beam is identical under elevated temperature conditions for 
both symmetric and non-symmetric gravity loads. 
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ABSTRACT: Presence of residual stresses can significantly influence the stiffness and fatigue life of steel structures. 
The extent of residual stress that develops in welded box-shaped sections at room temperature is extensively studied. 
However, there is limited data on the development of residual stresses after fire exposure. Such fire exposure has 
great influence on the residual stress distribution due to temperature induced plastic deformation and creep strains in 
steel. In order to provide benchmark data for the theoretical models and post-fire design recommendations, this paper 
presents results from an experimental investigation on the post-fire residual stresses in welded box-shaped sections. 
The tests are carried out by sectioning method, and two types of commonly used steels, mild Q235 steel with a 
nominal yield stress of 235MPa and high strength Q460 steel with a nominal yield stress of 460MPa are considered. 
The residual stresses were evaluated after exposing the specimens to 200℃, 400℃, 600℃ and 800℃and cooling 
down to room temperature. Data from the tests clear show that the residual stresses decrease significantly with 
increase in specimen temperature. Further, results from the tests are utilized to propose simplified relations for 
temperature induced residual stresses in welded box-section of Q235 and Q460 steels. 
 
Keywords: Residual stress, mild Q235 steel, high strength Q460 steel, high temperature, box-section 
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1.  INTRODUCTION 
 
Steels used in construction applications are classified into different categories based on chemical 
composition, tensile strength properties, and fabrication process as carbon steels, low-alloy steels, 
heat-treated carbon steels, and high strength steels. Recent years have seen an increasing demand 
for high strength steels in construction applications due to superior properties of these steels, 
namely; high yield strength, good welding ability and corrosion resistance. Of these high strength 
steels, Q460 (with nominal yield strength of 460MPa) steel welded box-sections, as well as mild 
Q235 (with nominal yield strength of 235MPa) steel welded box-sections, are widely used as 
compression elements in steel structures. 
 
A structural steel member is most often not stress free initially, but is under built-in residual stresses 
induced during its manufacturing or welding process. Residual stresses in steel sections are stresses 
which exist due to uneven cooling or due to cold forming during fabrication process. These residual 
stresses are defined as internal stresses in an externally unloaded member and are therefore in 
internal equilibrium at cross-section, leading to instability condition in a structure. The presence of 
such residual stress can cause premature yielding and loss of stiffness. In practice, for critical 
welded steel member, post-weld heat treatment is often used and it is a stress relieving process 
whereby residual stresses are reduced by heating the whole structure to 550–650 °C for a preset 
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time depending upon the plate thickness. The main aim of post-weld heat treatment is to relieve the 
residual stresses induced by the welding process. 
 
For simulating the response of a structural member, proper residual stress distribution is to be 
incorporated in order to evaluate accurate response. The residual stress distribution in a welded 
box-section is characterized by tensile residual stresses (+) at the weld ends and compression (-) at 
the middle of webs and flanges. The typical distributions of compressive and tensile residual 
stresses at ambient temperature are illustrated in Figure 1. The magnitude of the residual stresses in 
these welded box-shapes not only depends on the filler weld size and welding speed, but also 
depends on the steel type and thickness of steel plates. 
 
In the last few decades, there have been numerous studies on the magnitude and distribution pattern 
of residual stresses in welded mild carbon steel sections [1]. Since the stress–strain curves and 
high-temperature properties [2] of high strength steel (HSS, yield strength≥460 MPa) are different 
from that of mild carbon steel, it is hypothesized that the residual stresses in a HSS section to be 
different from that in a mild carbon steel section.  
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(a) Parabola curve distribution       (b) Linear distribution 

 
Figure 1. Typical Residual Stress Pattern in Welded Box Sections 

 
In recent few years, the residual stress in welded high strength steel box section has called more 
attention to the researchers. In 2012, Wang and Li [3] measured the residual stresses of three 
welded flame-cut box-section columns with a nominal yield strength of 460 MPa by both 
sectioning and hole-drilling methods. In 2013, Ban et al. [4] also tested the residual stresses of 
welded flame-cut box-section columns with a nominal yield strength of 460 MPa by sectioning 
method. In 2015, Li et al. [5] measured the residual stress in welded high strength Q690 steel box 
sections, and proposed a distribution pattern. Ma et al. [6] investigated the residual stresses both in 
longitudinal and transverse directions on three hollow sections using wire-cutting method. In 2016, 
Khan et al. [7] investigated the induced residual stress distributions in square welded sections 
fabricated from 690 MPa high strength steel plates with single and multiple weld passes. 
 
All the above reported studies have focused on the residual stress of welded box-shaped sections at 
ambient conditions, and there is limited research on post-fire induced residual stresses besides the 
one conducted on H-shaped sections by authors as a preliminary study on post-fire residual stress 
[8]. Results from this preliminary study showed that the welded H-shaped sections after high 
temperature exposure exhibit different residual stress distribution due to temperature induced 
plastic and creep deformations in steel. Further the residual stresses also influence the load carrying 
capacity of steel members after fire exposure. In order to accurately evaluate the post fire residual 
capacity of steel members, the magnitude of residual stress in steel sections is to be known. For this 
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purpose, a comprehensive study on the residual stress distribution in welded box-shaped sections 
after high temperature exposure was undertaken. As part of this study, a series of tests were carried 
out to measure post fire residual stress after exposure to various temperatures in welded box-shaped 
sections, made of Q235 steel and Q460 steel. Using this residual stress data, two residual stress 
distribution models are proposed for evaluating temperature induced residual stresses in mild Q235 
steel and high strength Q460 steel box-sections. 
 
 
2.   MATERIAL PROPERTIES 
 
Two steels commonly used in construction, mild Q235 steel and high strength Q460 steel, were 
selected for fabricating welded box-shaped section. In order to determine the mechanical properties 
of these steels at room temperature, tensile strength test were carried out by utilizing a typical 
tensile strength testing machine. Tension coupons were cut from the same parent plates, with 
nominal thicknesses of 8 mm, from which the residual stress test specimens are fabricated. The 
cutting direction was perpendicular to the rolling direction according to GB/T 2975‐1998 [9]. An 
extensometer was fixed at the mid-length of each tension coupon to obtain longitudinal strains for 
accurate determination of elastic modulus. The linear variable displacement transducer (LVDT) 
inside the universal testing machine also recorded the displacement between the two clamps after 
the extensometer was removed when the strain reached 5%. The tension coupons were tested in 
accordance with GB/T 228-2002 procedure [10].  
 
Table 1 shows test results for 8 tension coupons, where fy is the yield stress, fu is the ultimate tensile 
stress, Δ is the percentage of elongation after fracture and E is the Young's modulus. The 
stress–strain curve is generated utilizing extensometer data and the LVDT data and is plotted in 
Figure 2. It can be seen that the Q460 steel, does not exhibit same level of ductility and strain 
hardening as that of mild carbon Q235 steel. These different properties are likely to result in the 
difference of residual stresses between welded mild steel sections and high strength steel sections. 
The reduction factors for elastic modulus after exposure to different temperatures were derived 
based on recommendations documented in Ref. [11]-[12].  
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Figure 2. Stress-strain Curves of Q235 Steel and Q460 Steel 
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Table 1. Mechanical Properties of Q235 Steel and Q460 Steel 
Coupon No. fy /MPa fu /MPa Δ /% E /GPa 
Q235-1 300.5 451.5 19.5 204.125 
Q235-2 314.8 453.2 19.9 203.974 
Q235-3 303.6 444.0 20.1 203.829 
Mean value 306.3 449.6 19.8 203.976 
Q460-1 539.3 609.5 13.5 208.792 
Q460-2 534.6 615.1 14.8 207.189 
Q460-3 527.2 595.8 16.8 206.509 
Q460-4 551.6 620.1 13.2 210.379 
Q460-5 537.7 614.9 12.9 209.843 
Mean value 538.1 611.1 14.2 208.542 

 
 
3.   TEST PROGRAM 
 
A comprehensive test program was designed to undertake residual stress measurements after 
exposing welded box-shape section to high temperature conditions. The tests were carried out in 
two stages, namely, heating and cooling stage, on stub columns in an electric furnace, and then 
measurement of residual stress in specimens after post-temperature exposure condition, as well as 
at ambient temperature, by means of sectioning method. 
 
3.1 Method of Measurement 
 
Both destructive and non-destructive methods are adopted for determining residual stresses in 
structural members. X-ray, neutron or electron diffraction, ultrasonic methods and magnetic 
methods are grouped under non-destructive methods [13]. Sectioning method, grouped under 
destructive method, and commonly used for measuring residual stresses in structural steel members, 
was adopted to measure residual stresses in the current study. 
 
3.2   Test Specimens 
 
The residual stress distribution in stub columns fabricated with welded box-section is investigated 
in this study. The dimension of steel box sections used for tests are �200 mm× 200 mm × 8 mm× 8 
mm, and the columns were fabricated with mild Q235 steel and high strength Q460 steel. The filled 
weld leg is of 8 mm thickness. For the welding, manual metal arc welding was used, and the 
shielding gasses were of CO2. The voltage of the welding gun was 25V, the amps were 230A and 
the welding velocity was about 35 cm/min. The filler wire type for welding was JM-60, with yield 
strength of 545MPa, and elongation after fracture at 25%. The welding procedure as per Chinese 
standard JGJ81-2002 [15] was followed. The columns were of 1000 mm length and were 
cold-sawed into three segments in order to minimize end effects on residual stress results. Only the 
middle segment, with a length of 280 mm, was used to measure the residual stress (as shown in 
Figure 3a). A total of 10 specimens were prepared for tests (shown in Figure 3b). Two specimens 
were tested at room temperature (labeled as �235-20 and �460-20) and the remaining eight 
specimens (labeled as �235-200, �235-400, �235-600, �235-800, �460-200，�460-400，�460-600 
and �460-800) were tested after exposure to four target temperatures, namely 200Ԩ, 400Ԩ, 600Ԩ 
and 800Ԩ. A unique label identification system is adopted for the specimens. For example, 
�235-400, where � denotes the section shape, the next three digits represent steel nominal yield 
strength in N/mm2, and the following three digits refer to the target temperature. 
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Figure 3. Dimension and Photo of Test Specimens 
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(a) Furnace and layout of specimen          (b) Hand-held strain gauge for measuring strains 

 
Figure 4. Test set-up for High Temperature Exposure and Measurement 

 
3.3   Test Set-Up 
 
The test set-up comprised of an electric furnace (as shown in Figure 4a), a wire-cutting machine 
and a hand-held strain gauge (as shown in Figure 4b). The electric furnace consists of a cylindrical 
chamber with a maximum heating length of 1500 mm, and is capable of generating temperatures up 
to 1,100 Ԩ at a pre-specified rate of temperature rise. Two built-in thermocouples are mounted 
inside the specimen to measure temperatures at upper and lower zone of middle segment of 
specimens and the average readings of these two thermocouples is taken as the specimen 
temperature.  
 
3.4  Test Procedure 
 
The following procedures were adopted for undertaking tests on specimens. 
 
(1) Fire exposure 
 
An electric furnace was utilized to heat the specimen to a specified target temperature as described 
above. In an actual fire incident, the time-temperature growth in a steel member, both during the 
heating and cooling stages of a fire, can be highly variable. In this study, however, only one 
time-temperature exposure was considered, in which the section is heated to a target temperature 
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and then cools down naturally in air. The time-temperature curves, the specimens were subjected to 
during the heating phase and cooling phase is plotted in Figure 5.  
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(a) Target temperature of 200-400Ԩ                   (b) Target temperature of 600-800Ԩ 

 
Figure 5. Temperature-time Curve of Specimen during Fire Exposure 

 
(2) Gauge holes drilling 
 
Before drilling gauge holes, the specimens were cleaned to remove any rust deposited on the 
surface of steel by polishing the surface (shown in Figure 6a). After cleaning, cutting lines were 
drawn on the surface to mark the boundary of strips and a sign is marked on each strip. The 
dimension of each trip is shown in Figure 3a. In order to compensate any influence of temperature 
variation on the measured strain, a reference bar was fabricated to consider the strain induced by 
temperature variation. Finally, gauge holes were drilled on the sectioned segment with a strain 
gauge length of 250 mm. 
 

               

    (a) Dust cleaning on strips            (b) Gauge hole cleaning 
 

Figure 6. Photos of Specimen Strips Cleaning 
 
(3) Gauge length measurement 
 
Any dust accumulated on the gauge holes was cleaned (shown in Figure 6b), and then the length of 
standard strips, temperature compensating strips and the distance between gauge holes were 
measured. Average of three measurements was taken as the finial value. Utilizing the difference of 
standard trip and temperature compensating segment and sectioned strips, the length of temperature 
compensating segment and gauge holes was calculated. When the difference of three measurements 
exceeded 0.015 mm, the measurements were abandoned and re-measurements were taken. 
Otherwise, the average value of three measurements was taken as the gauge length of temperature 
compensating segment (LT1) and sectioned trips (L1).  
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(4) Cutting of strips 
 
The column was cut into three segments along the lines on the surface of the column, and then the 
sectioning segment was cut into many strips. Finally, the coolant on the surface and gauge holes of 
strips was cleaned. 
 
(5) Gauge length measurement after sectioning 
 
Similar to the procedure used in step (2), the distance between two gauge holes on each strip and 
the length of temperature compensating segment was measured again to obtain the new length after 
the residual stresses release and temperature change. The average value of three measurements was 
taken to be the gauge length of temperature compensating segment (LT2) and sectioned trips (L2). 
 
(6) Residual stress calculations 
Based on the measured results in step (2) and (4), the strain of temperature compensating segment 

was obtained as  2 1 1/T T T TL L L   ; and the strain in strip was calculated as  2 1 1/L L L   . The 
bending deformation in the strip was modified using the following equation: 
 

2 4( ) /(6( ) 1)f l f l                                                           (1) 
 
where f is deflection in strips at mid-span and l is length of the strip. 
 
The strain generated by residual stress release was obtained by subtracting temperature 
compensating strain from the total strain of strip, as r T    . According to Hooke’s law, the 
residual stress on each trip was obtained as r =E r  . 
 
 
4.   TEST RESULTS AND COMPARISON 
 
Data generated from above tests was utilized to develop residual stress distribution of box-shaped 
steel sections made of Q235 steel and Q460 steel, after exposure to various temperatures. 
 
4.1 Test Results 
 
The difference in the length of each strip measured before and after sectioning was utilized to 
evaluate the residual stress as the product of released strain and elastic modulus and the resulting 
stresses is plotted in Figure 7, both for mild Q235 steel and for Q460 steel specimens. It can be 
seen from the figure that the residual stress in Q460 steel section is higher than that in Q235 steel at 
room temperature or after exposure to a given temperature. This can be mainly attributed to the fact 
that the mechanical properties of these two steels are different and higher the nominal yield strength 
of steel is, the higher the residual stress that develops. In addition, with increase in exposure 
temperature, the magnitude of residual stress decreases, irrespective of type of steel (Q235 or 
Q460). 
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(a) At room temperature (Q235 steel)    (b) At room temperature (Q460 steel) 
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(g) After exposed to 600Ԩ (Q235 steel)   (h) After exposed to 600Ԩ (Q460 steel) 
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(i) After exposed to 800Ԩ (Q235 steel)   (j) After exposed to 800Ԩ (Q460 steel) 

 
Figure 7. Residual Stress in Q235 and Q460 Steel Welded Box-shaped Sections  

after Exposure to Different Temperature 
 
4.2  Comparison of Residual Stress Ratio 
 
In order to compare variation of residual stresses in Q235 and Q460 steel specimens, the ratio of 
maximum residual stress to nominal yield strength at room temperature and after exposure to 400Ԩ 
are plotted in Figure 8. This comparison clearly shows that, the ratio of maximum residual stress to 
nominal yield strength for Q235 steel is higher than that for Q460 steel. For example, the tensile 
residual stress ratio decreases from +1.10 to +0.94 for flanges and from +0.45 to +0.32 for webs at 
room temperature. It is well established that the residual stress to yield strength ratio, rather than 
the magnitude of residual stress, influence the global and local buckling behavior of steel members. 
Therefore, the member's ultimate capacity will benefit from the improvement in strength of steel. 
This conclusion was also reached in reported test results [3]. 
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(a) At room temperature                   (b) After exposed to 400Ԩ 

 
Figure 8. Comparison of Ratio of Maximum Residual Stress to Nominal Yield Strength 

 
4.3   Comparison of Reduction Factors 
 
In order to evaluate the effect of fire exposure on the magnitude of residual stress in welded steel 
sections, reduction factor of residual stresses, 1-4, are plotted in Figure 9. This reduction factor is 
defined as the ratio of maximum residual stress (corresponding to tensile or compressive residual 
stress in flange and web, respectively) after fire exposure to that at room temperature. Data in 
Figure9 indicate that the reduction factor for residual stress decreases with increased exposure 
temperature. Moreover, the magnitude of reduction factor in flange and web, for both types of steel, 
decrease in a similar trend. Taking the temperature of 600Ԩ as an example, the reduction factor is 
about 20% for both Q235 steel and Q460 steel specimens. 
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(a) Q235 steel                             (b) Q460 steel 

 
Figure 9. Reduction Factor of Residual Stress in Welded Box-section 

 
4.4   Comparison with Other Tests 
 
Since direct comparison with the residual stress pattern for the welded box-section after fire 
exposure was not available, welding residual stress after heat treatment was tested by Jiang et al. 
[16]. In the test, the specimens made of RQT701 steel with nominal yield stress of 690MPa were 
put into a furnace for heat treatment. The temperature history during thermal treatment process for 
test specimens is shown in Figure 10. As can be seen from the figure, the maximum temperature 
attained in test specimen is approximate 600Ԩ. Therefore, the residual stress of specimen after heat 
treatment is compared with the results of specimen after being exposed to 600Ԩ and it is plotted in 
Figure11. The comparison indicates that the reduction factor of residual stress after heat treatment 
(RQT701 steel) is higher than that after fire exposure to 600Ԩ (Q235 and Q460 steel). The can be 
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attributed to the fact that the welded steel plate used in the test by Jiang et al. [16] is 16mm in 
thickness, which much thicker than the 8 mm thick plate used in this paper. In addition, the 
comparison also indicates that the high temperature exposure is as effective to reduce residual 
stress as heat treatment. 
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Figure 11. Comparison of Residual Stress after High Temperature Exposure  
and after Heat Treatment 

 
The measured residual stresses in Q460 steel welded box-section at room temperature is also 
compared with the available residual stress reported in literature [4] for a similar section dimension, 
which is B1501501013. The comparison in Figure 12 shows that the distribution patterns are 
quite similar between different thicknesses of steel plate. However, the maximum magnitude of 
residual stress for section B20020088 is higher than those for B1501501013. This may be 
attributed to the fact that the filled weld leg is similar (8mm) even through plate thickness are 
different. For the thicker plate, the heat input during welding are relatively higher than that for 
thinner one. Consequently, it can be concluded that the thickness of plate and filled weld leg have 
significant effect on the maximum residual stress that develops. 
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Figure 12. Comparison of Residual Stress in Welded Box Section with Different Plate Thickness 
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5.   ROPOSED RESIDUAL STRESS RELATIONS 
 
The above comparison clearly indicates that grade of steel and exposure temperature play a critical 
role in determining residual stress distribution in welded steel sections. Thus these two factors are 
to be accounted for in evaluating residual stress distribution. A simplified relation is developed for 
accounting these two critical factors in evaluating residual stress. Due to complexity and significant 
effort involved in undertaking tests at various temperatures for each specimen type, only one cross 
section was considered in the test. As discussed in section 4.4, the thickness of plate also has some 
moderate influence on the magnitude of residual stress. Therefore, the residual stress model 
proposed here is applicable only to box-shaped sections of comparative thicknesses used in the test. 
In practice, steel plates of 6 mm to 10 mm thickness are used. 
 
5.1 Residual Stress Pattern 
 
For developing simplified relations for temperature induced residual stress of welded steel sections, 
equation proposed by Ban et al. [4] for room temperature residual stress formed the basis and are 
modified to account for temperature dependent influencing factors. The distribution pattern is 
symmetrical about the two axes due to the equilibrium of both axial force and bending moment 
within the section (as shown in Figure 13). The magnitude of stresses was labeled as follows: 
constant tensile stress in flanges σfrt, constant compressive stress in flange σfrc, constant tensile 
stress in webs σwrt and constant compressive stress in web σwrc. The multiple stepped functions of 
the distribution shape in flanges σfr(x) and webs σfr(y) are described in Eq. 2 and Eq. 3, respectively. 
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Figure 13. Proposed Distribution Mode of Residual Stress 
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where 0 / 20a t B  ; 2 2c B a b   ; 6w fd t h  ; 0 / 20e H ; 0 2 2g h e f   ; 1=frc yf  ; 

t 2=fr yf  ; w 3=rc yf  ; w t 4=r yf  ; For Q235 steel: 1=3=0.375, 2=1.0; For Q460 steel: 

1=0.25, 2=0.9, 3=0.20; b and f can be determined according to equilibrium of residual stress 
across the entire section. 
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To incorporate the fire exposure effects, the maximum magnitude of residuals stress at room 
temperature are modified to account for effect of fire exposure, through four coefficients 1 to4. 
The results of test data reported in this paper were used to generate value of these coefficients for 
proposed models (as shown in Table 2).This way the proposed equation accounts for effects of steel 
type (Q235 and Q460) and temperature exposure (20-800Ԩ). Then the modified equation is 
extended to predict residual stress by establishing an equivalency between room temperature and 
after high temperature exposure. 
 

Table 2. Comparison of Measured Stress Coefficient from  
Proposed Model with Test Data for Specimens 

Steel 
type 

Exposure 
temperature /Ԩ 

1 2 3 4
Test Model Test Model Test Model Test Model

Q235 
steel 

200Ԩ 0.988 0.95 0.779 0.95 0.923 0.95 0.843 0.95 
400Ԩ 0.492 0.75 0.850 0.75 0.562 0.75 0.905 0.75 
600Ԩ 0.120 0.25 0.236 0.25 0.173 0.25 0.143 0.25 
800Ԩ 0.042 0.15 0.131 0.15 0.117 0.15 0.046 0.15 

Q460 
steel 

200Ԩ 0.821 0.95 0.974 0.95 0.948 0.95 0.789 0.95 
400Ԩ 0.584 0.65 0.454 0.65 0.541 0.65 0.649 0.65 
600Ԩ 0.191 0.20 0.060 0.20 0.210 0.20 0.111 0.20 
800Ԩ 0.084 0.10 0.008 0.10 0.077 0.10 0.111 0.10 

 
5.2  Validation of Proposed Relations 
 
In order to examine the validity of the above developed residual stress relation, the test data 
presented in this paper is selected for validation. Predicted residual stress in flange and web are 
compared against measured data on test specimens. Figure14 and Figure 15 present a comparison 
of predicted and measured residual stress for Q235 steel sections and Q460 steel sections, 
respectively. It can be clearly seen that there is a good agreement between the predicted and 
measured residual 
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(d) After exposed to 600Ԩ 
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(e) After exposed to 800Ԩ 

Figure 14. Comparison of Residual Stress from Proposed Model  
with Test Data for Q235 Steel Box-section Stress 

 
Hence, it can be inferred that the proposed residual stress relation is capable of reasonably 
capturing residual stress distribution in welded box-section, both at room temperature and after 
exposure to elevated temperatures. 
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Figure 15. Comparison of Residual Stress from Proposed Model  
with Test Data for Q460 Steel Box-section 

 
 
6.  CONCLUDING REMARKS 
 
A total of 10 box-shaped stub columns, made of mild Q235 steel and high strength Q460 steel, 
were tested to evaluate residual stress at ambient and after high temperature exposure. The 
specimens were heated to a target temperature and then allowed to cool down naturally. Through 
these tests the residual stress in different specimens was evaluated. Based on the results from 
residual stress measurements, the following conclusions can be drawn. 
 
(1) The exposure temperature has significant influence on the magnitude of welding residual stress, 
and the level of residual stress decrease with an increase in peak exposure temperature. 
 
(2) The residual stress decreases sharply once the exposure temperature exceeds 400Ԩ. Further, the 
residual stress decreases to 10% of that at ambient conditions when the exposure temperature 
reaches 800Ԩ. 
 
(3) The temperature induced residual stress in high strength steel (Q460) sections follow the same 
trend as that in mild steel (Q235) section.  
 
(4) The proposed residual stress relations compares well with test data and can be used to predict 
temperature induced residual stress in box-sections with plate thickness varying from 6mm to 
10mm. 
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1.  INTRODUCTION 
 
Shell structures and steel frames made up of thin-wall members are commonly used in civil and 
structural engineering. Generally, it needs huge computer time to analyze a structure by finite shell 
elements compared with beam-column elements, especially in nonlinear analyses. Thus, the 
development of shell elements with high performance as well as the co-rotational framework with 
improved computational efficiency continuously attracts the attention of many researchers. 
 
There are three common methods based on the Lagrangian kinematic description for geometrically 
nonlinear analyses, i.e. total Lagrangian (TL), updated Lagrangian (UL) and co-rotational 
approaches. The last method is latest and attracts more attention than the others recently due to its 
simplicity and efficiency. The basic idea of the co-rotational method is that the total motions of an 
element can be divided into two parts, including the rigid body motions and the pure deformations. 
To decompose them, a local frame is attached to and co-rotated with the element. Then, the 
translations and rotations of the local frame are taken as the rigid body movements, while the 
deformations of the element produced in the local frame are regarded as the pure deformations. In 
reality, the classification of the Lagrangian kinematic descriptions for geometrically nonlinear 
analysis is not absolute. The co-rotational approach can be incorporated with either the total 
Lagrangian (TL) or the updated Lagrangian (UL) formulations. In the following, some research 
works related to the co-rotational description are discussed. 
 
The co-rotational approach was firstly introduced by Wempner [1] and further developed by 
authors (Belytschko and Hsieh [2]; Belytschko et al. [3]). After almost 50 years’ development, 
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many versions of co-rotational approaches have been proposed for different kinds of finite elements. 
The difference of them lies in the treatment of large rotations, simplification of procedure, 
derivation of geometrical stiffness, definition of local coordinate system, consideration of large 
strains and so on. The concept of “element-independent co-rotational (EICR) formulation” was first 
introduced by Rankin and Brogan [4] in 1986. By this formulation, the existing linear finite 
elements can be easily extended to geometrically nonlinear analysis. Basically, the property of the 
element-independence comes from that the geometrical stiffness formulated by local coordinates 
and nodal internal forces at current configuration is explicit, so there is no need to conduct 
numerical integration over the element. The geometrical stiffness is independent of the local 
element and therefore any linear element can be extended to geometrically nonlinear analysis with 
this co-rotational algorithm. Rankin and Brogan [4] presented the EICR algorithm as a general 
framework, then authors (Rankin and Nour-Omid [5]; Nour-Omid and Rankin [6]) pointed out that 
the element-independent approach presented in reference (Rankin and Brogan [4]) cannot keep the 
internal force filed self-equilibrium and further proposed a projector operator to improve its 
performance. In addition, due to the non-additive nature of large rotations in a three-dimensional 
space, a pertaining transformation matrix was presented in reference (Nour-Omid and Rankin [6]). 
The detailed derivation of the EICR method also can be found in references (Crisfield [7]; Felippa 
and Haugen [8]), in which Felippa and Haugen [8] introduced several related techniques, such as 
the mathematics of finite rotations, the fitting methods to satisfy invariance to nodal ordering and 
so on. The pertaining studies and applications for shell elements also can be found in references 
(Pacoste [9]; Skallerud and Haugen [10]; Eriksson and Pacoste [11]; Battini and Pacoste [12]; 
Battini and Pacoste [13]). Another similar co-rotational procedure used for a flat triangular shell 
element was proposed by authors (Levy and his co-workers Levy and Gal [14]; Gal and Levy [15]; 
Levy and Spillers [16]), in which the derivation of the geometrical stiffness matrix is derived with 
the load perturbation of the linear equilibrium equations in its local coordinates system. 
 
Crisfield and Moita [17] presented a unified co-rotational framework for solids, shells and beams, 
which has strong links with the work done by Nour-Omid and Rankin [6] and inherits the merit of 
element-independence. It can be regarded as a simplified version since some terms are omitted in 
the derivation of the internal forces and the tangent stiffness. In addition, Crisfield et al. [18] 
pointed out that the co-rotational technique is restricted in the local element with small strains and 
can be extended to problems with large strains, in which the local element adopted Biot-stress 
formulation. Similar to this simpler co-rotational framework, Izzuddin [19] defined a new local 
co-rotational system and adopted vectorial rotation for quadrilateral shell elements, through which 
not only the invariance to node ordering but also a symmetric tangent stiffness matrix can be 
achieved. Pertaining studies on shell elements with this co-rotational framework were also 
presented in references (Li and Vu-Quoc [20]; Li et al. [21]; Li et al. [22]; Li et al. [23]; Li et al. 
[24]; Izzuddin and Liang [25]; Li et al. [26]). 
 
Also, the co-rotational concept can be integrated with the TL or UL formulation, in which the local 
tangent stiffness matrix is still obtained through the standard TL or UL formulation described by 
Bathe [27], while the internal forces are evaluated by the co-rotational approach. For example, 
based on the geometrically nonlinear flat triangular shell element proposed by Bathe and Ho [28] 
which is restricted to small rotations between two load steps, Hsiao Kuo-Mo [29] removed the 
restriction by using the co-rotational approach to eliminate the rigid body motions of the element 
and get the internal forces. The similar studies of the co-rotational TL or UL formulation for shell 
elements also can be found in references (Jiang et al. [30]; Hsiao [31]; Tang et al. [32]). 
 
The pure deformational method, also called natural mode method, was firstly proposed by Argyris 
et al. [33] in the late 1960s, in which the pure deformation modes are separated from the rigid body 
movements of the local element. This method has substantial computational advantages, since, 



           A Co-Rotational Framework for Quadrilateral Shell Elements based on the Pure Deformational Method               92 

when the rigid body movement is removed, the quantities based on the basic coordinate system are 
less and the formulation is simpler. The pure deformation method has been widely used in the 
derivations of beam-column elements. Taking a two-node beam-column element in a plane for 
example, it has three degrees of freedom (two rotations and one translation) per node and then 
produces a 6×6 singular stiffness matrix. However, if using the pure deformational method, the 
element only has three degrees of freedom (two rotations and one translation) and deduces a 3×3 
non-singular matrix with simpler expression. Thus, the benefits of the pure deformational method 
are remarkable. Furthermore, it is an element-independent approach and can be applied to many 
kinds of beam-column elements. For instance, Chan [34] investigated a cubic beam-column 
element with second-order effect in the large deflection analysis; Chan and Zhou [35] proposed a 
fifth-order polynomial beam-column element with second-order effect; Tang et al. [36] presented a 
cubic beam-column element allowing for shear deformation and second order effect simultaneously; 
similarly, the stability function can be derived through the pure deformational element model as 
investigated by Chan and Gu [37]. The studies of the pure deformational method for shell elements 
are also useful, but rare, which motivates the authors to explore. And the related work for flat 
triangular shell elements was also proposed by authors (Tang et al. [38]). 
 
In this paper, a novel pure deformational method for quadrilateral shell elements is proposed. 
Unlike beam-column elements, the pure deformational formulation becomes more complicated in 
shell elements. To construct a flat quadrilateral shell element, significant attention should be paid to 
the warping phenomenon which is taken into accounted in this study. In addition, a novel 
co-rotational framework for quadrilateral shell elements in the geometrically nonlinear analysis is 
proposed. This new framework belongs to the EICR algorithm and is consistent with the pioneering 
work done by authors (Nour-Omid and Rankin [6] and Levy and Gal [14]). Unlike the previous 
studies, the proposed co-rotational algorithm is on the basis of the proposed pure deformational 
method. The outline of the paper is arranged in the following. The pure deformational formulation 
of the flat quadrilateral shell element consisting of a membrane and a plate element is proposed in 
Section 2. Then, the novel EICR algorithm integrated with the pure deformational method is 
detailed in Section 3. Finally, Section 4 shows several benchmark problems to verify the accuracy 
of the proposed co-rotational framework with a typical flat quadrilateral shell element for 
geometrically nonlinear analysis. 
 
 
2.  PURE DEFORMATION SHELL ELEMENT MODEL 
 
The pure deformational element model is constructed on the basic coordinate system and its 
stiffness matrix should get rid of the restrained degrees of freedom. To assemble the global stiffness 
matrix, it requires two-step transformations. The first step is the transformation from a basic 
coordinate system to a local coordinate system, while the second step is the transformation from a 
local coordinate system to a global coordinate system. The second transformation can follow a 
standard procedure in the literature or textbooks, while the first transformation is new and will be 
firstly introduced in this section. 
 
2.1  Local and Basic Coordinate Systems 

As shown in Figure 1, XYZ refers to the global coordinate system while xyz is the local coordinate 
system. In the local coordinate system, the origin is located at node 1, and the local x-axis is aligned 
to side 1-2 of the shell element, with the local z-axis being the normal of the plane 1-2-4. To 
consider the warping phenomenon, it is convenient to make the nodes 1, 2 and 4 coplanar and 
therefore the warpage happens at the node 3 only. 
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Figure 1. Local Coordinate System 
 

With known the global coordinates of the 4 corner nodes of the shell element,  T

i i i iX ,Y ,ZX , 

i=1,2,3,4, the three triad vectors of the local coordinate system can be given by, 
 

2 1

2 1
x


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
X X

e
X X

 (1a) 

 

4 1

4 1
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( )
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z
x

 


 
e X X

e
e X X

 (1b) 

 

y z x e e e  (1c) 

 
and then the transformation matrix from local to global system can be expressed as, 
 

T

x y z  =T e e e  (2) 

 
The local coordinates of the four corner nodes can be obtained as, 
 

 1i i -=x T X X  (3) 

 

in which  T

i i i ix , y ,zx , i=1,2,3,4. Although this definition of the local coordinate system brings 

nodal ordering dependency, it can be applied to many cases except for some stability problems with 
symmetry (Battini and Pacoste [12]). More importantly, this definition is convenient to establish the 
basic coordinate system corresponding to the pure deformational element model. 
 
There is no difference in nodal coordinates between the local and basic coordinate systems. 
However, the displacement vector and the internal force vector should remove the entries related to 
rigid body motions when the shell element degenerates from the local coordinate system to the 
basic one. 
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According to Eq. (3) and considering warping phenomenon at the node 3, the nodal coordinates in 
both the local and basic coordinate systems are given by, 
 

1 2 2 3 3 3 3 4 4 4{0,0,0} , { ,0,0} , { , , } , { , ,0}T T T Tx x y z x y= = = =x x x x  (4) 

 
where the six zero entries in Eq. (4) mean that the corresponding degrees of freedom are restrained 
in the basic coordinate system. 
 
The displacement vector u and the internal force vector f of the shell element in the local 
coordinate system are represented by, 
 

1 2 3 4{ , , , }T T T T T=u u u u u  (5a) 

 

1 2 3 4{ , , , }T T T T T=f f f f f  (5b) 

 
{ , , , , }T

i i i i i i iux uy ,uz x y z  u  (5c) 

 
{ , , , , }T

i i i i i i ifx fy , fz mx my mzf  (5d) 

 
For the membrane element with drilling rotation, the displacement vector em and the corresponding 
internal force vector pm in the basic coordinate system are defined by, 
 

2 3 3 4 4 1 2 3 4{ , , , , , , }T
m ex ex ,ey ex ,ey z z z z   e  (6a) 

 

2 3 3 4 4 1 2 3 4{ , , , , , , }T
m px px , py px , py nz nz nz nzp  (6b) 

 
For the plate element, the displacement vector ep and the corresponding internal force vector pp in 
the basic coordinate system are given by, 
 

3 1 1 2 2 3 3 4 4{ , , , , , , , , }T
p ez x y x y x y x y       e  (7a) 

 

3 1 1 2 2 3 3 4 4{ , , , , , , , , }T
p pz nx ny nx ny nx ny nx nyp  (7b) 

 
Note that each vector of the membrane and plate elements has only nine entries. Thus, the 
displacement vector e and the internal force vector p of the shell element defined in the basic 
coordinate system can be expressed as follows, 
 

{ , }T T T
m pe e e  (8a) 

 
{ , }T T T

m pp p p  (8b) 

 
2.2  Transformation between Local and Basic Coordinate Systems 
 
Focusing on the local coordinate system at first, the shell element has a virtual displacement vector 
u . Then, the variations of rigid body rotations of the element in the local coordinate system can 
be written as follows, 
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     
   (9a) 

 

2 1
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x

  
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2 1

2
z

uy uy

x

  
  (9c) 

 
Thus, as shown in Figure 2, the variations of the pure deformations of the membrane element with 
boundary conditions can be given by, 
 

2 2 1ex ux ux     (10a) 

 

3 3 1 3 3z yex ux ux y z         (10b) 

 

3 3 1 3 3z xey uy uy x z         (10c) 

 

4 4 1 4 zex ux ux y       (10d) 

 

4 4 1 4 zey uy uy x       (10e) 

 

i i zz z     (i=1,2,3) (10f) 

 
in which the warping in the node 3 is taken into account in Eqs. (10b, c). 
 

 
 

Figure 2. Deformations and Movements of Membrane Element 
 
Then, the transformation matrix for the membrane element from local to basic coordinate system 
can be derived as, 
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m
m T





e
L

u
 (11a) 

 

m m e L u  (11b) 

 
where Lm is a 9×24 matrix. By the principle of conjugation, the relationship of the internal force 
vectors between these two different systems can be given by 
 

T
m mf L p  (12) 

 
Similarly, as shown in Figure 3, the pure deformations of the plate element with boundary 
conditions to eliminate rigid body motions of the element can be deduced in the following, 
 

3 3 1 3 3x yez uz uz y x         (13a) 

 

i i xx x     (i=1,2,3,4) (13b) 

 

i i yy y     (i=1,2,3,4) (13c) 

 
Figure 3. Deformations and Movements of Plate Element 

 
As no out-of-plane restraint is assumed on the node 3 to allow for warping, there exists a vertical 
displacement at the node 3 given in Eq. (13a). The transformation matrix for the plate element from 
local to basic coordinate system can be expressed as follows, 
 

p
p T





e
L

u
 (14a) 

 

p p e L u  (14b) 

 
in which Lp is a 9×24 matrix as well as Lm. Similar to the membrane element, the internal force 
vectors of the plate element in these two coordinate systems have the relationship as, 
 

T
p pf L p  (15) 
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Combining the relationships of the membrane and plate elements together gives 
 
 e L u  (16a) 
 

Tf L p  (16b) 
 

m

p

 
  
 

L
L

L
 (16c) 

 
From the above, the relationships of the displacement vectors and the internal force vectors of the 
shell element between the local and basic coordinate systems have been presented. It is worth 
noting that the basic coordinate system corresponds to the warping shell element. However, in 
general, the membrane element and the plate element are derived based on the flat facet which is 
the projection of the warping shell element. Thus, the transformation between the projection and 
the warping shell element should be established. In this paper, the warping at the node 3 is regarded 
as an eccentricity, which can be treated as a rigid beam between the real node and the projected one. 
According to this assumption, the displacements of the membrane element have the equations as 
follows, 
 

3 3 3 3
pex ex z y     (17a) 

 

3 3 3 3
pey ey z x     (17b) 

 
in which the superscript “p” refers to the projection of the warping shell element.  
 
From Eqs. (16) and (17), the relationship between the projection and the local coordinate system 
can be written as follows, 
 

p e EL u  (18a) 
 

T T pf L E p  (18b) 
 

, 1i i E , i=1~18; 2,16 3z E ; 3,15 3zE  (18c) 

 
where E represents the transformation matrix from the warping shell element to its projection. It 
should be pointed out the plate element is not affected by the warping effect. Thus, the pure 
deflection and rotations at the node 3 of the warping shell element are identical to those in its 
projection. 
 
2.3  Linear Stiffness Matrix in Local Coordinate System 
 
As shown in Figures 2 and 3, the stiffness matrix of the projection of the warping shell element 
without rigid body motions is a 18×18 non-singular matrix and can be expressed as, 

p p p
b p k e  (19) 

 
where the subscript “p” means that the stiffness matrix p

bk  is the basic linear stiffness of the shell 

element on the projection plane. Because the pure deformational method is element-independent, 
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the shell linear stiffness matrix p
bk  can be formulated by any 4-node membrane element and plate 

element. Also, the material nonlinearity can be conveniently considered in p
bk  in the basic 

coordinate system. 
 
From Eqs. (18) and (19), the stiffness matrix of the warping shell element in the local coordinate 
system can be derived as follows, 
 

 T T p T T p
b

l g

  

 



 

f L E k E L u + L E p

k u k u
 (20a) 

 
T T p

l bk L E k E L  (20b) 

 
where kl is the stiffness matrix of the warping shell element in the local coordinate system and is a 
24×24 singular stiffness matrix in the local coordinate system. The local geometrical stiffness 
(initial stress) matrix kg used in geometrically nonlinear analysis will be discussed in the next 
section. 
 
To sum up, the 18×18 stiffness matrix p

bk  has a simpler expression and less dimensions compared 

with the 24×24 stiffness matrix kl, which saves the computer storage and improves the 
computational efficiency. 
 
 
3.  CO-ROTATIONAL ALGORITHM 
 
In this section, a novel co-rotational algorithm for quadrilateral shell elements considering warping 
effect based on pure deformational method is proposed. Before the derivation of this algorithm, the 
relationship between the global and basic coordinate systems should be established. Through Eq. 
(18b), we have known the expression of the internal force vector in the local coordinate system, and 
therefore the one in the global coordinate system can be written as 
 

8
T T T pF T L E p  (21a) 

 

1 2 3 4{ , , , }T T T T T=F F F F F  (21b) 

 
{ , , , , }T

i i i i i i iFX FY ,FZ MX MY MZF  (21c) 

 
in which the matrix T8 is composed of eight matrices T given in Eq. (2) along diagonal. 
 
Similarly, the corresponding displacement vector can be written as, 
 

1 2 3 4{ , , , }T T T T T=U U U U U  (21d) 

 
{ , , , , }i i i i i i iUX UY ,UZ X Y Z  U  (21e) 

 
Thus, the relationships between these different systems by making use of the previous equations 
can be concluded in Figure 4 as follows, 
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Figure 4. Relationships between Different Coordinate Systems 
 
The conventional co-rotational algorithm needs to consider the non-additive property of 3D large 
rotations such as references (Nour-Omid and Rankin [6]; Felippa and Haugen [8]) and therefore an 
additional transformation matrix is required in Eq. (21a). However, this property can be omitted 
since the pure deformational rotations are small and can be regarded as vectorial parameters. In 
addition, it can be seen that the warping effect has been taken into account in Eq. (21a), which will 
contribute to a part of the geometrical stiffness matrix. 
 
According to the derivation process of the EICR algorithm framework presented in references 
(Nour-Omid and Rankin [6]; Felippa and Haugen [8]) to obtain the tangent stiffness matrix, by 
taking variation of Eq. (21a), we have, 
 

8 8 8 8
T T T p T T T p T T T p T T T p       F T L E p T L E p T L E p T L E p  (22) 

 
where the first term yields the linear stiffness matrix and the last three terms produce the 
geometrical stiffness matrix using the internal forces at current configuration. 
 
Referring to the derivation process by authors (Nour-Omid and Rankin [6]; Felippa and Haugen 
[8]), it is strict to continuously take variations of these transformation matrices shown in Eq. (22) 
following standard mathematical flow. However, based on the pure deformational model, a novel 
and simpler derivation of the EICR algorithm can be proposed, in which the geometrical stiffness 
matrix is derived by the load perturbation of the linear equilibrium equations in its local coordinates 
system. 
 
Moreover, Eq. (22) can be rewritten as follows, 
 

 8 8
T r m p w

l g g g g F T k + k + k + k + k T U  (23) 

 
in which the subscript “l” means linear stiffness matrix and the subscript “g” means geometrical 
stiffness matrix; kl is the linear stiffness matrix considering warping effect given in Eq. (20b) and 

corresponds to the first term in Eq. (22); r
gk  is due to the rigid body motions of the element and 

corresponds to the second term in Eq. (22); m
gk  and p

gk  are caused by the dimension changes of 

the membrane and plate elements respectively and reflect the third term in Eq. (22) together; w
gk  is 

due to the warping and corresponds to the last terms in Eq. (22). The details of each geometrical 
stiffness matrix will be introduced as follows. 
 
3.1  Geometrical Stiffness due to Rigid Body Motions 
 
On the basis of the local coordinate system, the variation of the internal force vector at node i due 
to a small rotation is given by Goldstein Goldstein [39] as 
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( )f f f
i i i     Spinf f f   (24a) 

 
( )m m m

i i i     Spinf f f   (24b) 
 

where  , ,
Tf

i i i ifx fy fzf  and  , ,
Tm

i i i imx my mzf  are the translational internal force vector 

and rotational internal moment vector at the node i respectively;  , ,
T

x y z     is the 

variation of rigid body rotation vector shown in Eq. (9) defined in the local coordinate system. The 
operational symbol Spin(·) can transfer a three-dimensional vector into a skew-symmetric spin 
tensor, for example, 
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Through Eqs. (5), (9) and (24), we have, 
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in which the matrix G is used to connect the variation of the rigid body rotation vector to the 
variation of the nodal displacement vector and can be expressed as follows, 
 

1 2 3 4
T T T T T

     
        

G
u u u u u

    
 (27) 

 
Taking use of Eqs. (5a) and (9), the submatrices of G can be detailed as, 
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0 0 0

0 0 0

1/

T

y



 
    

  

0
u


  (28d) 

 
From the above, the geometrical stiffness matrix of the warping shell element due to rigid body 

rotations in the local coordinate system, r
gk , has been presented. Note that the internal forces used 

in Eq. (26b) belong to the warping shell element at current configuration. 
 
3.2  Geometrical Stiffness due to Dimension Changes 
 
As the flat quadrilateral shell element consists of a membrane part and a plate part, the 
corresponding geometrical stiffness matrices will be discussed separately. First, the geometrical 
stiffness due to the dimension changes of a membrane element will be detailed. 
 
Based on the pure deformational membrane element model with three degrees of freedom 
restrained (as shown in Figure 5), the internal forces at the free degrees of freedom can be regarded 
as action forces which will be kept unchanged after deformation. In the meantime, the internal 
forces at the constraints can be regarded as the reaction forces and will vary after deformation to 
keep the self-equilibrium of the element. Thus, the gradients of the reaction forces due to the 
deformation can be used to deduce the geometrical stiffness of the membrane part directly. 
 

 

 
Figure 5. Pure Deformational Membrane Element 

 
Based on the initial configuration of the membrane element, the equilibrium equations can be 
written as, 
 

1 2 3 40 : 0fx fx px px px      (29a) 

 

1 2 3 40 : 0fy fy fy py py      (29b) 

 

4

2 2 3 3 3 3 4 4 4 4
1

0 1:

0i
i

mz at the node

fy x px y py x px y py x nz




     




 (29c) 
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After deformation, the action forces shown in Figure 5 keep identical, while the three reaction 
forces 1fx , 1fy  and 2fy  change to '

1fx , '
1fy  and '

2fy  respectively. Then, the equilibrium 

equations become 
 

1 2 3 40 : ' 0fx fx px px px      (30a) 

 

1 2 3 40 : ' ' 0fy fy fy py py      (30b) 

 

4
' ' ' ' ' '
2 2 3 3 3 3 4 4 4 4

1

0 1:

0i
i

mz at thenode

fy x px y py x px y py x nz




     




 (30c) 

 
in which ' , 2,3,4i i ix x ex i   ; ' , 3,4i i iy y ey i   ; '

1 1 1fx fx fx  , '
1 1 1fy fy fy   and 

'
2 2 2fy fy fy  . 

 
Substituting Eq. (29) into Eq. (30) and omitting the high order variations, the variations of the 
reaction forces yield, 
 

1 0fx   (31a) 
 

3 3 3 3 44 2
2

1 4 4 2 )
1

( px ey py ex px ey py ef x fy e
x

y x          (31b) 

 

2 1fy fy    (31c) 
 
Eq. (31) can also be further rewritten as follows, 
 

2 3 3 4 41
2 4

2 3 3 4 42 2

2 3 3 4 4
2 4

2 3 3 4 42

1

1

m

m m

m
g m

fy py px py pxfy

fy py px py pxfy x

fy py px py px

fy py px py pxx














   
         

 
      


0

0

%

e

L u

k u

 (32) 

 

in which m
g

%k  is the 2×12 matrix in the basic coordinate system due to the dimension changes of 

the membrane element. This matrix needs to be simply expanded to the 24×24 geometrical stiffness 

matrix m
gk  shown in Eq. (23). Also, it should be noted that the warping effect does not influence 

the equilibrium of the pure deformational membrane element. 
 
Following the same way by finding the variations of the reaction forces, the geometrical stiffness 
due to the dimension changes of the plate element can be obtained. However, the warping effect 
should be considered in the plate element. As shown in Figure 6, the nodal vertical displacements 

are constrained except node 3. The reaction forces are the shear forces  1 2 4, ,
T

fz fz fz  at the three 

restrained nodes. To consider the warping at the node 3, the in-plane translational forces must be 
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taken into account. Unlike the other nodes, the shear force at the node 3 will be kept unchanged 
after deformation. 

 
Figure 6. Pure Deformational Plate Element 

 
For the pure deformational plate element at the initial configuration shown in Figure 6, the 
equilibrium equations can be established as 
 

1 2 4 30 : 0fz fz fz fz pz      (33a) 

 
4

3 3 3 3 4 4
1

0: 0i
i

mx pz y py z fz y nx


       (33b) 

 
4

3 3 3 3 2 2 4 4
1

0 : 0i
i

my pz x px z fz x fz x ny


         (33c) 

 
After deformation, the equilibrium equations become 
 

' ' '
1 2 4 30 : 0fz fz fz fz pz      (34a) 

 
4

' ' ' '
3 3 3 3 4 4

1

0: 0i
i

mx pz y py z fz y nx


       (34b) 

 
4

' ' ' ' ' '
3 3 3 3 2 2 4 4

1

0: 0i
i

my pz x px z fz x fz x ny


         (34c) 

 
in which ' , 2,3,4i i ix x ex i   ; ' , 3,4i i iy y ey i   ; '

3 3 3z z ez  ; '
i i ifz fz fz  , i=1,2,4. 

 
Considering Eqs. (33) and (34) and omitting the high order variations, we have, 
 

 4 3 3 3 3 4 4
4

1
fz py ez pz ey fz ey

y
       (35a) 

 

2 2 4 4 3 3 33 4 4
2

)
1

( fz ex fz ex pfz pxz ex ez
x

fz x          (35b) 
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3 2 4fz fz fz      (35c) 

 
Then, it can be rewritten as follows, 
 

      22 4 4 2 4 3 2 4 3 44

34 4 4
1

34 4 4 4 3 4 3 4
2

44 4 4
3

44 3

4 4 4

32 3

2 2 2 2 2 2

2 3 3

2 2 2

3

2 2 2

30 0 0

pz fz pyfz pz fz

x x x y x x y x y

fz pz pz fz fz px

x x x y

exx x x x x x px y
ex

fz
eyx x y py x

fz
ex

fz
x x y x y

pz fz

y y

eypy

y ez














     
 
 




       
      

  
 




p
g







 
 
 


 %k u

 (36) 

 
where p

g
%k  is the 3×12 geometrical stiffness matrix in the basic coordinate system due to the 

dimension changes of the plate element and needs to be expanded to the 24×24 geometrical 
stiffness matrix p

gk  shown in Eq. (23). 

 
3.3  Geometrical Stiffness due to Warping Effect 
 
The moments on the node allowing for warping varies with the change of eccentricity (ez3) and 
therefore the load perturbation will deduce a part of geometrical stiffness. The virtual displacements 
and rotations at the node 3 of the warping shell element and its projection have the relationship 
given in Eq. (17). Thus, the corresponding forces and moments in these two different points have 
the relationship as, 
 

3 3 3 3= pnx z py nx  (37a) 

 

3 3 3 3=- pny z px ny  (37b) 

 
Similar to the previous derivations, the forces and moments at the free DOF of the projection can 
be regarded as the action forces and moments and keep unchanged after deformation. However, the 
moments at the warping node 3 vary after deformation and their variations can be expressed as, 
 

3 3 3=nx ez py    (38a) 

 

3 3 3=-ny ez px    (38b) 

 
Thus, the variation of the internal force vector of the shell element due to warping phenomenon 
based on the basic coordinate system can be rewritten through Eq. (38) as, 
 

w
g p = k e%   (39a) 

 
in which the w

gk%  is a 18×18 matrix and the non-zero entries   315,10w
g pyk% ,   316,10w

g pxk% . 

Then, transferring it into the local coordinate system, we have, 
 

T w
g %f = L k L u   (39b) 
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w T w
g g %k L k L   (39c) 

 
For now, each part of the tangential stiffness matrix shown in Eq. (23) has been obtained. 
 
3.4  Determination of Internal Forces 
 
The key issue in the determination of internal forces of the shell element is how to extract the pure 
deformations from the total deformations. After that, the internal forces pp at the projection can be 
computed using the linear stiffness matrix of the shell element and further transferred to the global 
coordinate system through Eq. (21). 
 
For the iteration step j, the incremental nodal displacements and rotations of the shell element in the 
global coordinate system can be given by, 
 

1 2 3 4{ , , , }T T T T T    =U U U U U  (40a) 

 
{ , , , , }T

i i i i i i iUX UY , UZ X Y Z         U  (40b) 

 
The information of the examined shell element at the last iteration step j-1 are denoted as: the 
global and local coordinates 1j

i
 X , 1j

i
 x , (i=1,2,3,4); the local to global transformation matrix 

1j T ; and the internal forces 1j p p  at the projection for pure deformational element. Thus, the 
next procedure is how to update these data with the known incremental global displacements and 
rotations shown in Eqs. (40). 
 
The global coordinates of the shell element at the iteration step j can be updated as, 
 

 1 ,
Tj j

i i i i iUX UY , UZ    X X  (41) 

 
Then, the local to global coordinate transformation matrix jT  and the local coordinates j

ix
 

of 

the shell element can be computed through Eqs. (2) and (3) respectively. In addition, the 
incremental translations of the pure deformational shell element considering warping effect can be 
obtained by using the local coordinates 1j

i
 x  and j

ix  as, 

 
1

2 2 2
j jex x x    (42a) 

 
1

3 3 3
j jex x x   , 1

3 3 3
j jey y y   , 1

3 3 3
j jez z z    (42b, c, d) 

 
1

4 4 4
j jex x x   , 1

4 4 4
j jey y y    (42e, f) 

 
To extract the incremental pure rotations of the shell element from the incremental global rotations 
with considering the non-vectorial properties of 3D large rotations, the Rodrigues-Cayley rotation 
tensor is adopted here, which is defined with a rotation angle  about an unit pseudo-vector 

 1 2 3= , ,
T

n n nn . The rotation matrix can be written as, 
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2
3( , ) + sin + (1 cos )  =R n I N N  (43a) 

 

3 2

3 1

2 1

0
( ) = 0

0

n n
n n
n n

 
 
  

= SpinN n  (43b) 

 

where 2 2 2
x y z      , and the rotation vector corresponding to the rotation tensor is 

 
x

y

z


 



 
   
  

n =  (43c) 

 

Through Eq. (43), the incremental rotations  , ,
T

i i i ix y z       at the node i in the global 

coordinate system can be expressed with the Rodrigues-Cayley rotation tensor as, 
 

( , )i i i R = R n   (i=1,2,3,) (44a) 

 
in which 
 

 = / , / , /
T

i i i i i ix y z          n  (44b) 

 
2 2 2

i i i ix y z           (44c) 

 
To remove rigid body rotations of the element, the incremental rotation matrix at the node i for the 
pure deformational state can be given by 
 

1j j T
i i

 r = T R T  (45) 

 
Then, the pertaining incremental rotations of the rotation matrix given in Eq. (45) can be deduced 
by the equation in the following, 
 

32 23 32 23

13 31 13 31

21 12 21 12

arcsin

2sin 2

i i i i i

i i i i i i

i i i i i

x r r r r

y r r r r

z r r r r


 
 



          
                                      

( ) =r  (46a) 

 

in which, 32 23 2 13 31 2 21 12 2( ) ( ) ( )i i i i i ir r r r r r             and pq
ir  (p, q=1,2,3) is the entry 

of rotation matrix ir . 
 
Note that the range of   in Eq. (46a) is [0, 90] and the numerical instability would occur when 
  is closed to zero. Thus, the Taylor series of Eq. (50a) is adopted when  is close to 0. For 

0.05  , the coefficient in Eq. (46a) becomes 
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2 41 1 7

2sin 2 12 720

  



    


 (46b) 

 
Thus, by taking advantage of Eq. (46), we can get the pure deformational rotations of the warping 
shell element in the local coordinate system. As the rotations in the basic coordinate system are 
identical to those in the local coordinate system, we have, 
 

i ix x    , i iy y    , i iz z     (i=1,2,3) (47a, b, c) 

 
From the above, the 18 entries of the incremental displacement vector e  in the basic coordinate 
system can be obtained and then transferred to the projection through Eq. (17) as, 
 

p j  e E e  (48) 
 
where the matrix jE  is calculated by using the local coordinates at current configuration. 
 
Further, the incremental internal force vector of the projection can be determined through Eq. (19) 
as, 
 

0p p p
b  p k e  (49) 

 
in which 0 p

bk  is the initial stiffness matrix of the shell element at the projection calculated on the 

basis of initial configuration and used all the time. Thus, this matrix can be stored at the beginning 
of geometrically nonlinear analysis for all elastic problems. It is clear that this 18×18 stiffness 
matrix based on the pure deformation element model needs only 57% storage of the conventional 
24×24 stiffness matrix. 
 
Then, the internal force vector of the projection at the iteration step j can be updated by, 
 

1j p j p p  p p p  (50) 
 
Finally, the internal force vector of the warping shell element in the global coordinate system at the 
current time can be obtained through Eq. (21). It should be noted that the procedures mentioned 
above imply that the pure deformational rotations are vectorial and additive according to the 
assumption of small rotations satisfy the classical plate theory. 
 
 
4.   NUMERICAL EXAMPLES 
 
In this section, several benchmark examples are presented to illustrate the accuracy and robustness 
of the proposed EICR formulation based on the pure deformation method. In this study, a 
quadrilateral shell element formed by the membrane element with drilling rotations proposed by 
Ibrahimbegovic et al. [40] and the DKQ plate element proposed by Batoz and Tahar [41] is adopted 
for demonstration. The shell element was also extended into the geometrically nonlinear analysis 
by authors (Tang et al. [32]; Tang et al. [42]) and obtained success. In fact, any membrane and plate 
element can be employed in the proposed co-rotational framework. For example, to account for 
transverse shear deformation, the RDKQM plate element proposed by Chen and Cheung [43] can 
be used instead of the DKQ element. 
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In all examples, the 8-point two-dimensional integration is adopted. The convergent criterion is 
taken the norm of unbalanced forces not greater than 0.1% of the norm of the applied load. 
 
 
4.1  Cantilever Plate Subjected to End Moment 
 
A cantilever plate subjected to a concentrated end moment M at its tip is shown in Figure 7. It is a 
classical problem for examination of the performance of an element undergoing large rotations. In 
this example, there is no membrane stress and the cantilever beam will roll up into a complete 
circle when 2 /M EI L . The input data are given in Figure 7. 
 

 
 

Figure 7. Cantilever Plate Subjected to End Moment 
 

 
Figure 8. Load-displacement Curves of Cantilever Plate Subjected to An End Moment 

 
The cantilever plate is divided into 10 quadrilateral flat shell elements. The load-displacement 
curves at the free end are plotted in Figure 8 which shows that these points have a very good 
agreement with the exact solutions. 
 
4.2  Cantilever Beam Subjected to Shear Forces 
 
A cantilever beam is subjected to two equal point loads at the free ends as shown in Figure 9. This 
example aims to verify the capability of the proposed co-rotational algorithm undergoing large 
deflections. The configuration and the material of the structure are the same as the first example 
except for the applied loading and Poisson’s ratio μ. 

Elevation 

Plan 
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Figure 9. Cantilever Plate Subjected to Shear Forces 
 
The predicted load-displacement curves are plotted against the results using 10 beam-column 
elements proposed by Tang et al. [36] in Figure 10. It can be seen that the results from the present 
study agree well with those by Tang et al. [36]. 

 
Figure 10. Load-displacement Curves of Cantilever Plate Subjected to Shear Forces 

 
4.3  Pinched Hemispherical Shell with A Hole 
 
The studied example is a hemispherical shell with an 18˚ hole at the top, as seen in Figure 11. This 
shell structure is subjected to two inward and two outward forces at the quarter points of its open 
edge. In this example, severely warping effect occurs for quadrilateral flat shell elements. Due to 
the symmetry of this problem, only a quarter of the hemisphere uses a 16×16 mesh of the proposed 
shell element. 
 

Elevation 

Plan 
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Figure 11. Pinched Hemispherical Shell with A Hole 
 
The load-displacement curves at the quarter points obtained by the flat quadrilateral shell element 
based on the novel EICR formulation are plotted in Figure 12, while the results from the models by 
16×16 Shell 181 elements in ANSYS and 12×12 MITC3+ (Jeon et al. [44]) elements are also 
provided for comparison. In general, the present study has the same trends as the others. The 
proposed method is slightly stiffer than the Shell 181 but softer than the MITC3+ element. 
 

 
 

Figure 12. Load-displacement Curves of Pinched Hemispherical Shell 
 
4.4  Cylindrical Shell Segment 
 
A shallow cylinder shell is pinned along its longitudinal edges and free at its curved edges, with a 
concentrated load at its centre as shown in Figure 12. It is a well-known problem used to check the 
ability of an element against instability behaviour. Its equilibrium path exhibits a snap-through 
response with two limit points. Following the previous studies, two different thicknesses of 6.35 
and 12.7 are considered respectively in this example. The detailed dimensions and material 
properties are shown in Figure 12. Due to symmetric nature, only a quarter of the structure is 
meshed with 4×4 shell elements. In addition, the arc-length method is adopted to trace the full 
equilibrium path of this problem. 
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The predicted results are plotted in Figure 13 against those of the shell 181 element in ANSYS and 
Surana [45]. It can be seen that the proposed algorithm shows a good agreement with the other 
elements. 

 
Figure 13. Cylindrical Shell Segment 

 
 

 
 

(a) t=6.35 

 
 

(b) t=12.7 
 

Figure 14. Load-displacement Curves of Pinched Hemispherical Shell 
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5.  CONCLUSION 
 
In this paper, a novel co-rotational algorithm for quadrilateral shell element allowing for warping 
phenomenon based on pure deformational method is proposed for geometrically nonlinear analysis. 
This new co-rotational framework is essentially an element-independent algorithm which can be 
applied to any type of quadrilateral shell element constructed by different displacement 
interpolations. As the quantities of shell element are reduced by the pure deformational method, it 
leads to less computer storage and enhances the computational efficiency. Also, the co-rotational 
framework can consider the warping effect and therefore has a good convergence rate when 
warping occurs. The numerical examples presented in this paper demonstrate that the proposed 
method is accurate and robust. From this study, many previous works related to linear 4-node 
quadrilateral shell element can be conveniently extended to geometrically nonlinear analysis based 
on the proposed co-rotational framework. 
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