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ABSTRACT: Based on mechanical characteristics of the members of single layer latticed shells, two buckling types 
of structural compression members are presented. The pre-buckling and post-buckling mechanical behaviors of the 
structural member are simulated by different models, and the refined member calculation model is established. In this 
model the second order effect of the member is considered, and the possible buckle-straighten processes of the 
members and the form-disappear processes of the plastic hinges of the structure under earthquakes can be simulated. 
Numerical structure models of commonly used single layer latticed shells are created to analyze the causes of 
structural dynamic damages under earthquakes. The calculation results indicate that dynamic damage causes of single 
layer latticed shells vary with different structural types: dynamic damages of single layer spherical latticed shells are 
caused by buckling members which weaken the structural bearing capacity; dynamic damages of single layer 
cylindrical latticed shells are caused by concentrative plastic hinges in the end sections of some members which 
make portions of the structure turn to mechanisms; dynamic damages of single layer elliptic paraboloid latticed shells 
are caused by combined actions of the two causes mentioned above. 

Keywords: Single layer latticed shell, Refined member calculation model, Member buckling, Plastic hinge, Second 
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1.  INTRODUCTION 
 

The calculation method for single layer latticed shells is becoming a major research subject recently. 
Kani and Heidari [1] made an attempt to automatically calculate the bifurcation of the buckling 
path of shallow latticed domes using two-stage analysis of the space structure without introducing 
any geometrical imperfections. Yamada et al. [2] studied the effects of geometric imperfections on 
the nonlinear buckling behavior of rigidly jointed single-layer latticed domes under vertical loading. 
Hearn and Adams [3] established a method which used static joint equilibrium equations to 
determine a minimum set of adjustments to latticed geometry needed to achieve equilibrium 
reference states for shape selection for latticed structures with members that carry axial force only. 
Morris [4] presented a nonlinear elastic-plastic method for three dimensional beam elements which 
was applied to investigate the imperfection-sensitivity of latticed domes made up of tubular 
members. Kani and McConnel [5] made a numerical and experimental study on the collapse and 
post collapse behavior of shallow latticed domes. Although there are many scholars making 
investigations of single layer latticed shells, causes of dynamic damages of the structure under 
earthquakes are rarely carried on. Mechanical characteristics of single layer latticed shells vary with 
different structure types, so the causes of structural dynamic damages are not the same. The single 
layer latticed shell is a typical spatial structure composed of a great many members by certain 
geometrical law. Subject to dynamic loads, the single layer latticed shell undergoes 
loading-unloading process repeatedly, which leads to the possible buckle-straighten processes of 
the structural members and the form-disappear processes of the plastic hinges. The mechanical 
behaviors of the members and the structural bearing capacity are changing continuously. The 
refined member calculation model which can simulate the continuous mechanical behavior changes 
of the member should be established, so the accurate damage processes of single layer latticed 
shells can be modeled. 
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There are two main problems if members of single layer latticed shells are modeled by general 
beam element of the general finite element analysis program：(1) The accuracy of the elastic-plastic 
element stiffness matrixes. By general finite element analysis program, the material constitutive 
relationships of the Gauss integral sections of the general beam element are used to calculate the 
element stiffness matrix. The elastic element stiffness matrix can be calculated correctly by this 
arithmetic if the member stays elastic. It is the end section of the member, which is not the Gauss 
integral section that firstly turns into plastic state commonly. Thus when the end section turns into 
plastic state, the element stiffness matrix calculated by general finite element analysis program is 
still elastic. Because of different loading history, material elastic-plastic constitutive relationships 
of different sections of the member are not the same, so it is not rational to calculate elastic-plastic 
element stiffness matrix based on the material constitutive relationship of the Gauss integral 
sections. (2) The simulation of the buckling members. If one structural member is modeled by a 
single general beam element of general finite element analysis program, buckling of the members 
cannot be simulated, and the decrease of the member bearing capacity is caused by material 
yielding rather than member buckling. In this case the member can bear the load far over the 
buckling critical load and the member bearing capacity is seriously overestimated. Buckling of the 
member can be simulated if one member is divided into more than one general beam element of 
general finite element analysis program. However, the post-buckling behaviors of the member and 
the plastic hinges forming in the end section and the central section cannot be simulated. How 
many general beam elements of general finite element analysis program one structural member 
should be divided into is also difficult to be appropriately determined.  
 
To study the dynamic damage causes of single layer latticed shells under earthquakes, calculation 
model of the structure that tallies with the actual situation should be created. In this paper, two 
buckling types of the compression members of single layer latticed shells are presented. The 
pre-buckling and post-buckling mechanical behaviors of the structural member are simulated by 
different models, and the refined member calculation model is established. By this model the 
second order effect of the member is considered, and the possible buckle-straighten processes of the 
member and the form-disappear processes of the plastic hinge and the consequent complex change 
processes of structural bearing capacity under earthquakes can be simulated clearly. Based on the 
refined member calculation model, structural models are created to study the causes of dynamic 
damages of typical single layer latticed shells under earthquakes. 
 
 
2. BUCKLING TYPES OF THE MEMBER 
 
There are two possible buckling types of the compression members of single layer latticed shells: 
(1) Buckling type І. The plastic hinge forms in the end section of the member, and slenderness ratio 
of the member gets bigger. This may cause the buckling of the member. The members of single 
layer latticed shells bear concentrated forces at the nodes only, so it is the end section of the 
member where the stress is biggest. The buckling critical condition may not be satisfied when the 
plastic zone forms in the end section of the member. The plastic zone develops along with the 
increment of the load. When the plastic hinge forms in the end of the member and makes the 
slenderness ratio turn larger, the buckling critical condition gets easier to be med. Even a small 
increment of the external load may make the member buckling. The plastic zone or plastic hinge 
then forms in the central section of the buckled member as a combined action of both the axial 
compression force and the additional bending moment. (2) Buckling typeⅡ. The member bears 
compression axial force plenty big and the buckling critical condition is met without the plastic 
hinge forming in the end section. The plastic zone or plastic hinge then forms in the central section 
of the buckled member as a combined action of both the compression axial force and the additional 
bending moment. 
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3.  PLASTIC HINGE IN THE END SECTION OF THE MEMBER 
 
Influences to mechanical behavior of the structural member caused by plastic hinge forming in the 
end section can be illuminated by the cyclic loading experiment on cantilever member (Fan [6]). 
Hysteresis loop of the experiment is illustrated in Figure 1, and full-range behavior of the cantilever 
member subjected to once cycling loading is illustrated in Figure 2. The curve in Figure 2 can be 
divided into 10 segments: (1) O-A is the elastic loading segment; (2) outboard fibers in the end 
section of the member yield at point A, and the total cross end section yields at point B when plastic 
hinge forms; (3) material of the end section of the member enters its strengthening stage in segment 
B-C, and the stress of the end section reaches ultimate strength at point C; (4) in segment C-D the 
load that the member can bear decreases a little bit and the deformation becomes larger 
continuously; (5) D-E is the unloading segment, and the plastic hinge in the end section of the 
member disappears; (6) E-F is elastic loading segment; (7) outboard fibers in the end section of the 
member yields at point F, and the total cross end section yields at point G when plastic hinge forms 
once again; (8) material of the end section of the member enters its strengthening stage in segment 
G-H, and the stress of the end section reaches ultimate strength at point H; (9) in segment H-I the 
load that the member can bear decreases a little bit and the deformation becomes larger 
continuously; (10) I-J is the unloading segment, and the plastic hinge in the end section of the 
member disappears. The residual deformation remains when the unloading process is completed at 
point J. 
 

          
 
     Figure 1. Hysteresis Loop of Cantilever       Figure 2. Full-range Behavior of Cantilever 
 
 
4.  BUCKLING OF THE MEMBER 
 
4.1  Influences to Mechanical Behavior of the Member Caused by Buckling 
 
Influences to mechanical behavior of the structural member caused by buckling can be illuminated 
by cyclic loading experiment on circular tube (Chen and Sugimoto [7]). Hysteresis loop of the 
experiment is illustrated in Figure 3, and full-range behavior of the circular tube subjected to once 
cycling loading is illustrated in Figure 4. The curve in Figure 4 can be divided into 9 segments: (1) 
O-A is elastic loading segment; (2) the experimental specimen is circular tube with initial bending 
imperfection, thus the load-displacement curve in segment A-B exhibits distinct nonlinearity. 
Buckling criteria is met at point B; (3) the bearing capacity of the member decreases in segment 
B-C, and the plastic hinge forms in the central section of the member as a combine action of both 
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the axial compression force and the additional bending moment; (4) C-D is the unloading segment; 
(5) D-E is the elastic tension segment; (6) as the tension force increases, the plastic zone forms in 
the central section in segment E-F; (7) the member is nearly straightened in segment F-G, and the 
plastic hinge forms in the central section of the member once again as a combine action of both the 
axial compression force and the additional bending moment; (8) the member is completely 
straightened in segment G-H; (9) H-I is the elastic unloading segment, and the residual deformation 
remains when unloading process is completed. When unloading occurs at point G, G-I is the elastic 
unloading segment. It can be seen that mechanical behaviors of the member change a lot after the 
member buckles. 

  
 

Figure 3. Hysteresis Loop of Circular Tube     Figure 4. Full-range Behavior of Circular Tube 
 
4.2  Buckling Criteria for Circular Tube 
 
Members of single layer latticed shells, which bear spatial forces, are mainly circular tubes. 
According to a large number of experiments, the buckling criteria equation for circular tube bearing 
spatial forces is proposed by ISO (ISO [8]): 
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Where cf P A  is the axial compression stress, P and A are axial compression force and 

cross-sectional area respectively; 1bf and 2bf  are the maximum bending stresses about the cross- 

section local 1 and 2 axes, and 1 1b ef M W , 2 2b ef M W ,where eW  is the section modulus of 

elasticity; 1mc and 2mc are reduction factors corresponding to the cross-section directions 1 and 2 

respectively, and 1 2 0.85m mc c  ; 1eF and 2eF are Euler buckling stresses corresponding to the 

local 1 or 2 direction, and 2
1 1e ycF F  , 2

2 2e ycF F  , 1 1 1 yck L i F E  , 2 2 2 yck L i F E  , 

where 1L and 2L  are the unbraced lengths for the local 1 and 2 directions, 1k and 2k  are the 

effective length factors in the local 1 and 2 directions, i  is the radius of gyration; cF and bF are the 

characteristic axial compressive stress and the characteristic bending stress respectively, where 
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Where ycF is the characteristic local buckling stress. 
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Where s is the yield stress; D  is the outside diameter and t  is the thickness of tube wall; 

 1 2max ,   ;  33[ 2 ] / 6pW D D t   . 

 
The member gets buckled when  1 2, , 1.0c b bI f f f  . To prevent misjudgment in cases where 

negligible axial force exists with large bending moments, an additional inequality is used. This 
additional check, called the strength equation, takes the following form:  
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Thus the buckling criteria for circular tube bearing spatial forces is 
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It is the buckling critical state of the circular tube when  1 2, , 1.0c b bI f f f   and 

 1 2, , 1.0c b bS f f f  . The buckling critical axial force is 

 

cr cP f A                     (7) 
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5.   MEMBER CALCULATION MODEL 
 
5.1  Calculation Model of the Pre-buckling Member 
 
Displacement interpolation equations of the member considering second order effect are derived 
based on the deformed configuration. Deformed configuration of the member bearing axial tension 
force, shear force and bending moment is illustrated in Figure 5. 
 

 
 

Figure 5. Deformed Configuration of the Member 
 
Translational displacements caused by bending moment and shear force are My  and Qy  

respectively. My M EI   and  Qy Q GA   , so second derivative of the total lateral 

displacement of arbitrary section of the member is given by the following equation:  
 

M Q

d

d
j jQ M NM Q M

y y y x
EI GA x EI EI EI

 
                                   (8) 

 
Where   is shear-shape coefficient; E and G  are elasticity modulus and shear modulus of the 
material; I  is sectional inertia moment. 
 
Differential equation of the total lateral displacement of arbitrary section of the member bearing 
compression axial force has the same expression as Eq. 8 except for the sign before variable N  
which turns to be positive. Introducing boundary condition: 0y   when 0x   and k jy      

when x l , lateral displacement interpolation equations expressed by stability functions for both 
tension and compression members can be derived from the differential equations. Maclaurin series 
expansion is used to replace the stability functions and the uniform lateral displacement 
interpolation equations for both tension and compression members are given by the following 
equation: 
 

1 2 3 4j j k ky N N N N                         (9) 

 
Differential equation of the rotation displacement of arbitrary section of the member is given by the 
following equation: 
 



                                            Yang Ding, Lin Qi and Zhongxian Li                                       7 
 

  d

d

y Q
x

x GA

                        (10) 

 
Similarly, Maclaurin series expansion is used to replace the stability functions in the solution of Eq. 
10 and the uniform rotation displacement interpolation equations for both tension and compression 
members are given by the following equation: 
 

  5 6 7 8= j j k kx N N N N                         (11) 

 
Parameters in Eq. 10 and Eq. 11 are defined as follows: 
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Axial interpolation equations of the member are defined by linear equations. Extend the 
displacement interpolation equations of the planar member to three-dimensional space, and 
displacement interpolation equation matrix of the spatial member is given by the following 
equation: 
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Where 0u  is the centroid displacement of arbitrary section of the member, and 

 0 0 0 0 0 0 0     x y z x y zu u u   u ; u  is the centroid displacement of the end section of the member, 

and             xj yj zj xj yj zj xk yk zk xk yk zku u u u u u     u = . 

 
Divide the displacement increment of the end of the member into elastic component and plastic 
component: 
 

e p    u u u                                             (14) 
 

Where u , eu  and pu are the increments of total displacement, elastic displacement and 
plastic displacement respectively. 
 
Equilibrium equation of end section j is: 
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Where ijF is the component of section force in end section j ; e

ij skK  is the element of the element 

elastic stiffness matrix; sku , p
sku  are the component of the total displacement and the component 

of plastic displacement of end section k respectively. 
 
The plastic displacement, which is an accumulation of increments of the plastic displacement, is 
given by the following equation: 
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Where p

ku is the vector of plastic displacement increment of the end section k ; k  is the 

proportion coefficient; k k k S F  , k  is the vector of back stress of end section k ; k  is the 

yield surface equation of end section k which is given by the following equation: 
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Where xuN , xuM , yuM and zuM  represent the cross-sectional bearing capacities of the member at 

yield: the axial force and three moments, respectively; xkN is the axial force of the end section k ; 

ykM and zkM are bending moments of the end section k  about the local 1- and 2-directions of the 

cross section of the member respectively; xkM is torsion of the end section k ; Nxk , Mxk , Myk  

and Mzk are back stress components respectively. 

 
The cross end section k  yields and the plastic hinge forms when 0k  . 

 
5.2   Calculation Model of the Post-buckling Member 
 
Marshall model (Marshall, Gates, and Anagnostopoulos [9]), which is the mathematical description 
of the curve illustrated in Figure 4, is used to simulate the post-buckling member. The essence of 
Marshall model is the envelope of hysteresis loop of the inelastic circular tube (Figure 6). The 
envelope can be divided into 7 segments: (1) A-F is the linear tension segment; (2) F-F' is the 
tension yielding segment; (3) A-B is the linear compression segment; (4) B-C is the first post 
buckling segment; (5) C-D is the second post buckling segment; (6) D-E is the first tension 
straightening segment; (7) E-F is the second tension straightening segment. When reverse loading 
occurs at points on the boundary of the enclosed part of the envelope (such as point B', C' or D'), 
the member exhibits damaged elastic behavior which is determined by drawing a line from the 
point on the envelope to the tension yield point (force value yP ). As long as the force and axial 

strain remain inside the enclosed part of the envelope, the force response is linear elastic with a 
modulus equal to the damaged elastic modulus. The axial force in the element is required to stay 
inside or on the envelope. When tension yielding occurs, the enclosed part of the envelope 
translates along the strain axis by an amount equal to the plastic strain. Coefficients in Figure 6 are 
defined as follows: 0.02  ; 0.02  ; 0.7min(1.0,  5.8( ) 0.95)t D  ; 0.28  ; 

0.03 0.004L D   , where L is the length of the member; ultimate elastic axial force of the 
member is given by the following equation: 
 

0.95y sP A                                              (18) 

 

 
 

Figure 6. Marshall Model 
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The structural member is firstly simulated by pre-buckling calculation model until Eq. 6 is met, and 
then Marshall model is used. If 0   when Eq. 6 is med, the member performs buckling type І; 
otherwise it performs buckling typeⅡ. Plastic hinge of the end section of the member is simulated 
by pre-buckling calculation model, and that of the central section is simulated by Marshall model. 
 
 
6.   CAUSES OF STRUCTURAL DYNAMIC DAMAGES 
 
Based on the refined member calculation model, numerical structure models of commonly used 
single layer latticed shells are created to analyze the causes of dynamic damages of the structures 
under earthquakes.  
 
6.1  Single Layer Spherical Latticed Shells 
 
Take a Kiewitt single layer spherical latticed shell with the span of 40m and the rise-span ratio of 
1/3 as an example. The structure consists of circular tubes of Φ114×3.0, Φ127×3.5 and Φ140×4.5 
of steel Q235 (yield strength of 235 MPa), and bears surface load of 2.00kN/m2 and seismic 
excitation of El Centro wave with peak acceleration of 620gal and duration of 12s. 
 
Calculation results indicate that all of the 8 members in the structure central ring (Figure 7) buckle 
in 0.92s~0.93s and perform buckling typeⅡ. Structure internal forces redistribute due to reductions 
of bearing capacities of the buckling members. Then the number of buckling member increases 
rapidly and the structural bearing capacity is weakened as a result. At 1.94s the structural bearing 
capacity cannot keep balance with the seismic action, and the structure damages consequently. The 
structural strain energy increases suddenly with the strengthening of seismic action in 0.90s~0.92s 
(Figure 8). The zoomed drawing shows that there are two slight fluctuations in the curve. They 
correspond to the member buckling processes which make the strain energy release. The strain 
energy releases greatly in 0.94s~0.95s, corresponding to the structural damage process. 
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   Figure 7. Buckling Members at 0.93s     Figure 8. Time History of Structural Strain Energy 
 
The peak acceleration of the seismic action is decreased to 350gal for a further investigation. 
Numerical results indicate that some structural members undergo buckle-straighten processes 
repeatedly and perform buckling type Ⅱ all alike. The number of the buckling member changes 
continuously with the dynamic change of structural bearing capacity. The structure can hold yet 
with 32 buckling members at 1.69s (Figure 9) when the seismic action is not very strong.  
Thereafter some of the buckling members are straightened again. At 1.78s the structure cannot hold 
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the stronger seismic action and damages with 9 buckling members which are illustrated in Figure 
10. 

              
 
  Figure 9. Buckling Members at 1.69s   Figure 10. Buckling Members when Structure Damages 
 
Comparing Figure 9 with Figure 10, it can be seen that the structural damage is determined by the 
dynamic balance between the structural bearing capacity and the seismic action rather than the 
number of buckling members. 
 
Axial fore time history of member 373 (marked in Figure 10) is illustrated in Figure 11. The 
member buckles when axial force reaches its limit buckling axial force of 164kN. After the member 
buckles, the axial force turns small rapidly. It can be seen that the member buckles twice. 
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Figure 11. Time History of Axial Force of Member 373 

 
The structural members are simulated by the general beam element of general finite element 
analysis program, and the axial fore time history of member 373 is illustrated in Figure 12. It can be 
seen that the maximum axial fore in member 373 reaches 246.14kN which has far surpassed the 
limit buckling axial force value, so the bearing capacities of the members are overestimated. The 
structural dynamic bearing capacity can keep balance with the seismic action in the entire 12s, and 
the error conclusion that the structure does not damage may be made consequently. 
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Figure 12. Axial Fore Time Histories of Member 373 Calculated by FEM Program 

 
Numerical models of five kinds of commonly used single layer spherical latticed shells with the 
uniform span of 40m and different rise-span ratios of 1/4, 1/5, 1/6 and 1/7 are created respectively 
for the parameter analysis. Seismic excitation of El Centro wave with peak acceleration of 900gal 
and duration of 12s is applied. Numbers of buckling members and plastic hinges in the end sections 
of the members when structures damage are presented in Table 1.  
 

Table 1. Numbers of Buckling Members and Plastic Hinges when  
Single Layer Spherical Latticed Shells Damage 

Types of single layer spherical latticed shell Rise-span 
ratio 

Buckling members/ 
Plastic hinges Lamella grid Schwedler Ribbed type

Three-way 
grid 

Kiewitt

Buckling members 25 27 25 29 32 
1/4 

Plastic hinges 0 0 0 0 0 
Buckling members 21 22 24 28 29 

1/5 
Plastic hinges 0 0 0 0 0 

Buckling members 18 18 20 22 22 
1/6 

Plastic hinges 0 0 0 0 0 
Buckling members 17 16 17 18 20 

1/7 
Plastic hinges 1 2 0 0 0 

 
Table 1 shows that the members of single layer spherical latticed shells under earthquake perform 
buckling type Ⅱ mainly. Structures of bigger rise-span ratios have more buckling members when 
they damage. Plastic hinges of the end sections of the members are quite rare in the structures. 
Except for the two structures of lamella grid and Schwedler with the rise-span ratio of 1/7, there are 
no plastic hinges in the end sections of the members in other single layer spherical latticed shells 
when they damage. Therefore dynamic damages of single layer spherical latticed shells are caused 
by buckling members which weaken the structural bearing capacity. 
 
6.2  Single Layer Cylindrical Latticed Shells 
 
Take a three-way grid single layer cylindrical latticed shell with the span of 15m, the length of 21m 
and the rise-span ratio of 1/2 as an example. The structure consists of circular tubes of Φ114×3.0, 
Φ127×3.5 and Φ140×4.5 of steel Q235, and bears surface load of 1.00kN/m2 and seismic excitation 
of El Centro wave with peak acceleration of 620gal and duration of 12s. 
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Numerical results indicate that it is the end section of the member of single layer cylindrical latticed 
shell yields firstly. Along with the increment of the load, plastic hinges form in the end sections of 
some members which cannot bear bigger bending moments and shear forces while the 
deformations become larger rapidly. This causes the redistribution of the structural internal forces, 
and more plastic hinges form in the end sections of the conjoint members. The concentrative plastic 
hinges in the end sections of conjoint members may make parts of the structure turn to mechanism. 
At 6.04s 43 plastic hinges form in the end sections of the members as illustrated in Figure 13 (black 
dots represent plastic hinges, and hollow rings represent plastic zones where plastic hinges have not 
formed yet.). If seismic action weakens afterward, the plastic hinges could disappear and residual 
deformations remain. The number of plastic hinges and positions where they form change 
continuously and it makes the consequent change of the structural bearing capacity. At 6.13s the 
structure cannot hold the stronger seismic action and damages with 26 plastic hinges in the end 
sections of the members which are illustrated in Figure 14. 
 

        
     Figure 13. Plastic Hinges at 6.04s       Figure 14. Plastic Hinges when Structure Damages 
 
Comparing Figure 13 with Figure 14, it can be seen that the structural damage is determined by the 
dynamic balance between the structural bearing capacity and the seismic action rather than the 
number of plastic hinges. 
 
Numerical models of four kinds of commonly used single layer cylindrical latticed shells with the 
uniform span of 15m, the uniform length of 21m, and different rise-span ratios of 1/2, 1/3, 1/4 and 
1/5 are created respectively for the parameter analysis. Seismic excitation of El Centro wave with 
peak acceleration of 900gal and duration of 12s is applied. Numbers of buckling members and 
plastic hinges of the end sections of the members when structures damage are presented in Table 2.  
 

Table 2. Numbers of Buckling Members and Plastic Hinges when  
Single Layer Cylindrical Latticed Shells Damage 

Types of single layer cylindrical latticed shell Rise-span 
ratio 

Buckling members/ 
Plastic hinges Orthogonal grid 

with one bracing
Orthogonal grid 

with two bracings 
Lamella 

grid 
Three-way 

grid 
Buckling members 1 0 0 1 

 1/2 
Plastic hinges 34 25 16 24 

Buckling members 0 0 0 0 
 1/3 

Plastic hinges 37 26 21 29 
Buckling members 0 0 0 0 

 1/4 
Plastic hinges 42 30 22 30 

Buckling members 0 0 0 0 
 1/5 

Plastic hinges 43 35 27 43 
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Table 2 shows that the members of single layer cylindrical latticed shells under earthquake perform 
buckling type І mainly. Structures of smaller rise-span ratios have more plastic hinges in the end 
sections of the members when they damage. Buckling members are quite rare in the structures. 
Except for the two structures of orthogonal grid with one bracing and three-way grid with the 
rise-span ratio of 1/2, there are no buckling members in other types of the single layer cylindrical 
latticed shells when they damage. Therefore dynamic damages of single layer cylindrical latticed 
shells are caused by concentrative plastic hinges in the end sections of some members which make 
parts of the structure turn to mechanisms. 
 
6.3  Single Layer Elliptic Paraboloid Latticed Shells 
 
Take an orthogonal grid with one bracing single layer elliptic paraboloid latticed shell with the span 
of 30m, the length of 48m and the rise-span ratio of 1/3 as an example. The structure consists of 
circular tubes of Φ114×4.0, Φ121×4.0, Φ146×6.0 and Φ152×6.0 of steel Q235, and bears surface 
load of 1.00kN/m2 and seismic excitation of El Centro wave with peak acceleration of 620gal and 
duration of 12s. 
 
Numerical results indicate that buckling members and plastic hinges in the end sections of the 
members appear together in large numbers and the members of the single layer elliptic paraboloid 
latticed shell subjected to seismic excitations perform both the buckling type І and buckling type 
Ⅱ. Time histories of the numbers of buckling members and plastic hinges in the end sections are 
illustrated in Figure 15 and Figure 16 respectively. The recurrent buckle-straighten processes of the 
members weaken the structural bearing capacity, and the recurrent form-disappear processes of the 
plastic hinges of the end sections make parts of the structure turn to mechanisms. The structure 
damages as a combined action of the two causes mentioned above. Buckling members and plastic 
hinges in the end sections when the structure damages are illustrated in Figure 17. 
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Figure 17. Buckling Members and Plastic Hinges when Structure Damages 
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Numerical models of two kinds of commonly used single layer elliptic paraboloid latticed shells 
with the uniform span of 30m, the uniform length of 48m, and different rise-span ratios of 1/3, 1/4, 
1/5 and 1/6 are created respectively for the parameter analysis. Seismic excitation of El Centro 
wave with peak acceleration of 900gal and duration of 12s is applied. Numbers of buckling 
members and plastic hinges in the end sections of the members when structures damage are 
presented in Table 3. 
 

Table 3. Numbers of Buckling Members and Plastic Hinges when  
Single Layer Elliptic Paraboloid Latticed Shells Damage 

Types of single layer elliptic paraboloid latticed shell Rise-span 
ratio 

Buckling members/ 
Plastic hinges Orthogonal grid with one bracing Three-way grid

Buckling members 28 26 
 1/3 

Plastic hinges 15 25 
Buckling members 25 26 

 1/4 
Plastic hinges 16 29 

Buckling members 22 22 
 1/5 

Plastic hinges 20 30 
Buckling members 20 15 

 1/6 
Plastic hinges 23 33 

 
Table 3 shows that the members of the single layer elliptic paraboloid latticed shell under 
earthquake perform both the buckling type І and buckling type Ⅱ. Structures of bigger rise-span 
ratios have more buckling members and fewer plastic hinges in the end sections of the members 
when they damage. Dynamic damages of single layer elliptic paraboloid latticed shells are caused 
by buckling members which weaken the structural bearing capacity and concentrative plastic 
hinges in the end sections of some members which make parts of the structure turn to mechanisms 
together. 
 
 

7.   CONCLUSIONS 
 
The dynamic damages causes of single layer latticed shells subjected to seismic excitations based 
on refined member calculation model are studied in this paper. Based on the analysis, some 
conclusions can be drawn as follows: 
 

(1) If the members of single layer latticed shells are simulated by general beam element of 
general finite element analysis program, the elastic-plastic element stiffness matrix of the 
member is not accurate and the buckling of the member cannot be simulated as well. By 
this method, the structural bearing capacity will be overestimated. 

(2) Two buckling types of the member of single layer latticed shells are presented. Buckling 
type І: the plastic hinge forms in the end section of the member, and the member 
slenderness ratio gets bigger. This may cause buckling of the member. Buckling typeⅡ: 
the member bears compression axial force plenty big and the buckling critical condition is 
met without the plastic hinge forming in the end section. 

(3) The pre-buckling and post-buckling mechanical behaviors of the structural member are 
simulated by different models, and the refined member calculation model is established. 
By this model the second order effect of the member is considered, and the possible 
buckle-straighten processes of the members and the form-disappear processes of the 
structure under earthquake can be simulated. 

(4) The dynamic damages of the structures under earthquake are determined by the dynamic 
balance between the structural bearing capacity and the seismic action rather than the 
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number of buckling members or the plastic hinges. 
(5) Dynamic damage causes of single layer latticed shells vary with different structural types: 

dynamic damages of single layer spherical latticed shells are caused by buckling members 
which weaken the structural bearing capacity; dynamic damages of single layer 
cylindrical latticed shells are caused by concentrative plastic hinges in the end sections of 
some members which make parts of the structure turn to mechanisms; dynamic damages 
of single layer elliptic paraboloid latticed shells are caused by combined actions of the 
two causes mentioned above. 
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ABSTRACT: The stress intensity factors at the deepest point and at the crack ends of a surface crack in a tubular 
K-joint are calculated by direct and indirect methods. In the direct method, the surface crack is modelled explicitly. An 
automatic mesh generator is developed to produce a well-graded mesh around the crack region. This is achieved by 
using five types of elements. Thereafter, the stress intensity factors of a surface crack located anywhere along the weld 
toe at the joint intersection are calculated using the J-integral method. The computed values had been verified by 
experimental test results. In the indirect method, the stress intensity factors are estimated by the T-butt solutions used in 
conjunction with the stress concentration factors (SCFs) and degree of bending (DOB) of the uncracked tubular 
K-joint. In this study, a total of 1024 models, covering a wide range of geometrical parameters and crack shapes, have 
been selected and analyzed. Both approaches are able to produce a safe estimation of stress intensity factors at the 
deepest point of the surface crack. However, the indirect method is found to be extremely conservative; it overestimates 
the stress intensity factor values by as much as 190.4% (β=0.5, γ=30, τ=0.5, a/T=0.1, c/a=5) at the deepest point, and 
390.7% (β=0.4, γ=30, τ=0.5, a/T=0.5, c/a=8) at the crack ends of the surface crack respectively. 

Keywords: Direct method, Indirect method, J-integral method, Mesh generator, Stress intensity factor, Surface crack, 
Tubular K-joint 

 
 
1.  INTRODUCTION 
 
Tubular K-joints used in the offshore structures are always subjected to cyclic loads caused by 
seawater wave and wind, and hence fatigue failure is a very common phenomenon. It is crucial for 
structural engineers to be able to estimate the static ultimate strength and the residual life of these 
damaged joints when surface cracks are discovered during in services. The most effective method to 
analyze any cracked tubular joint is to use the fracture mechanics approach, based on accurate 
estimation of stress intensity factors at critical points along the crack front. 
 
In the finite element analysis, the accuracy and convergence of the computed stress intensity factors 
depend very much on the type of elements, mesh quality, mesh refinement, integration schemes and 
weld shape modelling around the crack front. It has always been a daunting task to model a true 
accurate 3D surface crack located along the weld toe in any tubular joint. Some researchers (Cao et al. 
[1], Bowness and Lee [2]) used two types of elements to simulate the crack front where 3D prism 
singular and hexahedral elements were used to model the crack front and the field far away from it.  
 
Because of these reasons and as far as the authors are aware, there is no such automatic mesh 
generator currently available for cracked CHS tubular joints. Therefore, a completely new automatic 
mesh generator has been developed and improved for this purpose in the past few years (Lie et al. [3], 
Lie et al. [4], Shao and Lie [5], Shao et al. [6]). This technique uses a sub-division technique whereby 
the entire K-joint shown on Figure 1 is divided into distinct zones. When a tubular K-joint is 
subjected to balanced axial loading, the crack generally occurs at the crown location and it is 
symmetrical about this point. In each zone, the mesh is generated and checked separately. After the 
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mesh of all the zones have been completed, they are merged together to form the complete model 
(Figure 1). In the cracked region, five types of elements, i.e. hexahedral, prism, quarter-point 
collapsed prism, tetrahedron and pyramid elements, are used to model the crack zone (Figure 2), and 
the other zones of a K-joint. To verify the convergence of these stress intensity factors, the mesh 
density is doubled as shown in Figure 3. The detailed modelling procedure can be found in (Lie et al. 
[3], Lie et al. [4], Shao and Lie [5]). 
 

 
 
 

 
Figure 1. Sub-zone Technique used for a Tubular K-Joint 

 
The generated finite element model of the K-joint has been proven to produce even very accurate 
Mode-II (KII) and Mode-III (KIII) stress intensity factor values along the crack front (Figure 4). For 
the doubled mesh density, the Mode-I (KI) stress intensity factors are recalculated and plotted along 
the crack front as shown in Figure 5. It can be seen that good agreement between the two sets of 
results demonstrates the convergence. These computed stress intensity factors had also been 
validated experimentally where a full-scale K-joint specimen shown in Figure 6 was fatigue tested to 
failure under axial tension and in-plane bending loads (Figures 7 and 8). The crack growth rate at the 
deepest point, Na/dd , was recorded from the experimental measurements (please refer to Lie et al. 
[7]). The experimental stress intensity factors were then deduced from Paris’ equation, and are 
plotted in Figure 9 together with KI, KII, KIII and Ke values. The detailed validation procedure can be 
found in (Lie et al. [7]). Hence, the present mesh generation technique is shown to be able to produce 
accurate stress intensity factors at the deepest point of a surface crack in any tubular K-joint. 
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Figure 2. Detailed Mesh of the Surface Crack 
 

 
 

 
 
 

Figure 3. Doubled Mesh Density of the K-joint 
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Figure 4. Typical KI, KII, KIII and Ke Stress Intensity Factor Values along the Crack Front 
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Figure 5. Convergence Test Results for the K-joint 
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Figure 6. A Full-scale K-joint Specimen 
 
 
 

 
 

Figure 7. Load Cases and Boundary Conditions of the K-joint 
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Figure 8. The Cyclic Loads applied in the Fatigue Test 
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Figure 9. Comparison of the Stress Intensity Factors between Numerical and Experimental Results 

 
For the past decades, several alternative methods have been used to estimate the stress intensity 
factors of a semi-elliptical surface crack in tubular K-joints. Thorpe [8] proposed an equation to 
predict the stress intensity factors of tubular joints by averaging the surface stress at the crack 
position over the crack length and simplifying the through-wall stress distribution into membrane and 
bending components. Haswell and Hopkins [9] and Myers [10] evaluated this model and found that 
this model generally over-predicts the stress intensity factors for all crack depths. Haswell and 
Hopkins [9] concluded that it was due to not including the geometry dependent compliance effects in 
the model. To avoid this over-prediction, other researchers (Burderkin et al. [11], Bowness and Lee 
[12]) proposed another correction factor called kM , the weld toe correction factor used to modify the 
flat plate model. Subsequently, Bowness and Lee [13] extended this method by including several 
correction factors, and later Lee and Bowness [14] proposed the model by representing it as a single 
parametric equation. This so-called indirect method is a very convenient method to use for estimating 
the stress intensity factor of a semi-elliptical surface crack in any tubular joint. This method has been 



                                                                                  S.T. Lie, T. Li and Y.B. Shao                                                                               23 
 

adopted in the BS7910-Amendment 1 [15] codes of practice several years ago. 
 
In this study, a total of 1024 models of cracked tubular K-joints covering a wide range of geometrical 
parameters and crack shapes are analyzed again using both the direct and indirect methods. The 
influence the geometrical parameters on the stress intensity factors at the deepest point as well as at 
the crack ends are investigated, and the modification factor Y values which takes into account of joint 
geometry, crack size and loading cases, are then compared directly using both methods. 
 
 
2.  TUBULAR K-JOINT CONFIGURATIONS 
 
For brevity in design and analysis, the geometry of a typical tubular K-joint can be simplified by 
expressing it as dimensionless parameters. Figure 10 shows the definition of these notations of 
geometrical parameters which are commonly used in practice. Hence, the characteristics of a K-joint 
can be described by normalized parameters, such as , ,  and , and other parameters such as 
intersecting angle, , and eccentricity, e. Using this method, the joints having the same parameters of 
, , , ,  and e will be defined as the same model even though they have different diameters, 
thicknesses and lengths. Even if the joints have different scales, the numerical results will be the 
same for the same normalized parameters used in the analysis. This has been proved indispensable in 
generalizing results from one situation to another, and in scaling up the results of the scaled model 
tests (Marshall [16]). 
 

 

 
 

Figure 10. Notations of Geometrical Parameters in a Tubular K-joint 
 
In practice, tubular K-joints are predominantly subjected to balanced axial loads as shown in Figure 
11 where tension load is applied at the end of one brace member and compression load is applied at 
the end of the other brace member. When the intersecting angles, θ1 and θ2 between the chord and the 
two braces are equal, the tension and compression loads are equal in magnitude. For a tubular K-joint 
subjected to the balanced axial loads, the nominal stress is defined as 

)])2([(

4
22n

tdd

F


  (1) 

 
where d and t are the diameter and the thickness of the brace member respectively. 
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Figure 11. A Tubular K-joint subjected to Balanced Axial Loads 
 
The general method to predict the stress intensity factor of a surface crack in any tubular joint is to 
provide a parametric equation. The most frequently used general parametric equation is given by 
 

aYK  nom  (2) 

 
where nom  is the nominal stress and a is the depth of a surface crack. Y is called a modification 

factor, the non-dimensional K, which takes into account for the influence of the specimen geometry, 
crack profile and loading conditions. 
 
Generally, the modification factor Y is a function of joint geometry, crack size and structural 
restraints. Chong Rhee et al. [17] decomposed Y into three factors as follows: 
 

isg YYYY     (3) 

 
where gY  is the joint geometry factor which considers the effects of ,  and , sY  is the crack size 

factor which considers the effects of a/T where T is the chord thickness, and c/a where c is the half 
crack length, and iY  is the joint and the crack coupling factor. Huang [18] added another factor Y in 

his study, and this factor reflects the effect of the intersecting angle . The complete modification 
factor can then be expressed as 
 

 YYYYY isg       (4) 

 
The influence of loading conditions on the stress intensity factors is taken care in the nominal stress, 

nom . 
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Based on the effectiveness and accuracy of the generated models discussed earlier, a parametric study 
of 1024 numerical models is carried out in this study. In the study, the K-joints are subjected to 
balanced axial loads only, and the range of geometrical parameters used in the finite element analyses 
is tabulated in Table 1. 
 

Table 1. Range of Geometrical Parameters of the K-joint Models 
  1 2 c/a a/T  

12, 18, 
24, 30 

0.25, 0.5, 
0.75, 1.0 

45° 
45° 

45° 
45° 

5, 6, 
7, 8 

0.1, 0.3, 
0.5, 0.7 

0.3, 0.4, 
0.5, 0.6 

 
 
3.  LEE AND BOWNESS (2001) EQUATION 
 
In the standard crack handbooks, there are no explicit SIF solutions for any tubular joint including the 
K-joint. This is mainly due to the complexity of the geometry and loading conditions of any tubular 
joint containing a surface crack. Although many attempts have been made in the past decades to 
model fatigue performance of cracked tubular joints by using a variety of methods; there is still no 
accepted benchmark solution which can be used for comparison purposes. To date, a technique of 
using a flat plate model with relevant correction factors is still being used by many researchers. It is 
based on the SIF solutions of plain plate of Newman and Raju [19] with correction factors embedded 
into the equation (Bowness and Lee [13], Lee and Bowness [14]). These factors consider the effects 
of the geometry, the weld size and the load cases. This so-called indirect method is easy to apply 
because it is based on a flat plate solution, and there is no need to model the complex 3D surface 
crack in the tubular joints. However, one of the major drawbacks is that it can not accurately capture 
the load shedding present in the tubular joints. Furthermore, the fatigue crack propagation behaviour 
in a real tubular joint (Huang [18]) is known to be significantly different from that of a similar defect 
in a flat plate due to different structural restraint conditions. 
 
3.1  Flat Plate Models 
 
A flat plate model is based on the stress intensity factor of a surface crack in a finite plate subjected to 
tension and bending loads (Newman and Raju [19]). The empirical equation is given as follow: 
 

  





 


 ,,,bt

b

c

c

a

t

a
F

Q

a
HSSK    (5) 

 
where K is Mode-І stress intensity factor, tS  is the tension stress in the plate, H is a correction factor, 

bS  is the bending stress on the plate surface, Q is the shape factor for semi-elliptical defect, F is the 

plain plate geometric factor, a is the crack depth, t is the plate thickness, c is the crack half width, b is 
the plate width, and   is the elliptical integral. The expressions of H, Q and F can be found in paper 
by Newman and Raju [19]. 
 
Based on Eq. 5, Thorpe [8] proposed an equation to predict the stress intensity factors of tubular 
joints by averaging the surface stress at the crack position over the crack length and simplifying the 
through-wall stress distribution into membrane and bending components. This equation is given in 
the form of 
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 
Q

a
MMK


 bbmm     (6) 

 
where K is the Mode-І intensity factor, mM  and bM  are the plain plate shape factors for tension and 

bending respectively, m  and b  are the membrane and bending stresses respectively. Haswell and 

Hopkins [9] and Myers [10] evaluated this model and found that this model generally over-predicts 
the stress intensity factors for all crack depths. Haswell and Hopkins [9] concluded that it was due to 
not including the geometry dependent compliance effects in the model. 
 
To avoid this over-prediction, some earlier researchers (Burdekin et al. [11]; Bowness and Lee [20]) 
proposed another correction factor which is called kM , the weld toe correction factor. This factor is 
defined as 

 

attachment nobut with  plate samein 

attachment with platein 
k

K

K
M        (7) 

 
The expression of kM  was given by Burdekin et al. [11] and Bowness and Lee [12]. 
 
After introducing the weld toe magnification factor kM  into the equation, the stress intensity factors 
of any tubular joint can be expressed in the following form as 

 

 
Q

a
MMMMK


 bbkbmmkm    (8) 

 
Subsequently, Lee and Bowness [14] approximated Eq. 8 as follow: 
 

aMMMMK  nombkbmkm  DOB)SCFDOB)(1  SCF(   (9) 

 
where a is the crack depth, kM  is the weld toe magnification factors, M is the plain plate shape factor, 
and the subscripts m and b denote membrane and bending load respectively. SCF is the stress 
concentration factor and DOB is the degree of bending at the would-be location of the crack, and 

nom   is the nominal stress in the reference brace of the joint.  

 
As DOB, SCF and nom  are all obtained from uncracked tubular joints, and kjM , jM (j=m,b) can be 

calculated from parametric equations, it is clear that Eq. 9 is a very convenient method to use for 
estimating the stress intensity factors of any tubular K-joint because it avoids the complexity of 
generating the mesh of the surface crack. However, the actual surface crack along the weld in a 
tubular K-joint is shown to be a double-curved in shape (Bowness and Lee [20]), and the geometry of 
the intersecting curve has an influence on the stress intensity factor values. Another point is that the 
stress distribution along the weld toe is completely different from the stress distribution of a surface 
crack in a plain plate. As a result, the stress distribution will influence the stress intensity factors, and 
hence the crack propagation rate of the K-joint. 
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Up to now, Eq. 9 is still being used by researchers to estimate the stress intensity factors of a surface 
crack in any tubular joint. In practice, it is convenient to use, but its accuracy and reliability has not 
been validated experimentally for the tubular K-joint.  
 
3.2  Calculation of SCF, DOB, Mk and M 
 
Eq. 9 is based on the analysis of the SCF and DOB values in uncracked tubular joints. Extensive 
research works on SCFs for tubular joint under axial load, in-plane bending and out-of-plane bending 
has been carried out in the past decades. Numerous SCF equations were proposed by many 
researchers (Efthymiou and Durkin [21], Smedley and Fisher [22]). Zhao et al. [23] has published a 
design guide for estimating SCF values using equations and design charts. The design guide covers 
all typical joint configurations used in practice such as the T-joint, Y-joint and K-joint. Morgan and 
Lee [24] also proposed parametric equations to estimate the SCF values of the tubular K-joint. 
 
All of the above equations can only predict the maximum SCF or SCFs at specific limited locations 
around the outer surface of the weld. For K-joints subjected to certain load cases, the SCF of the outer 
surface is usually different from the SCF of the inner surface of the chord. To solve this problem, Lee 
and Morgan [25] proposed a concept of degree of bending (DOB) which can be determined from the 
inner and outer surface stresses. Lee and Morgan [25] had also published their results based on the 
computation of SCFs for K-joints under axial load and in-plane bending. In order to simplify the 
determination of the membrane stress and bending stress, Lee and Bowness [26] proposed a concept 
of degree of bending (DOB). In Eq. 9, DOB is a parameter to measure the degree of bending of 
tubular joints, and it is defined as 
 

outer

inner

bm

b

SCF

SCF

2

1
1DOB 




σ
 (10) 

 
where b  and m  are bending stress and membrane stress respectively. innerSCF  and outerSCF  are 

SCFs on the inner and outer surfaces of the chord. The same parametric equations of SCF and DOB 
are used in this study. Since the crack is symmetrical with respect to the crown, the crown SCF 
parametric equation is used for the crack deepest point. For the crack ends of the free surface which 
can be located anywhere along the weld toe, there is no specific SCF parametric equation that can be 
used in practice. In this paper, the crown SCF parametric equation is also used to calculate the Y 
values of the crack tips. For the DOB, the same strategy is applied in this study. 
 
Parametric equation of Mkj (j=m,b) are available in the literature (Bowness and Lee [20]), while 
parametric equation of Mj (j=m,b) can be found in the other literature (Newman and Raju [19]) or 
from Eq. 5. 
 
 
4.  DIRECT AND INDIRECT METHODS 
 
The stress intensity factors of a surface crack in a tubular K-joint are obtained directly from the 
generated model used in this study. In order to assess the accuracy of Eq. 9, the stress intensity factor 
values at the deepest point and at the crack ends of the surface cracks are calculated using both the 
direct and indirect methods. The two sets of results are tabulated in Table 2 together with the 
experimental results. It appears that Eq. 9 always produces higher estimated values. Hence, Eq. 9 is 
very safe and conservative.  
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As mentioned previously, the stress intensity factor of the surface crack in a tubular K-joint can be 
expressed as  
 

aYK  nom    (11) 

 
where Y is a modification factor, a is the depth of a surface crack and nom  is the nominal stress. 

 
In the assessment of the stress intensity factor, Y is called the modification factor. According to Eq. 9, 
the expression of Y can be written as 
 

DOBSCFDOB)1(SCF bkbmkm  MMMMY   (12) 

 
Table 2. Comparison of SIF Values at the Deepest Point of a K-joint Specimen 

a/T  SIF ( 1/2MPa.m )  
J-integral Equation (9) Experimental Results 

0.12 17.36 23.45 16.32 
0.22 20.69 26.34 18.44 
0.35 22.58 27.56 20.66 
0.42 23.33 28.74 21.49 
0.55 24.05 30.12 22.62 
0.71 24.97 31.22 23.71 
0.82 25.74 31.81 24.54 

 
In the analysis, Y can be obtained directly by using the stress intensity factor values divided by 

anom . The two sets of Y values can then be compared directly. In the parametric study, 1024 

models with different geometrical parameters and crack shapes shown in Table 1 have been analyzed 
again. The numerical results of these models are used to assess the accuracy of the direct and indirect 
methods in this study. 
 
4.1   Effect of Geometrical Parameters on Y 
 
The first geometrical parameter to be investigated is  which is a ratio of chord radius to chord 
thickness. From Figs. 12(a) and 12(b), it can be seen that Y increases gradually as  increases by 
keeping the other parameters of c/a, a/T and  constant. However, the actual Y values obtained from 
the present study are much smaller than the corresponding values obtained from Eq. 12. This means 
that Eq. 12 produces relatively conservative estimation of stress intensity factor values. The trends of 
the graphs are consistent and reasonable. Figs. 13(a) and 13(b) show the relationship between Y and  
which is a ratio of brace diameter to chord diameter, while keeping the other parameters c/a,  and  
constant. It can be found that the trends of the graphs are consistent at the deepest, but different at the 
crack ends. In fact, Y has an inverse tendency at the crack ends as  increases for the direct and 
indirect method. The effect of parameter  on the Y is illustrated in Figs. 14(a) and 14(b). It is clear 
that as  increases Y increases too. The trends of the graphs are the same at both the deepest point and 
crack ends.  
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Figure 12. Effect of  on Y (c/a=5, a/T=0.1, =0.3) 
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Figure 13. Effect of  on Y (=18, =0.5, c/a=6) 

 
 
4.2   Effects of Crack Shapes on Y 
 
The effects of the crack shape on Y are illustrated in Figs. 15(a), 15(b), 16(a) and 16(b). Generally, Y 
decreases as a/T increases at the deepest point. Both methods produce the same conclusions. When β 
is small, Y decreases initially and then increases as a/T increases. But when β is large, Y increases as 
a/T increases. Hence, the trend of Y is not distinct at the crack ends. The effect of c/a on Y is the 
opposite. When c/a becomes larger, Y increases at the deepest point and slightly decreases at the 
crack ends. It should be noted that the series of solid circle almost coincides with the series of the 
blank circle in Fig. 16(b) when β is equal to 0.3. The effects of the crack shape on Y values can then 
be generalized as: for a deeper crack, Y at the deepest point is smaller and Y at the crack ends is larger; 
for a shallow and longer crack, Y at the deepest point is bigger and its value at the crack ends is 
smaller. 
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From these results, it can be seen that both direct and indirect methods can provide the same 
prediction of the effects of the crack shapes on the Y values at the deepest point, but very poor 
prediction are obtained at the crack ends. This may be because the crown SCF and DOB equations 
are used for the crack ends as the crack ends SCF and DOB equations are not readily available in the 
literature. 
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Figure 14. Effect of  on Y (=24, a/T=0.5, =6) 
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Figure 15. Effect of a/T on Y (=12, =0.5, c/a=5) 

 
4.3 Error Estimation Analysis 
 
To validate the accuracy of the Eq. 12, a comparison is carried out between the direct and indirect 
method results. An equation of relative error is introduced and defined as 
 

Relative Error %100
FE

FEEquation 



Y

YY
  (13) 
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where YEquation is the modification factor calculated using indirect method, and YFE is the modification 
calculated using direct method. Figure 17 shows the comparison results. From Figure 17, it can be 
seen that the YEquation calculated using the Eq. 12 is very conservative; it overestimates the stress 
intensity factor values by as much as 190.4% (β=0.5, γ=30, τ=0.5, a/T=0.1, c/a=5) at the deepest 
point, and 390.7% (β=0.4, γ=30, τ=0.5, a/T=0.5, c/a=8) at the crack ends of the surface crack 
respectively. 
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Figure 16. Effect of c/a on Y (=24, =1.0, a/T=0.5) 
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(b) at the crack ends 

 
Figure 17. Error Analysis of Numerical Models 

 
 
5. CONCLUSIONS 
 
A numerical model of a tubular K-joint containing a semi-elliptical surface crack has been presented 
and described briefly in this paper. The surface crack is modeled explicitly in the cracked joint. It is 
shown that the direct method can produce accurate stress intensity factors at the deepest point and 
also at the crack ends of the surface crack. In the indirect method, a T-butt solution used in 
conjunction with the stress concentration factors (SCFs) and degree of bending (DOB) is used to 
estimate the stress intensity factor values at the deepest point and also at the crack ends. The accuracy 
of both methods is assessed by comparing the modification factor Y values. From the parametric 
study of 1024 models, it is concluded that both the direct method and the indirect method can produce 
safe estimation of stress intensity factor values of a surface crack in a tubular K-joint. However, the 
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indirect method is very conservative, and it overestimates the stress intensity factor values by as 
much as 190.4% (β=0.5, γ=30, τ=0.5, a/T=0.1, c/a=5) at the deepest point, and 390.7% (β=0.4, γ=30, 
τ=0.5, a/T=0.5, c/a=8) at the crack ends of the surface crack respectively. 
 
 
Nomenclatures 
 
a   crack depth 
b   plate width 
c   half crack length 
DOB  degree of bending 
d   brace diameter 
D   chord diameter 
e   eccentricity 
F   axial load 
g   gap distance 
H   correction factor 
J   J-integral 
KI   Mode-I stress intensity factor 
KII   Mode-II stress intensity factor 
KIII   Mode-III stress intensity factor 
Ke   effective stress intensity factor  
L   chord length 
Mm   plain plate shape factor for tension 
Mb   plain plate shape factor for bending 
Mk   weld toe correction factor 
Mkm   weld toe correction factor due to membrane stress 
Mkb   weld toe correction factor due to bending stress 
N   number of cycles 
Q   shape factor 
r   brace radius 
R   chord radius 
SCF  stress concentration factor 
SCFinner  SCF on the inner surface of the chord 
SCFouter  SCF on the outer surface of the chord 
Sb   bending stress in the plate 
St   tension stress in the plate 
t   plate thickness 
T   chord thickness 
Y   modification factor 
Yg   joint geometry factor 
Ys   crack size factor 
Yi   joint and crack coupling factor 
Y   intersecting angle factor 
   a ratio of 2L/D 
   a ratio of d/D 
   a ratio of D/2T 
   intersecting angle between brace and chord 
nom      nominal stress 
m   membrane stress 
b   bending stress 



36                          Estimation of Stress Intensity Factors in Tubular K-Joints Using Direct and Indirect Methods 

   a ratio of t/T 
   elliptical integral 
YEquation    modification factor calculated using indirect method 
YFE       modification factor calculated using direct method 
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ABSTRACT: Construction sequence simulation analysis of a practical suspen-dome of Jinan Olympic Center is 
discussed in the present paper. Suspen-dome is a kind of advanced large-span space structure which is composed of an 
upper single-layer latticed shell and a lower cable-bar system. It is also a kind of hybrid system due to a combination of 
cable elements, bar elements and beam elements. Construction errors and temperature fluctuation are of importance 
and need to be taken into consideration during the construction process. The construction error of the structure is 
simulated by using the random imperfection modal method. Using the integral structure model including the concrete 
supporting system, the effect of the temperature variation on the suspen-dome is analyzed. The construction of 
suspen-dome is a little complex due to the interaction between the upper single-layer latticed shell and the lower 
cable-bar system. The configurations of the structure during the construction could be determined by an inverse 
analysis method or a mixed analysis method depending on the stages adopted in each construction scheme. And the 
influence to the lower cable-bar system caused by the setting-up errors at nodes is studied on the basis of one feasible 
construction scheme. Some meaningful and universal conclusions are given out. 

Keywords: Suspen-dome, Latticed shell, Cable-bar system, Hybrid space structure, Construction errors, 
Temperature changes, Construction sequence simulation, Inverse analysis method, Mixed analysis method 

 
 

1.  INTRODUCTION 
 

Structural design of the spherical suspen-dome with a diameter of 122m was carried out in 2006. 
This multi-purpose gymnasium locates in Jinan City, China. The arena has an approximate 
architectural area 60,000 m2 which can accommodate more than 12,000 audiences for the local 
Olympic Games held in 2009. Suspen-dome with a diameter of 122m and a rise of 12.2m is chosen 
as the roof of this gymnasium (Figures 1 and 2). The finite element model of the upper single-layer 
reticulated shell consists of two-node beam element. The section of the two-node beam element is a 
circular thin-wall steel pipe with a diameter of 377mm, and thickness of 14mm or 16mm. A 
Sunflower-Kiewitt hybrid lattices is adopted for the upper spherical single-layer reticulated shell. 
Three hoops of cable-bars of Geiger type are adopted as the lower tensile system. Details of some 
typical joints are shown in Figures 3 to 5, such as support joint on the ring beam and two types of 
cable-struts joints. 
 
Suspen-dome could be regarded as a cable-dome with the ridge cables substituted by a single-layer 
latticed shell. Compared to cable dome, suspen-dome is more rigid and can resist greater external 
loads. Further more, suspen-dome usually has a better flexibility to boundary conditions than cable 
dome. The structure is a kind of advanced hybrid space structures composed of beam elements, bar 
elements and cable elements [1]. The suspen-dome with a diameter of 122m of the gymnasium of 
Jinan Olympic Center is the largest in the world at present. A rise to span ratio of less than 0.15 is 
recommended by Kitipornchai [2]. 
 
Recent work mostly focuses on the structural properties of the suspen-dome and the design of 
pre-tension. The static and dynamic properties of the suspen-dome are enhanced compared with the 
corresponding single-layer latticed shell [3]. Parametric analyses of the factors affect the buckling 
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carrying capacity of the structure have been conducted. Also some design methods of pre-tension 
have been discussed by many researchers [4]. Unfortunately, the construction sequence simulation 
analysis has not been adequately investigated. More than ten suspen-dome roofs have been 
fabricated in the world especially in Asia. However, construction sequence simulation of cable-strut 
systems may be beneficial to the suspen-dome for the existence of the lower cable-bar system is to 
stiffen the upper single-layer latticed shell. Only implementing pre-tension to the diagonal cables, 
only implementing pre-tension to the hoop cables and only adjusting the length of struts are three 
basic methods for the construction of cable-dome [5]. But there are many difficulties in 
construction sequence simulation analysis of cable-dome for the coupling of mechanism 
displacement and elastic deformation during the construction. Nonlinear flexibility method was 
studied in the analysis of erection process of cable-dome by Luo [6]. However, it is not proper for 
the large-scale space structure because of the non-symmetric of the stiffness matrix. By controlling 
the original length of cables during the construction process, nonlinear finite element method was 
used to construction sequence simulation analysis of cable-dome by Shen [7]. Dynamic relaxation 
method was adopted to simulate the construction process of cable-struts by Zhang [8]. Because of 
the variation of geometry and component stress during the configuration process, it is pointed out 
by Chen [9] that only the equilibrium state of the structure after the completion of a construction 
stage should be considered. Inverse analysis method was proposed by Yuan [10] to simulate the 
construction of cable-domes step by step. However, the aforementioned studies are subject to the 
construction of cable dome but not for the suspen-dome. An experiment carried out by Li [11] 
confirmed that the suspen-dome could be constructed by implementing pre-tension to the hoop 
cables. Without consideration of the construction errors Li [12] simulated the construction process 
of a suspen-dome by a direct analysis method.  
 
Construction sequence simulation analysis of suspen-dome is a little complex due to the interaction 
between the upper single-layer latticed shell and the lower cable-bar system. Actually, a 
considerably degree of error may be introduced if an inappropriate approach is applied to complete 
the analysis. Two kinds of simulation analysis methods are proposed in the present paper without 
any computational problems. The configuration of the structure during each construction step is 
determined by different methods depending on the construction stages being proceeded. 
Construction errors and temperature changes are of importance and need to be taken into 
consideration. On the basis of a practical suspen-dome roof of Jinan Olympic Center, the 
imperfection sensitivity and other factors effective are addressed. Construction errors of the 
structure are simulated. Random Imperfection Modal Method, in which a randomly generated 
imperfection samples subjected to a normal distribution, is applied. Using the integral structure 
model including the concrete supporting system for a more rational FEM analysis, the effect of 
temperature variation on the cable-bar system is investigated. 
 
 
2.  FORCE FINDING ANALYSIS 
 
The lattice of the upper single-layer reticulated shell of this practical suspen-dome is combined 
with the Kiewitt style inside and the Lamella style outside (Figure 1). The span of the structure is 
122m with a rise-to-span ration of 1/10. The shape of the lower cable-bar system is rib-ring type. 
Three hoops of cable-bar system are designed to improve the structural performance. The 
suspen-dome is pin-jointed on the lower reinforced concrete ring beam with the perimeter nodes 
being restrained in all directions. 
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Figure 4. Cable-strut Joint             Figure 5. Cable-strut Joint 
 

Table 1. Force Finding Analysis Results without Consideration of Self-weight (Units: kN) 
Member group Section Pre-tension 

1 Ø7X253 3.85798760E+03 
2 Ø90 7.48215617E+02 
3 Ø273X10 -3.27996133E+02 
4 Ø5X187 1.45776145E+03 
5 Ø55 2.82717311E+02 
6 Ø245X10 -1.23935110E+02 
7 Ø5X61 4.58668838E+02 
8 Ø45 1.77230854E+02 
9 Ø219X10 -7.76928916E+01 

 
Figure 2 shows a typical frame of the lower cable-bar system. Typical nodes A, B and C are the top 
points of the compressive bars, and node D (not shown in Figure 2) is the central node of the upper 
single-layer latticed shell. The pre-tension force of the lower cable-bar system could be found 
according to local analysis method [13-14]. Considering to improve the structural characteristic of 
the upper single-layer latticed shell and to reduce the reaction force of the bearings due to a small 
rise-to-span ratio, the optimized pre-tension distribution is listed in Table 1. 
 
 
3.  PARAMETRIC ANALYSIS OF THE SUSPEN-DOME 
 
3.1 Boundary Conditions Effects On The Single-layer Latticed Shell 
 
Either pin-joints or rigid-joints could be applied to be the boundary joints. But at the viewpoint of 
design and fabrication, structures with the boundary joints being pinned are more widely used in 
the actual situation for the difficulty of ideal rigid-joint assumption. The effect of different 
boundary conditions on the upper single-layer latticed shell is shown in Table 2. The vertical 
displacement at node D named UD is almost the same under different boundary conditions. The 
vertical and radial horizontal reaction forces of the bearings named RH and RV are very close. 
However, the moment of the bearings could not be neglected when the suspen-dome is 
rigidly-jointed with ring-beam. The pin-jointed assumption is applied to the following analysis. 
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Table 2. The Effect of Different Supporting Conditions 
 Pin-jointed Rigid-jointed Difference 

UD(mm) -14.128 -14.749 4.40% 
RV(kN) 2.15E+02 2.15E+02 0.00% 
RH(kN) 4.88E+02 4.77E+02 -2.25% 

 
3.2  Construction Errors Effects On The Single-layer Latticed Shell 
 
A normal distribution assumption is applied to the nodal spatial position imperfection. The effect of 
construction errors on the single-layer latticed shell is listed in Table 3, which is investigated by 
random imperfection modal method. The maximum deviation ratio of the reaction force RR is 
confined in approximately 5% when the maximum construction error is less than 0.15m. The 
vertical displacement of node D named UD does not change too much as the maximum construction 
error increases. 
 

Table 3. The Effect of Construction Errors on the Latticed Shell 
Maximum error UD（mm） RR 

30mm -14.381 1.23% 
60mm -14.759 1.72% 
90mm -14.625 1.61% 
120mm -15.404 3.72% 
150mm -15.644 4.41% 

 
3.3  The Equilibrium State of Suspen-dome Fabricated 
 
The single-layer latticed shell is firstly installed. The suspen-dome woks without cladding/facility 
appended after the cable-bar system tensioned. The vertical displacement of the node D named UD 
is -0.030427m. The horizontal and vertical reaction force of bearings RH and RV are approximately 
9.78×105N and 2.50×105N respectively. With consideration of the self-weight and live load 
during the normal state, the axial internal-force of the cable-bar system is shown in Table 4. 
 

Table 4. The Axial Force of Cable-bar System（Kn） 
Member group Axial force（kN） 

1 3778.186 
2 732.857 
3 -306.308 
4 1413.329 
5 274.624 
6 -115.922 
7 449.795 
8 173.747 
9 -72.661 
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3.4  Construction Errors and Temperature Effects on - Suspen-dome 
 
Some difference lies in the effect of construction errors and temperature variation on the 
suspen-dome with the boundary nodes being pin-jointed and rigidly-jointed. Without consideration 
of the elastic stiffness of the concrete supporting system, the effect of construction errors and 
temperature variation on the axial internal-force of cable-bar system is shown in Table 5 and Table 
6, respectively. the effect of construction errors and temperature variation on the displacement and 
reaction force is listed in Table 7 and Table 8. The value of column Rμ denotes the maximum 
deviation ratio between the mean axial internal-force and the design pre-tension among each group 
of cable-bar elements. The value of column Rσ denotes the maximum deviation ratio between the 
axial internal-force standard deviation and the mean axial internal-force among each group of 
cable-bar elements. The value of column RRH describes the maximum deviation ratio of the 
horizontal reaction force while the value of column RRV is the vertical reaction force. 

 
Table 5. Construction Error Effects on the Axial Internal-force of the Cable-bar Elements 

Max error Rσ Rμ 
30mm 1.75% 1.17% 
60mm 5.05% 1.24% 
90mm 9.27% 1.29% 
120mm 11.42% 1.30% 
150mm 18.42% 1.43% 

 
Table 6. Temperature Variation Effects on the Axial Internal-force of the Cable-bar Elements 

Temperature Rσ Rμ 
+10℃ 1.17% -13.66% 
+20℃ 1.14% -27.20% 
-10℃ 1.25% 13.47% 
-20℃ 1.29% 27.44% 

 
Table 7. Construction Errors Effects on the Displacement and the Reaction Force 

Max error UD（mm） RRH RRV 
30mm -30.37 1.57% 2.46% 
60mm -31.297 4.67% 5.66% 
90mm -30.933 4.90% 8.14% 
120mm -29.932 6.08% 9.08% 
150mm -28.835 7.70% 11.04% 

 
Table 8. Temperature Variation Effects on the Displacement and the Reaction Force 

Temperature UD（mm） RRH RRV 
+10℃ -5.788 -30.13% 0.16% 
+20℃ 58.884 -60.00% 0.10% 
-10℃ -55.14 30.54% -0.29% 
-20℃ -80.142 60.61% 0.10% 
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It is learned from Tables 5 to 8 that construction errors have a little effect on horizontal reaction 
force, but a significant effect on vertical reaction force. However, the effect of temperature 
variation on reaction force is on the contrary. It is also concluded that construction errors have little 
effect on the mean axial internal-force among each group of the cable-bar elements, but a 
significant effect on the standard deviation of the axial force. And the effect of temperature 
variation on the axial force among each group of the cable-bar elements is on the contrary. The 
guaranteed rate of the normal distribution between ��-�1 and �� + �1 is only 68.3% while between the 
interval (��-3�1, ��+3�1) is 99.7%. Hence it is evident that maximum construction error should be 
under 0.03m for the deviation of axial force may be limited within 5.25%. 
 
3.5  Temperature Effects Based on the Integral Structure Analysis 

 

 
 

Figure 6. The Integral Model of the Gymnasium 
 

The upper steel structure and the lower concrete supporting structure have a compatible state of 
deformation in real conditions. It may not be more rational to investigate the effects of temperature 
variation on the upper steel structure with the boundary nodes being pin-jointed without the 
consideration of the elastic stiffness contribution of the lower concrete supporting system. The 
linear thermal expansion coefficient of the concrete is very close to the steel. The effect of 
temperature variation on the axial force of the cable-bar element decreases while the integral 
structure model (Figure 6) with the lower concrete supporting system is adopted. The results are 
summarized in Table 9. 

 
Table 9. Temperature Variation Effects on the Integral Model 

Temperature UD�Ämm�Å R�­  
+0��  -9.306 0.00% 
+10��  -4.944 -1.50% 
+20��  -5.409 -3.00% 
-10��  -16.549 1.50% 
-20��  -23.798 3.00% 
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