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ABSTRACT: In this study, the inelastic system buckling analysis is developed to evaluate the buckling loads and the 
effective length factors for columns in steel frames subjected to nonconservative forces. For this purpose, the finite 
element model for the nonconservative system is presented based on an extended Hamilton principle. The traditional 
elastic and inelastic stability analyses are briefly introduced for the conservative systems. Then evaluation procedure 
for the critical value of buckling load and its corresponding effective length factor for the nonconservative system are 
proposed based on the inelastic system buckling approach. In numerical examples, the buckling loads and the effective 
length factors for the inelastic conservative or nonconservative steel frames are evaluated and compared with results by 
other researchers. Particularly, the effects of various parameters such as the nonconservativeness parameter, the 
stiffness and span ratios of beam to column of frames on the inelastic stability behavior of nonconservative systems are 
newly addressed. 
 
Keywords: Effective length factor, Inelastic column, Nonconservative force, Finite element method 

 

 

1.  INTRODUCTION 

 
For decades, many researchers have explored various approaches for assessing column and frame 
stability in the design of steel structures. Among these approaches, the stability design method based 
on the effective length factor (K-factor) was quite a common practice to engineers for many years.  
 
Up to the present, various methods have been reported for the evaluation of K-factor and the most 
widely accepted method is the alignment chart method that was proposed by Julian and Lawrence [1]. 
And now, various design codes such as AISC [2], ACI [3], and AASHTO [4] adopt this method. The 
isolated subassembly approach, as an alternative method, has also been applied extensively following 
the early works of Galambos [5] and adopted in specifications such as DIN 18800 [6] and Eurocode 3 
[7]. These alignment chart method and isolated subassembly approach are the traditional methods 
used to assess the rotational end restraints of the isolated column, which represent the stiffness ratio 
between the column and the beam. However in spite of its popularity, these approaches have major 
drawback in that they do not properly reflect the interaction effects of neighboring members except 
for the very closely adjacent columns and beams. Since these approaches are based on several 
fundamental assumptions, which basically limit the use of these methods only for the idealized cases, 
they may lead to inadequate estimation of the K-factor when these assumptions are not satisfied. To 
overcome this drawback, many studies have been carried out. Duan and Chen [8, 9] evaluated the 
K-factor of the three-story subassemblage of the frame using the same assumptions as the traditional 
effective length method, but considering the true boundary conditions at far ends of the top and 
bottom columns. The story-interaction of columns in no-sway frames was studied by Bridge and 
Fraser [10] and they extended the nomograph for effective lengths of non-sway buckling to a range 
where the rotational spring had a negative rigidity and proposed an iterative approach to calculate this 
interaction. Mahini and Seyyedian [11] presented a new iterative approach with a high convergence 
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rate to improve the effectiveness of the G-factor method developed by Bridge and Fraser [10]. They 
replaced the explicit forms of the stability functions by more simple rational forms using the 
curve-fitting principles and converted members with the non-hinged far-end condition to the 
equivalent hinged far-end ones, considering the rotational stiffness in each case. The improved 
analytical expressions for K-factors of columns in multi-story sway frames were also proposed by 
Gantes and Mageirou [12]. They considered all possible rotational and translational boundary 
conditions at the far end of theses members, as well as the eventual presence of axial force.  
 
Another improved approach to evaluate the K-factor is the so called “story-based approach” which 
accounts for the horizontal interaction between columns in a story. In the Commentary of the AISC 
[2], two methods of determining the story-based K-factor, namely the story buckling method [13] and 
the story stiffness method [14,15], were presented. LeMessurier [14,15] provided comprehensive 
discussion for story stability behavior and proposed a practical approach for obtaining K-factors to 
consider the story stability behavior. Also the in-plane buckling characteristics of the unbraced 
frames under the non-proportional loading adopting the story-based buckling concept were 
investigated by Xu et al. [16]. To get over the difficulty associated with the non-proportional loading, 
the problem of the lateral buckling of unbraced frames was expressed as a minimization problem 
subjected to stability constraints. Liu and Xu [17] presented a practical method for evaluating 
K-factors for columns in multi-story unbraced frames based on the story-based buckling concept, 
which decomposes a multi-story frame into a series of single-story partially-restrained frames.  
 
The stability of the column in the frame structures, although often expressed as a stability problem 
restricted to an individual column, can be regarded as a problem in related with the whole stability of 
the structures by considering interactions between all members. Thus the column design is a 
system-related problem, not an individual member-restricted problem. Özmen and Girgin [18] 
developed the method for determining K-factors of columns in multi-story frames based on 
computing on approximate values for system buckling load by using the results of a fictitious lateral 
loading. Girgin et al. [19] applied their previous method [18] to irregular frames and obtained good 
results with errors less than 5% for all examples considered. Geschwindner [20] reviewed a wide 
range of analytical approaches including the elastic system buckling analysis and Roddis et al. [21] 
pointed out the practical limitations of the alignment chart method using the elastic system buckling 
analysis. Despite significant achievements, all of these studies were devoted only to the elastic 
stability of the overall frame systems and did not consider the inelastic effects of columns. 
 
To account for the effects of inelastic behavior on evaluation of K-factor, several researchers have 
studied the inelastic stability design of steel structures. Yura [13] proposed an iterative procedure to 
determine the K-factor in the inelastic range of column behavior. Choi et al. [22] presented the 
numerical method determining the inelastic effective length of each member in three-dimensional 
steel frames based on iterative schemes and the stiffness reduction factors considering a fictitious 
axial force factor. Kim and Lee [23] investigated the influence of the P- ∆  effect on the behavior of 
middle-rise unbraced steel frames using the refined plastic hinge method with an arc length algorithm. 
Essa [24] developed a design approach, to predict K-factors for columns in unbraced frames, 
considering the inelastic behavior, semi-rigid connections, far-end conditions, and differentiated 
stiffness parameters of the connected columns. He used a slope-deflection equation with the column 
stiffness reduction factors, which were evaluated from the column-strength curve proposed by the 
Structural Stability Research Council (SSRC) [25]. In AISC [2], inelastic K-factors are determined 
from the alignment chart method with the stiffness reduction factor applied to elastic modulus in the 
equation for G-factor. Depending on how the stiffness reduction factors are calculated, they might 
account for both the reduction in the stiffness of columns due to geometric imperfections and the 
spread of plasticity due to residual stresses under high compression loading. However, these studies 
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were based on the alignment chart method, which adopted several simplifying assumptions and 
restricted to the stability analysis of frames under the conservative forces. 
 
The nonconservative forces are forces whose line of action is affected by the deformation of the 
system on which they act and some examples of the nonconservative systems are the frame structures, 
the members of bridges, and aircraft which are subjected to aerodynamic force. The submarines and 
ships are also subjected to hydrodynamic forces which are nonconservative. The nonconservative 
forces are present in basically every engineering field such as civil engineering and bioengineering 
(spinal chord) among others and considerable attention has been devoted to the stability of columns 
subjected to these nonconservative forces. The first review of this branch of applied mechanics has 
been made in a book form by Bolotin [26]. Gasparini et al. [27] discussed the transition between the 
stability and instability of a cantilevered beam subjected to the partially follower force. Ryu et al. [28] 
employed the finite element method to perform the numerical analyses on the stability of a 
cantilevered column subjected to the triangulary distributed subtangential forces. Wang [29] studied 
the effect of the follower force on the buckling capacities of the beam structure subjected to the 
concentrated follower force. Imielowski [30] performed the sensitivity analysis of a stepped column 
under the subtangential force depending on the nonconservativeness parameter and investigated the 
influence of joint stiffness, variation of segment cross-sections and their length. But these works only 
dealt with the elastic stability problems of a single column under the nonconservative forces. Lee et 

al. [31] investigated the dynamic stability behavior of the Beck’s column resting on elastic 
foundation by using the finite element method. 
 
From the previously cited references, it can be noted that even though a significant amount of 
research has been extensively conducted on the evaluation of K-factor for the stability design of 
frames, there still has been no study reported on the elastic or inelastic instability analyses of steel 
frames subjected to nonconservative forces. The main purpose of this study is to present a more 
reliable procedure to determine K-factors of columns in steel frames subjected to nonconservative 
forces based on the elastic and inelastic system buckling analyses by using the column strength 
curves. The important points considered in this study are summarized as follows: 
 
1. Based on the extended Hamilton principle, the finite element model is formulated. For this, the 

generalized displacements are expressed over each element as a linear combination of the one- 
dimensional Lagrange interpolation function for the axial displacement and the cubic Hermite 
interpolation function for the lateral displacement. 

2. Traditional elastic and inelastic stability analyses such as the isolated subassembly approach 
and the story-based one are briefly presented for the conservative systems. 

3. Inelastic system buckling analysis procedure using the AISC-LRFD and Eurocode 3 column 
strength curves under nonconservative forces is proposed based on a nonlinear eigenvalue 
analysis algorithm. 

4. To illustrate the accuracy and the effectiveness of the proposed method from numerical 
examples, buckling loads or K-factors of steel columns in frame structures subjected to the 
conservative or nonconservative forces are evaluated and compared with those by available 
references. 

5. Especially, emphasis is given in showing the effects of the nonconservativenenss parameter, the 
stiffness and span ratios of beam to column on buckling loads. K-factors are also investigated 
for the inelastic nonconservative systems. 
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2.   FINITE ELEMENT MODEL FOR NONCONSERVATIVE SYSTEM 

 
Figure 1 shows the cantilevered column of the length L  subjected to the combined conservative 
force cP  and the tangential follower force tP  acting at the tip. The former may be thought of as a dead 

load, while the latter can be considered as a typical follower force and the two forces cP  and tP  are 

assumed to be constant along the elastic line. For a small deflection, the angle between the x -axis 
and the tangent to the elastic line of column can be approximated by xv ∂∂  where v  is the lateral 

displacement. The direction of the resultant subtangential force P  is specified by xLv ∂∂ )(α . Thus 

the parameter α  can also be referred to as the nonconservativeness parameter and one can easily 
derive the following relation. 
 

P

Pt=+= α,tc PPP                                              (1) 

 
Note that the force is conservative for 0=α , while it is nonconservative for 0≠α  and is a purely 
tangential follower force for 1=α . 

x

Lv

∂

∂ )(
α

 
Figure 1. Column subjected to the Nonconservative Force 

 
In order to present the finite element formulation of the element with the length el , three nodal 

displacements at nodal end points p  and q  ( ;,, ppp
vu θ qqq

vu θ,, ) are considered in which u , v  and 

θ  are the axial displacement, the lateral displacement, and the angle of rotation, respectively. In this 
study, the strain energy E∏  of the system, the potential energy G∏  including the work done by the 

conservative component of the subtangential force and the virtual work NC∏δ  by the 

nonconservative component of the acting force are considered. Here the type of instability is only 
divergence and the critical flutter load from the dynamic criterion is not considered. These terms are 
expressed as follows: 
 

∑ ∫




























∂

∂
+








∂

∂
=∏

e

l

o
ttE

e

dx
x

v
IE

x

u
AE

2

2

22

2
1                                          (2a) 

 



                                                                                        Nam-Il Kim and Dong-Ho Choi                                                                      263 

∑ ∫ 







∂

∂
−=∏

e

l

o
G

e

dx
x

v
P

2

2
1

                                                        (2b) 

)(
)(

Lv
x

Lv
PNC δαδ

∂

∂
−=∏                                                            (2c) 

 
where tE  is the tangent modulus; A  and I  are the cross-sectional area and the second moment of 

inertia, respectively; δ  is the variation. The extended Hamilton principle of the column can be 
presented by 
 

( )[ ]∫ =∏−∏+∏
2

1

0
t

t
NCGE dtδδ                                            (3) 

 
The present column theory is implemented via a displacement-based finite element method. For this, 
the generalized displacements are expressed over each element as an one-dimensional Lagrange 
interpolation function for the axial displacement u  and the third-order Hermitian interpolation 
function for the lateral displacement v . By substituting the interpolated displacements into Eq. 3, the 
resulting equation for a single element is obtained in a matrix form as 
 

( )[ ]∫ =−−+
2

1

0
t

t
dteeencgee FUUKKKU δδ                                    (4) 

 
where eU  and eF  are the nodal displacement and force vectors, respectively; eK  and gK  are the 

elastic stiffness matrix and the geometric stiffness matrix due to conservative compressive forces, 
respectively; ncK  is the load correction stiffness matrix due to the directional change of 

nonconservative forces.  
 
Finally, the equilibrium equation for whole column members is expressed in a matrix form using the 
direct stiffness method as follows: 
 

( ) FUKKK NCGE =−+                                                 (5) 

 
where EK , GK , and NCK  are respectively the elastic and geometric stiffness matrices, and the load 

correction stiffness matrix due to the nonconservative forces in the global coordinate system. 
 
 
3.   TRADITIONAL ELASTIC AND INELASTIC STABILITY APPROACHES 

 
A wide range of methods have been suggested in the engineering literature for the design calculation 
of column buckling loads and their corresponding K-factors. This section outlines the broad 
categories of the traditional elastic and inelastic stability approaches based on the physical extent of 
the structure under the conservative forces. 
 
3.1   Isolated Subassembly Approach 

 
The effective length of an end-restrained column is defined as the length of an equivalent 
pined-ended column that will give the same critical load as the end-restrained column. This effective 
length can be visualized as the distance between the two inflection points (real and imaginary) of the 
buckled shape of the end-restrained member. The most widely used method for evaluating K-factor is 
probably the isolated subassembly approach, also commonly referred to as the alignment chart 
method or the G-factor method since it offers a straightforward method of obtaining K of the column. 



264                                  Inelastic Stability Analysis for Columns of Frame Subjected to Nonconservative Forces                  

The transcendental equations of the buckling solution of the subassemblage for the sideway inhibited 
and uninhibited frames subjected to conservative compressive forces are given in Eq. 6 and the 
detailed step-by-step derivation of equations governing the buckling of this assembly is presented by 
Chen and Lui [32] based on the slope deflection equations. 
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where AG  and BG  are the stiffness ratios (G-factors) of columns and beams at joints A and B, 

respectively, and the detailed expressions are as follows: 
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where subscript c  and b  denote the column and the beam, respectively. Note that Eq. 6 may be 
analytically derived under several fundamental assumptions that the structure should follow in order 
to guarantee a reasonable result. 
 
It is well known that the significant economy may be gained by utilizing inelastic buckling solutions 
in many design situations [13,15], although the column strength calculations are often based on the 
elastic models. This is because the slenderness of the columns in typical steel buildings is usually 
small enough such that the distributed yielding occurs along the column lengths before the design 
strength of the most critically-loaded components is reached. To reflect the inelastic effects into the 
design of steel frames, the elastic modulus can be lowered with the inelastic stiffness reduction factor 

aτ  as follows (AISC [2]): 

 
EE at τ=                                                          (8) 

 
where 
 

0.1=aτ                  for     39.0/ ≤yn PP                                    (9a) 

 
( ) ( )ynyna PPPP ln724.2−=τ    for     39.0/ >yn PP                                  (9b) 

 
where E  is the elastic modulus; nP  and yP  are the nominal column strength and the yielding axial 

force, respectively. Thus the inelastic K-factor can be determined by using aτ  times cE  for cE  in the 

equations for AG  and BG  in Eq. 7 

 
3.2   Story-based Approach 

 
Since the isolated subassembly approach assumes that the shear force of the column does not transfer 
to other columns in the same story, each of columns in any story buckles in the sidesway mode, 
independent of the adjacent columns. This assumption may be inadequate in some real cases, such as 
a structural system with leaning columns. To account for the interaction effect between the columns 
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in the story, the inelastic K-factor can be inferred from the elastic K-factor which the commentary of 
AISC [2] recommends based on the story buckling method as follows: 
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where 2nK  is defined as the K  value determined directly from the alignment chart, rP  is the required 

axial compressive force for the rigid column, and rPΣ  is the total axial compressive force of columns 

in the story. The K-factor obtained from Eq. 10 inherently account for the inelastic effects and the 
interactions within and between stories at incipient buckling of the system subjected to conservative 
forces. 
 
On the other hand, the story stiffness method considers later displacements of the story instead of the 
sum of the compressive force. The inelastic K-factor can be deduced from the Equation C-C2-5 in 
AISC [2] as follows:  
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where H  and H∆  are respectively the shear in the column and the lateral displacement of the story 

under consideration. LR  is the ratio of the vertical column load for all leaning columns in the story to 

the vertical load of all the columns in the story expressed by 
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4.   SYSTEM BUCKLING APPROACH UNDER NONCONSERVATIVE FORCES 

 
In this section, the elastic and inelastic system buckling approaches for calculating buckling loads 
and K-factors for columns in steel frames subjected to nonconservative forces are presented.  
 
4.1   Column Strength Curves for AISC-LRFD and Eurocode 3 

 
The inelastic buckling of columns can lead to system collapse prior to the formation of a plastic hinge 
on beam members as external loads are increased on the steel frames. In several design specifications, 
the load-carrying capacity of the column member is modified based on such information as 
theoretical buckling analysis results, various experimental results come from initial imperfections 
due to manufacturing or constructional errors, residual stress due to welding, dependency on 
cross-sectional shape and etc.  
 
In this study, two kinds of load-carrying capacity curves are presented for further development in 
inelastic buckling formulation, one from the AISC-LRFD [33] and the other from the Eurocode 3 [7]. 
In the development of the LRFD specification, the AISC specification uses a column strength curve 
as 
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2** 658.0 λ=f        for  5.10 * ≤≤ λ                                        (13a) 
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In which *

f  and *λ  are the dimensionless strength of the column and the slenderness parameter, 

respectively; crf  and yf  are the critical buckling stress and the specified minimum yield stress, 

respectively; r  the governing radius of gyration about the axis of bucking. This equation was 
calibrated to fit closely the SSRC curve 2 [34], which was modified to reflect an initial 
out-of-straightness of about 1/1500. This strength curve of AISC-LRFD [33] is depicted in Figure 2 
together with the Euler hyperbola curve and the strength curves of Eurocode 3 [7]. 
 

 
Figure 2. Load-carrying Capacity Curves in AISC-LRFD and Eurocode 3 

 
The simplified design predictions for the maximum load (or resistance) were also used in Eurocode 3 
[7] that had been developed from the results of computer analyses and correlations with available test 
data considering the residual stresses and the initial imperfection in design of compression members. 
The Eurocode 3 approach to determine the buckling resistance of compression member is based on 
the same principles as that of BS 5950 [35]. Although minor technical differences exist, the primary 
difference between the two codes is in the presentation of the method. The basic formulations for 
buckling curves are given by 
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( )[ ]2** 2.015.0 λλβφ +−+=                                                  (16) 

 
In which β  is the imperfection factor which shifts the resistance curve, as shown in Figure 2, for 

different cross-section types, properties, thicknesses, buckling axes, and material strengths and the 
five values of β  for each of these curves are given in Table 1. The advantage of this approach is that 

the buckling resistances of a particular group of sections can be determined by assigning an 
appropriate value of β  to them. 

 
Table 1. Imperfection Factors for Buckling Curves 

Buckling curve oa  a  b  c  d  

Imperfection factor β  0.13 0.21 0.34 0.49 0.76 

 
4.2  Elastic and Inelastic System Buckling Analyses 

 
According to the study by Chen and Lui [32], the best way to evaluate the more accurate K-factor for 
each individual member of the frame structure should be the stability analysis of the entire structure 
as a whole. The followings describe the elastic and inelastic system buckling analysis procedure 
proposed by this study. 
 
Step 1) Constitute the system elastic stiffness matrix EK  for the whole structure. For a given load 

condition, the following linear elastic analysis is performed from Eq. 5 to evaluate the axial force jP  

for each member where subscript j  denotes the number of member. 

 
FUK E =                                                         (17) 

 
Step 2) Solve the linear eigenvalue problem in Eq. 18 and calculate the minimum eigenvalue i

crξ  

where superscript i  means the number of iteration. 
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Then the elastic buckling load of each member is calculated as j

i
cr Pξ . 

 
Step 3) Evaluate the slenderness parameter i

j
*λ  of each member as follows:   
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where the effective length is defined as 
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Step 4) Calculate the inelastic critical buckling stress i

jcrf ,  of each member from the AISC-LRFD 

and Eurocode 3 column strength curves by utilizing the slenderness parameter i
j

*λ . 
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Step 5) Calculate the refined tangent modulus of each member as 
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where i

jincrf ,,  is the inelastic buckling stress of each member obtained from Eq. 18. Next check the 

convergence designated as ε<−+ i
jt

i
jt

i
jt EEE ,,
1

, )( . In case that the convergence is not achieved, go back 

to the step 2). 
 
Step 6) Determine the final K-factor of each member. 
 
In addition, Figure 3 shows the schematic procedures for the evaluation of K-factor in inelastic 
stability analysis. 
 

 
Figure 3. Flowchart of the Evaluation of K-factor in Inelastic Stability Analysis 
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5.   NUMERICAL EXAMPLES 

 
In numerical examples, to show the accuracy and the usefulness of the present study, the elastic and 
inelastic stability analyses of the frame structures subjected to conservative or nonconservative 
forces are performed and compared with other available references. The effects of various parameters 
on buckling loads and K-factors for columns in steel frames are investigated. In subsequent examples, 
each column is modeled with the five finite beam elements and the yield stress yf  of all columns is 

344.7 MPa (50 ksi). 
 
5.1   Three-story Frame Subjected to Conservative Forces 
 
The stability analysis is carried out on the three-story frame subjected to conservative forces to 
illustrate the validity of the present method to predict K-factors of columns. Figure 4 shows the 
configuration of the frame with W-shape section, and its material and sectional properties are as 
follows: E = 2×105 MPa; W8×35: A = 6.645×10-3 m2, I = 5.286×10-5 m4; W8×48: A = 9.097×10-3 m2, 
I = 7.659×10-5 m4; W14×30: A = 5.71×10-3 m2, I = 1.2112×10-4 m4; W21×44: A = 8.387×10-3 m2, I

= 3.5088× 10-4 m4. The K-factors evaluated by present elastic and inelastic stability analyses are 
presented in Table 2. For comparison, the K-factors by Liu and Xu [17] who uses the geometrical 
stiffness distribution approach for elastic analysis and AISC [2] using the modified equation for 
determining K-factors based on the story buckling approach and the alignment chart method for 
elastic and inelastic analyses are presented. It can be seen that the results by the present Euler 
hyperbola curve show fairly good agreement with those by Liu and Xu [17]. When the inelastic 
behavior is considered, the K-factor for column 1C , on which the highest axial force acts, becomes 

smaller. On the other hand, the inelastic system buckling analysis introduces the higher K-factor for 
column 3C  having the relatively small axial force. 

 

 
 

Figure 4. Three-story Frame subjected to Conservative Forces 
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Table 2. K-factors of the Three-story Frame Subjected to Conservative Forces (α = 0) 

Methods 
Elastic analysis Inelastic analysis 

1C  2C  3C  1C  2C  3C  

Liu and Xu [17] 1.15 1.15 1.53 - - - 

Story buckling approach [2] 1.11 1.21 1.23 1.07 1.14 1.21 

Alignment chart method 1.11 1.21 1.23 1.07 1.14 1.21 

 Euler 
hyperbola 

1.15 1.14 1.53 - - - 

This study AISC-LRFD - - - 1.03 1.11 2.31 

 Eurocode 3 - - - 1.03 1.10 2.13 

 
5.2   Cantilevered Column 
 
For verification purpose of the present study in evaluation of buckling load for the column subjected 
to the nonconservative force, we consider the cantilevered column with W-shape section (W8×35) 
subjected to the compressive tangential force P  acting at the top of the column as shown in Figure 1. 
The length of column is 3 m and the material and sectional properties are as follows: E = 2×105 MPa, 
A = 6.645×10-3 m2, I = 5.286×10-5 m4. For simplicity the dimensionless buckling load *

crP = 

)(2
EILPcr , in which crP  denotes the critical buckling load, is introduced. In Table 3, the 

dimensionless buckling loads by this study are compared with results obtained by Rao and Rao [36] 
deriving the exact solutions, with the solutions given by Leipholz [37], and with those proposed by 
Kikuchi [38] via a finite element technique. It can be found from Table 3 that the results by this Euler 
hyperbola curve are in excellent agreement with other literature results for whole α  considered.  
 

 
(a) Dimensionless buckling loads 
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(b) Variation of the tangent modulus 

 
 

 
(c) Effects of inelasticity on the dimensionless buckling loads 

 
Figure 5. Dimensionless Buckling Loads and Its Corresponding Tangent Modulus, and  

the Effects of Inelasticity on the Dimensionless Buckling Loads for  
the Cantilevered Column with Respect to α  
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Table 3. Dimensionless Buckling Loads for  
the Cantilevered Column Subjected to the Nonconservative Force 

Methods 
Nonconservativeness parameter α  

0.0 0.1 0.2 0.3 0.4 0.5 

Rao and Rao [36] 2.467 2.830 3.325 4.055 5.292 9.870 

Leipholz [37] 2.467 2.830 3.325 4.055 5.292 9.870 

Kikuchi [38] 2.467 2.830 3.325 4.055 5.293 9.872 

 Euler 
hyperbola 

2.467 2.830 3.325 4.055 5.293 9.871 

This study AISC-LRFD 1.401 1.461 1.526 1.595 1.671 1.795 

 Eurocode 3 1.303 1.376 1.453 1.536 1.625 1.771 

 
Figure 5(a) shows the variation of the dimensionless buckling loads with respect to α . It can be 
observed from Figure 5(a) that the buckling loads from both elastic and inelastic stability analyses 
increase as α  increases, so the conservative case (α = 0) is the more susceptible of instability. Also 
the increase ratio of buckling load with respect to α  for the Euler hyperbola curve is larger than those 
for AISC-LRFD and Eurocode 3 curves. As is expected, this is due to the fact that as α  increases, the 
critical buckling loads from the inelastic stability analyses increases slowly with significant 
degradation of the tangent modulus as seen in Figure 5(b). In Figure 5(c), the inelastic effects on the 
dimensionless buckling load are plotted with α . Here *e

crP  and *i
crP  denote the dimensionless buckling 

loads from the elastic and inelastic stability analyses, respectively. As the results show, the inelastic 
effects on the buckling loads increase as α  increases up to around 82% at α = 0.5 for both of 
AISC-LRFD and Eurocode 3 curves. 
 
5.3   Frame with Semirigid Connections 

 
The frame with semirigid connections as shown in Figure 6 is considered. The frame consists of 
columns with W14×22 section and the modulus of elasticity is 2×105 MPa. The moment of inertia for 
columns ( cI ) and beams ( 1bI , 2bI ) are as follows: cI = 82.83×10-6 m4, 1bI = 83.25×10-6 m4, and 2bI = 

10.41×10-6 m4. 

 
Figure 6. Frame with Semirigid Connections 

 
When the columns are subjected to conservative forces (α = 0), the present K-factors are compared 
with one obtained by Cheong-Siat-Moy [39] in Table 4. Cheong-Siat-Moy [39] proposed a new 
design method employing a fictitious lateral load that was a fraction of the gravity loads. As can be 
seen in Table 4, the result from this Euler hyperbola curve is in good agreement with that from 
Cheong-Siat-Moy [39]. It can also be found that the inelastic effects decrease the K-factor by 16.6% 
and 15.6% for AISC-LRFD and Eurocode 3 curves, respectively. 
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Table 4. K-factors for the Column of Frame with  
Semirigid Connections Subjected to Conservative Forces 

Cheong-Siat-Moy [39] 
This study 

Euler hyperbola AISC-LRFD Eurocode 3 

3.8 3.85 3.21 3.25 

 
Table 5 summarizes buckling loads and K-factors for columns with respect to α . It is seen that the 
buckling load increases by tangential follower forces (α = 1.0) by 269.8% for the elastic analysis. On 
the other hand, for the inelastic columns, the buckling loads increase by 23.1% and 25.6% for 
AISC-LRFD and Eurocode 3 curves, respectively, due to the tangential forces. In case of K-factors, 
as α  increases, the K-factors converge to the value of 2.0 for both of the elastic and inelastic analyses. 
This K-factor of 2.0 corresponds to one in column with clamped boundary condition at the base, and 
the rotation fixed and translation free one at upper end. It is also seen that the tangential forces 
decrease K-factor by 48.1% for Euler hyperbola and 37.7% and 38.5% for AISC-LRFD and 
Eurocode 3 curves, respectively. 
 

Table 5. Buckling Loads and K-factors for the Column of Frame with  
Semirigid Connections Subjected to Nonconservative Forces 

 Methods 
Nonconservativeness parameter α  

0.0 0.2 0.4 0.6 0.8 1.0 

Buckling loads 
Euler hyperbola 

AISC-LRFD 
Eurocode 3 

1189.8 
1021.7 
1034.5 

1402.0 
1092.7 
1125.8 

1704.0 
1158.0 
1198.3 

2164.9 
1200.4 
1245.0 

2938.9 
1235.3 
1279.1 

4399.7 
1258.2 
1299.1 

K-factors 
Euler hyperbola 

AISC-LRFD 
Eurocode 3 

3.85 
3.21 
3.25 

3.54 
2.87 
2.92 

3.21 
2.58 
2.61 

2.85 
2.34 
2.35 

2.45 
2.15 
2.15 

2.00 
2.00 
2.00 

 
Figure 7 shows buckling loads and inelastic effects on buckling loads with respect to α . It is 
observed from Figure 7(a) that the buckling loads increase with increase of α  and the elastic 
buckling load is smaller than the yield failure load at 0 ≤α ≤ 0.24 and it is larger at α > 0.24. In Figure 
7(b), e

crP  and i
crP  mean the buckling loads obtained from the elastic and inelastic analyses, 

respectively. The effects of inelasticity on buckling loads increase for increasing values of α  by 71.4% 
and 70.5% for AISC-LRFD and Eurocode 3, respectively. Figure 8 presents the variation of K-factors 
and the effects of inelasticity on K-factors. The K-factors decrease with increase of α , as shown in 
Figure 8(a). In Figure 8(b), e

K  and i
K  are the K-factors evaluated from the elastic and inelastic 

analyses, respectively. It is observed from Figure 8(b), the effects of inelasticity increase with 
increase of α  and have the maximum values of 19.6% and 18.7% for AISC-LRFD and Eurocode 3 
curves, respectively, at α = 0.4. These effects decrease thereafter and become to be zero at α = 1.0. 
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(a) Buckling loads 

 
 

 
(b) Effects of inelasticity on buckling loads 

 

Figure 7. Buckling Loads and the Effects of Inelasticity on  
Buckling Loads for the Frame with Semirigid Connections with Respect to α  
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(a) K-factors 

 

 
(b) Effects of inelasticity on K-factors 

 
Figure 8. K-factors and the Effects of Inelasticity on K-factors for the Frame with Semirigid 

Connections with Respect to α  
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forces, the variation of K-factors and the effects of inelasticity on K-factors are investigated with 
respect to various values of the stiffness ratio cb II  and the span ratio cb LL  of beam to column. 

First, Figures 9(a) and 9(b) show the variation of K-factors with values of α  versus the stiffness ratio 
for the Euler hyperbola and AISC-LRFD curves, respectively. In this example, we keep the moment 
of inertia of column cI  constant and change the value of bI . It is observed that K-factors from the 

present elastic and inelastic stability analyses decrease as cb II  increases and converge to the value 
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of 2.0 after cb II of 10. This means that if the stiffness of the beam approaches infinity, the columns 

will behave like a member with a hinged boundary condition at the base, and a rotation fixed and 
translation free one at the upper end. The effects of inelasticity on K-factors are plotted in Figure 9(c) 
with respect to cb II  where A

K  is the K-factor evaluated from AISC-LRFD curve. It can also be 

seen that the K-factors from the inelastic analysis is smaller than those from elastic one except for α

= 1.0. It is interesting to observe from Figure 9(c) that the maximum values of inelastic effects are 
about 19.8% for whole α  considered except for α = 1.0. The values of cb II  corresponding to the 

largest effects of inelasticity are on the decrease as α  increases. This is due to the fact that as α  
increases, the total stiffness decreases, as shown in Eq. 5, and therefore the maximum inelastic effect 
occurs at the stiffness ratio with more flexible beam stiffness. 
 

 
(a) K-factors from the Euler hyperbola curve 

 

 
(b) K-factors from the AISC-LRFD curve 
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(c) Effects of inelasticity on K-factors 

 
Figure 9. K-factors and the Effects of Inelasticity on K-factors for the Frame with Rigid Connections 

with Respect to cb II  

 
Next, the variation of K-factors from the Euler hyperbola and AISC-LRFD curves are presented in 
Figures 10(a) and 10(b), respectively, with respect to the span ratio cb LL  as the length of column 

remains constant and that of beam is varied. As can be seen, the K-factors for the frame subjected to 
tangential forces ( α = 1.0) are irrespective of cb LL . It is interesting to observe that as cb LL  
increases, the K-factors decrease and have the minimum values at cb LL  of 0.5 and increase 

thereafter for both of the Euler hyperbola and AISC-LRFD curves. As shown in Figure 10(c), the 
values of inelastic effects on K-factors increase with increase of cb LL  and have the maximum value 

of 19.7% for whole α  except α = 1.0, and decrease thereafter. The values of cb LL corresponding to 

the largest effects of inelasticity are on the increase as α  increases. 
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(b) K-factors from the AISC-LRFD curve 

 
 

 
(c) Effects of inelasticity on K-factors 

 
Figure 10. K-factors and the Effects of Inelasticity on K-factors for  

the Frame with Rigid Connections with Respect to cb LL  
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6.   CONCLUSIONS 

 
The present paper proposes the inelastic system buckling analysis method to determine buckling 
loads and K-factors for columns of steel frames subjected to nonconservative forces by generalizing 
the iterative buckling procedures. This study overcomes the limit of traditional elastic and inelastic 
stability analyses using the many unrealistic assumptions which may lead to unreasonable K-factor if 
the frame structure does not satisfy these assumptions. Moreover this study is the first attempt to 
perform the stability analysis of the frame structures subjected to nonconservative forces considering 
column strength curve which considers the geometric imperfections and the residual stresses of the 
compression members. Throughout numerical examples, comparative examples and parametric 
studies are conducted and the following conclusions are drawn. 
 
1) For evaluation of buckling loads and K-factors for the elastic conservative and nonconservative 

systems, the results by this study are in good agreement with those from other researchers. 
2) For column subjected to the smaller axial force of in frame, the K-factor from inelastic analysis is 

larger than that from elastic analysis but it is the reverse for column subjected to the larger axial 
force. 

3) For both elastic and inelastic analyses, the critical buckling loads of the frame increase with 
increase of α , and so the conservative case (α = 0) is the more susceptible of instability. 

4) The increase ratio of the inelastic buckling load of the frame with respect to α  is smaller than 
that of the elastic buckling load due to the significant degradation of the tangent modulus in 
inelastic analysis. 

5) For all α , the K-factors from the elastic and inelastic analyses decrease and converge to the 
specified value as cb II  increases. 

6) The maximum values of inelastic effects on K-factors of the frame are same for all α  considered 
except for α = 1.0 and the values of cb II  corresponding to the largest effects of inelasticity are 

on the decrease as α  increases. 
7) As cb LL  increases, the K-factors have the minimum values at cb LL = 0.5 and increase 

thereafter for both elastic and inelastic analyses. The values of inelastic effects on K-factors 
increase with cb LL  and have the same maximum values for whole range of α .  
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ABSTRACT: A modified one-zone model has been proposed for structural fire safety design. In the model, a 
quantity which considers the heat sink effect of steel members in fire compartment is added to the heat balance 
equation for one-zone compartment fire model. In this paper, the proposed model is solved by FEM simulations. The 
results from FEM simulations are verified by program OZone (V2.0). Case studies have been conducted with 
investigating parameters including number of steel members, compartment dimension, opening area, fire load density 
and steel insulation thickness. The results of the studies show that for fire compartments with bare steel members, the 
steel heat sink effect is greater for compartments with smaller floor area, larger opening, lower fire load density, and 
more steel members; and for fire compartments with insulated steel members, the steel heat sink effect is greater for 
compartments with larger floor area, smaller opening, higher fire load density, and more steel members with thinner 
insulation. Correspondingly, the over-predictions of the maximum steel temperatures by the current model are 
comparatively more severe for those compartments. The proposed model can yield more economical fire resistance 
design than the current model, which is recommended for practical usage. 
 
Keywords: Temperature calculation; Steel structures; Post-flashover fires; Fire resistance; Modified one-zone model 

 
 
1.  INTRODUCTION 
 
Currently, performance-based method is very popular in fire safety engineering. In a 
performance-based fire resistance design, the temperature of building components exposed to the 
potential real fires should be determined scientifically. 
 
The behavior of a real fire is complex, which depends on many parameters such as sprinkler, fire 
load, combustion, ventilation, compartment size and geometry, and thermal properties of 
compartment boundaries [1]. So far, with increase in complexity, empirical correlations (e.g. 
nominal fire curves and parameter fire curve [2]), zone models (e.g. one-zone model for 
post-flashover fires [3,4] and two-zone model for preflashover fires [4,5]), and sophisticated CFD 
models (e.g. Fire Dynamic Simulation [6]) have been developed to model the fire behavior. 
 
In fire resistance design, post-flashover fires are usually considered because they provide the worst 
case scenario (however, localized heating of key elements of structure in pre-flashover fires must 
also be considered). The temperature of a steel member exposed to a post-flashover fire is usually 
determined by first representing the fire environment by a fire curve obtained from solving the 
one-zone compartment fire model, then substituting the fire curve into a one-dimensional (1D) 
condensed heat transfer model to obtain the steel temperature [7]. The temperature of steel 
members in a fire can also be determined by advanced compute simulations [8].  
 
Figure 1 shows the one-zone compartment fire model. In this model, the heat balance equation 
within the compartment is given by [9] 
 

rocowg qqqqHRR ,,                                         (1) 
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where HRR  is heat release rate due to combustion; gq  is rate of heat storage in the gas volume; 

wq  is rate of heat loss through the walls, ceiling and floor; coq ,  is rate of heat loss due to 

replacement of hot gases by cold; and roq ,  is rate of heat loss by radiation through the openings. 

Based on this model, both analytical expressions and compute programs were developed to give 
fire curves for structural design [10]. 
 

 
Figure 1. Illustration of Compartment One Zone Model 

 
Figure 2 shows the 1D condensed heat transfer model used to calculate the temperature of insulated 
steel members. The temperature specified by a fire curve ( fT ) is interpreted as the effective black 

body radiation temperature for radiation calculation and as the same gas temperature for convection 
calculation. The radiation and convection effects are considered by using a thermal resistor fR . 

The heat insulation effect of the fire protection is considered by using a thermal resistor iR  ( for 

bare steel members without fire protection, 0iR ). The internal steel is represented by a lumped 

mass that temperature gradient within the steel is ignored. Based on this model, using various 
mathematical techniques, different formulas were developed for calculating the average steel 
temperatures [7]. 
 
It is obvious that the steel members in a fire compartment will absorb a portion of the energy 
released by combustion. That portion of energy will heat the steel members on one hand and cool 
the compartment on the other hand. As a result, the temperature of a steel member within a fire 
compartment is dependent on the heating mechanism of the compartment. However, in current 
models, as shown in Figures 1 and 2, the temperature of a steel member within a fire compartment 
is related to the fire curve which is determined without considering the heat sink effect of the steel 
member. 
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Figure 2. Illustration of 1D Condensed Heat Transfer Model 

 
In this paper, a modified one-zone model is proposed to calculate the temperature of steel members 
in post-flashover fires. By the model, heat sink effect of steel members in fire compartment has 
been investigated. 
 
 
2.  THE MODIFIED ONE-ZONE MODEL 
 
2.1  Heat Balance Equation 
 
In the modified one-zone model, the heat sink effect of steel members in fire compartments has 
been considered by adding a quantity to the heat balance equation for one zone compartment model 
(Eq. 1), thus 
 

srocowg qqqqqHRR   ,,                                 (2) 

 
where, sq  is rate of heat storage in steel members. 

 
2.2  Sub-models 
 
2.2.1  Heat release rate (HRR) 
 
Heat release rate (HRR) is the most import variable in measuring fire severity, which can be 
calculated by 
 

cf HmHRR                                             (3) 

 
where, fm  is the mass burning rate of the fuel; and cH  is the net heat of combustion of the fuel. 

In ventilation controlled fires (fully-developed compartment or post-flashover fires), the HRRs are 
alternatively calculated by [1] 
 

airair HmHRR                                            (4) 
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where, airm  is the mass rate of air inflow and airH  is the heat released per unit mass air 

consumed. 
 
The HRR of a real fire can be measured by cone calorimeter designed by Babrauskas et al. [11]. In 
design work, the natural fire safety concept (NFSC) is widely used to represent the fire conditions 
[2,4]. As shown in Figure 3, the NFSC fire is assumed to be t-sqaure in the growth stage and decay 
stage begins at the time when 70% of design fire load is consumed. 
 

 
Figure 3. Illustration of the HRR History in a NFSC Fire 

 
In a NFSC fire, at the growth stage, the HRR is given by 
 

2tHRR                                                (5) 
 

the fire growth time gt  is given by 

 


maxHRR

tg                                            (6) 

 
and the fuel energy consumed at the fire growth stage, gQ , is 

 

3

3

0

2 gt

g

t
dttQ

g 
                                         (7) 

 
where,   is the fire intensity coefficient, taken as 0.00293, 0.0117 and 0.0466 for slow, medium 
and fast growth fires, respectively. 
 
The duration time of steady burning in a NSFC fire is given by 
 

max

7.0

HRR

QAq
t gff

s


                                        (8) 

 
and the duration of decaying stage is given by 
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max

6.0

HRR

Aq
t ff

d                                            (9) 

 
where, qf , Af are design fire load density and floor area, respectively; and maxHRR  is the 

maximum heat release rate, for ventilation controlled fires [1], 
 

oo HAHRR 1500max                                       (10) 

 
where, ooo HWA   is the area of the ventilation opening, in which oW  and oH  are the width 

and height, respectively. For fuel-controlled fires, EC1 [2] gives some values of maximum heat 
release rates for different occupancies. 
 
2.2.2  Heat loss due to convective flow ( coq , ) 

 
Pressure in a compartment fire is essentially atmospheric, and flows occur at openings due to 
hydrostatic pressure differences. The mass rates of out and in flows are calculated by [1] 
 

2/32/1 )()]1(2[
3

2
No

ff
odgas XH

T

T

T

T
gWCm  

                      (11) 

 
And 
 

)2/()()]1(2[
3

2 2/12/1
dNdN

f
odair XXXX

T

T
gWCm  

                (12) 

 
, respectively. The heat loss due to replacement of hot gases by cold at openings is calculated by 
 

 TcmTcmq pairfpgasco  ,                                       (13) 

 
The flow coefficient, dC , is approximately 0.7. The neutral plane height, NX , can be 

approximated as the half height of the opening. For post-flashover fires, the height of the interface 

dX  is approximately zero. Taken those values into Eq. 12, the inflow mass rate for post-flashover 

fires can be approximated as 
 

ooair HAm 5.0                                         (14) 

 
In many calculations [1], the mass rate of outflow is taken as equal to the mass rate of inflow given 
by Eq. 14. Correspondingly, the heat loss due to replacement of hot gases by cold is calculated by 
 

)(5.0,  TTcHAq fpooco                                  (15) 

 
where, pc  is the specific heat of the gas; fT  and T  are fire and environment temperatures, 

respectively. 
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2.2.3  Heat loss by radiation through the openings ( roq , ) 

 
The heat loss by radiation through the openings of a fire compartment is usually calculated by 
adopting homogeneous gray gas approximations for fire environment and using Stefan-Boltzmann 
law, that, 
 

)( 44
,  TTAq fforo                                   (16) 

 
where, f  is the effective emissivity of the gases within the compartment, which can be 

calculated from 
 

L
f e   1                                         (17) 

 
where,   is the emission coefficient, usually taken as 1.1 m−1 [9]; and L is the mean beam length 
for the enclosure, which is approximated as the height of the compartment. 
 
2.2.4  Heat loss through wall ( wq ) 

 
The heat transfer into the boundary surface of a compartment occurs by convection and radiation 
from the enclosure, and then conduction through the walls. In calculating heat transfer from fire to 
boundary surface ( wq ), the following assumptions are adopted,  

– In radiation calculation, the fire and the boundary surface are represented as two infinitely 
parallel grey planes that the view factor is taken as unit; 

– In unsteady conduction calculation, The boundaries (walls, ceiling and floor) are usually 
assumed to be semi-infinite solids 

 
Theoretically, for semi-infinite behavior, the exposure time must be less than the penetration time 

which for a slab exposed to a Dirichlet boundary condition is about 2)
4

(
1 w

w

d


 [1]. Here, 

)/( wwww ck    is the thermal diffusivity of the slab, in which wk , w  and cw are conductivity, 

density and specific heat, respectively. wd  is the thickness of the slab. In practice, if the thickness 

of a slab is greater than tw2 , the semi-infinite solid assumption is used [1,12]. In the proposed 

model, however, the semi-infinite solid assumption is not adopted, that the heat transfer from 
unexposed surfaces of compartment boundaries to outside environment is considered. 
 
The governing equation for 1D wall conduction is given by 
 

t

txT

x

txT w

w

w







 ),(1),(
2

2


                                     (18) 

 
At fire and environment exposed sides, the Neumann boundary conditions are given by Eq. 19 and 
Eq. 20, respectively. 
 

)],0()[(
),0(

,, tTThh
x

tT
kq wflrlc

w
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


                       (19) 
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]),()[(
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,, 



 TtdThh
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tdT
k wwrrrc

ww
w                        (20) 

 
Here, ),0( tTw  and ),( tdT ww  are temperatures of fire and environment exposed surfaces, 

respectivly; lch ,  and rch ,  are convective heat transfer coefficients at fire and environment 

exposed surfaces, taken as 35 W/(m2K) and 9 W/(m2K) [2], respectively; and lrh ,  and rrh ,  are 

radiative heat transfer coefficients at fire and environment exposed surfaces, given by Eq. 21 and 
Eq. 22, respectively. 
 

)],0(][),0([ 22
, tTTtTTh wfwfreslr                             (21) 

)],(][),([ 22
, tdTTtdTTh wwwwwrr                           (22) 

 
Here, res  is the resultant emissivity at fire exposed surface, given by 

 

1/1/1

1




wf
res 

                                     (23) 

 
in which, w  is the emissivity of the wall. 

 
2.2.5  Heat storage in gas volume ( gq ) 

 
The heat stored in the gas volume within the compartment is calculated by 
 

t

T
Vcq f

gpg 


                                          (24) 

 
where,   is the density of the gas; and Vg is the gas volume. 
 
2.2.6  Heat absorbed by steel members ( sq ) 

 
For bare steel, using lumped capacitate method, the heat absorbed by the steel members within the 
compartment is calculated by 
 

t

T
mcq s

sss 


                                            (25) 

 
where, cs is the specific heat of steel; ms is the total mass of steel members; and Ts is the average 
steel temperature. 
 
For insulated steel, 1D condensed model (Figure 2) is adopted to calculate heat transfer. At 
fire-insulation interface, the Neumann boundary condition is adopted. By lumped capacitance 
concept, the boundary condition at the steel-insulation interface is given by 
 

t

tdT

VA

c

x

tdT
k i

si

ssi
i 








),(

/

),( 
                                (26) 
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),( tdTT is                                            (27) 

 
where, ),( tdT i  is the temperature of insulation at steel-insulation interface; ssc   is the 

volumetric specific heat of steel; si VA /  is the section factor, in which Ai is the appropriate area of 

the fire insulation, and Vs is the volume of steel; and id  is the thickness of the insulation. 
 
For steel members insulated by thin, light weight coatings, the heat absorbed by the coatings are 
usually ignored, that the heat absorbed by the members are calculated by Eq. 25. 
 
 
3.  SIMULATING THE MODIFIED ONE-ZONE MODEL BY FEM 
 
3.1  Numerical Tool 
 
The proposed model given above can be solved using technologies like finite differential method 
(FDM) and finite element method (FEM). In this paper, the FEM program ANSYS with powerful 
capacity to solve steady-state or transient heat transfer problems, is employed to simulate the 
proposed model. Validation of the program has been conducted by many works, e.g. [7, 13]. 
 
3.2  Basic Elements 
 
3.2.1  LINK32-2D conduction bar 
 
LINK 32 is a uniaxial element with the ability to conduct heat between its nodes. The element has a 
single degree of freedom, temperature, at each node point. The conducting bar is applicable to a 2D, 
steady-state or transient thermal analysis. 
 
The element is defined by two nodes, a cross-sectional area, and the material properties. The 
thermal conductivity is in the element longitudinal direction. Heat generation rates may be input as 
element body loads at the nodes. 
 
3.2.2  LINK34-convection link 
 
LINK34 is a uniaxial element with the ability to convect heat between its nodes. The element has a 
single degree of freedom, temperature, at each node point. The convection element is applicable to 
a 2D or 3D, steady-state or transient thermal analysis. The element is defined by two nodes, a 
convection surface area, two empirical terms, and a film coefficient. 
 
3.2.3  LINK31-radiation link 
 
LINK31 is a uniaxial element which models the radiation heat flow rate between two points in 
space. The link has a single degree of freedom, temperature, at each node. The radiation element is 
applicable to a 2D or 3D, steady-state or transient thermal analysis. 
 
The element is defined by two nodes, a radiating surface area, a geometric form factor, the 
emissivity, and the Stefan-Boltzmann constant. 
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3.2.4  MASS71-thermal mass 
 
MASS71 is a point element with one degree of freedom, temperature, at the node. The element may 
be used in a transient thermal analysis to represent a body having thermal capacitance capability 
but negligible internal thermal resistance, that is, no significant temperature gradients within the 
body. The lumped thermal mass element is applicable to a 1D, 2D, or 3D steady-state or transient 
thermal analysis. 
 
The lumped thermal mass element is defined by one node and a thermal capacitance. 
 
3.3  FEM Model 
 
Figure 4 illustrates the FEM model. The heat source is modeled by a perfect conductor, which is 
represented by one LINK32 element. The heat generation rate of the source is input as HRR 
specified by NFSC. The compartment boundaries and the insulation coatings of the steel members 
are modeled using LINK32. Convection and radiation at fire or environment exposed surfaces are 
modeled using LINK34 and LINK31, respectively. Gas and steel volumes are modeled using 
MASS71. Radiation at opening is modeled using LINK31. Convection at opening by mass 
exchange is modeled using LINK34 with film coefficient of ogasp Amc / . 

 
Figure 4. Illustration of the FEM Model 

 
 
4.  CASE STUDIES 
 
4.1  Verification of FEM Model 
 
Not including steel members in the proposed model, the results predicted by the proposed model 
simulated by FEM are compared with those predicted by the program OZone [4], Lie method [14] 
and EC1 parameter fire [2]. 
 
In the study, a compartment with dimensions of 3 m width, 4 m length and 2.7 m height are 
considered. The compartment has a vent of 2 m width and 1 m height. The compartment boundaries 
are made of normal weight concrete (NWC) with thickness of 200 mm. The properties of NWC are 
ρw=2300 kg/m3, cw=1000 J/(kg K), and kw=1.6 W/(m K). The floor fire load density is 800 MJ/m2 
and the fire intensity coefficient is 0.0117. The maximum heat release rate per unit area for fuel 
controlled fire is taken as 250 kW/m2. Correspondingly, the calculated HRRmax for fuel and 
ventilation controlled fires are 2.25 MW and 3.0 MW respectively. 
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Figure 5 shows the comparison among the results of fire temperatures predicted by different 
methods. The FEM model and OZone give consistent results for both fuel (HRRmax=2.25 MW) and 
ventilation (HRRmax=3 MW) controlled fires, whilst in the heating phases the fire temperatures 
predicted by the FEM model are slightly higher than those predicted by OZone. The differences 
among the results by FEM model and OZone are due to different mathematic technologies adopted 
by them in solving sub-models in one zone post-flashover fire model [4]. Results by Lie method 
agree well with those by FEM model using HRRmax=2.25 MW in the heating phases. Lie method 
and EC1 parameter fire give same results for fuel and ventilation controlled fires. 

 
Figure 5. Comparison among Results of Fire Temperatures Predicted by Different Methods 

 
4.2  Bare Steel Members 
 
The fire compartment is 4.8 m width, 6.0 m depth and 3.6 m height. The compartment boundaries 
are made of 200 mm gypsum board, the properties of which are ρw=800 kg/m3, cw=1700 J/(kg K) 
and kw=0.2 W/(m K). The compartment has a vent of 4.8 m width and 1.8 m height. The floor fire 
load density is 600 MJ/m2 and the fire intensity coefficient is 0.0117. Including steel members in 
the FEM model, the effect of steel members within the compartment on gas and steel temperatures 
are investigated. Ventilation controlled fires are considered in the following studies. The cross 
section of the steel member is H300×300×10×15 and the length of the member is taken as the 
height of the compartment. 
 
Figure 6 shows the results of gas temperatures with different number of steel members in the 
compartment. The more the number of steel members, the lower is the gas temperatures. For the 
case with 4 steel members, the predicted maximum gas temperature is about 46 oC lower than that 
for the case with no steel member. Figure 7 shows the results of steel temperatures. For the case 
with no steel in the compartment, the steel temperature is calculated by solving the 1D condensed 
heat transfer model (Figure 2) with using the predicted fire curve. The more the number of steel 
members, the lower is the steel temperatures. For the case with no steel member, the predicted 
maximum steel temperature is about 31 oC higher than that for the case with 4 steel members. 
 
Figures 8 and 9 show the results of steel temperatures for compartments with different floor and 
opening areas, respectively. Taking △Ts,max as the difference between the maximum steel 
temperatures for the same compartment with no steel member and with 4 steel members, △Ts,max 
decreases with compartment floor area increases, and increases with opening area increases. 
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Figure 10 shows the results of steel temperatures for compartments with different fire loads. △
Ts,max decreases with fire load increases. 
 
For the investigated cases, the maximum value of △Ts,max is 219 oC, which is for the case with 
qf=300 MJ/m2 and is shown in Figure 10. 

 
Figure 6. Results of Gas Temperatures for a Compartment with  

Different Number of Steel Members in it 
 

 
Figure 7. Results of Steel Temperatures for a Compartment with  

Different Number of Steel Members in it 
 

 
 

Figure 8. Results of Steel Temperatures for Compartments with Different Floor Areas 
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Figure 9. Results of Steel Temperatures for Compartments with Different Opening Areas 
 

 
 

Figure 10. Results of Steel Temperatures for Compartments with Different Fire Loads 
 
4.3  Insulated Steel Members 
 
Figures 11 to 14 show the results for insulated steel members in fire compartments. The insulation 
material is a commonly used SFRM, the properties of which are ρi=250 kg/m3, ci=800 J/(kg K) and 
ki=0.12 W/(m K). The difference between the maximum steel temperatures for cases with no 
insulated member and with 4 insulated member, △Ts,max, decreases with floor area decreases, 
opening area increases, fire load decreases, and insulation thickness increases.  
 
For the investigated cases, the maximum value of △Ts,max is 38 oC, which is for the case with 
A0=4.32 m2 and is shown in Figure 12.  
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Figure 11. Results of Steel Temperatures of Insulated Members in  
Compartments with Different Floor Areas 

 

 
 

Figure 12. Results of Steel Temperatures of Insulated Members in 
Compartments with Different Opening Areas 

 

 
Figure 13. Results of Steel Temperatures of Insulated Members in  

Compartments with Different Fire Loads 
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Figure 14. Results of Steel Temperatures of Insulated Members with  

Different Insulation Thicknesses 
 
 
5.  DESIGN EXAMPLE 
 
Problem: 4 steel columns are located at different corners of a fire compartment in an office 
building. The compartment is 4.8 m width, 6.0 m length and 3.6 m height, and is made of gypsum 
board with thickness of 200 mm. The compartment has a window with dimensions of 2.4 m width 
and 1.8 m height. The compartment has two fire doors which are assumed to be closed in fire 
condition. The design fire load density is taken as 600 MJ/m2. The dimensions of the columns are 
designed to be H400×400×15×20. Take column failure temperature as 550 oC, determine the fire 
protection of the columns. 
 
Design by the proposed model: The calculated bare steel column temperature obtained through 
solving the modified one-zone model, Ts,max, is close to the fire temperature and taken as 1356 oC. 
Adopting the commonly used SFRM considered above as the fire protection material, the 
calculated minimum insulation thickness is 9.7 mm (Ts,max=548 oC < 550 oC). 
 
Design by the current model: The calculated fire temperature obtained through solving the 
traditional one-zone model is 1422 oC. Adopting the commonly used SFRM, the calculated 
minimum insulation thickness through solving the 1D condensed heat transfer model given in 
Figure 2 is 10.8 mm (Ts,max=549 oC < 550 oC) 
 
The difference between the minimum insulation thickness determined by the traditional and 
proposed model is 1.1 mm. 
 
 
6.  CONCLUSIONS 
 
In real conditions, the steel members in a fire compartment will absorb a portion of the heat 
released by combustion. That position of heat is the reason that causes steel temperature elevation, 
and in turn it has effect of cooling the compartment. In this paper, a modified one-zone model has 
been proposed for calculating the temperature of steel members in post-flashover fires. Based on 
the results of this study, the following conclusions can be drawn: 
– The proposed model has capacity of modeling the heating mechanism of steel members in 

post-flashover fires, which is recommended for practical usage. Based on the proposed model, 
computing program or analytical formulae can be derived for daily design work. 
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– The proposed model can yield more economical fire resistance design than the current model. 
For the considered design example of an office building, the proposed model can save 1.1 mm 
fire protection material for each steel column. 

– For fire compartments with bare steel members, the steel heat sink effect is greater for 
compartments with smaller floor area, larger opening, lower fire load density, and more steel 
members. Correspondingly, the over-predictions of the maximum steel temperatures by the 
current model are comparatively more severe for those compartments. 

– For fire compartments with insulated steel members, the steel heat sink effect is greater for 
compartments with larger floor area, smaller opening, higher fire load density, and more steel 
members with thinner insulation. Correspondingly, the over-predictions of the maximum steel 
temperatures by the current model are comparatively more severe for those compartments. 

 
 
NOMENCLATURE 
 
HRR   heat release rate (kW) 

gq    rate of heat storage in the gas volume (kW) 

wq    rate of heat loss through the walls, ceiling and floor (kW) 

coq ,    rate of heat loss due to replacement of hot gases by cold (kW) 

roq ,    rate of heat loss by radiation through the openings (kW) 

sq    rate of heat storage in steel members (kW) 

airm   mass rate of inflow (kg/s) 

gasm   mass rate of outflow (kg/s) 

airH   heat released per unit mass air consumed (MJ/kg) 

t    time 

fq    floor fire load density (kJ/m2) 

fA    floor area (m2) 

oA    vent area (m2) 

oW    vent width (m) 

oH    vent height (m) 

dC    flow coefficient 

NX    neutral plane height (m) 

dX    height of interface (m) 

T , fT   ambient and hot gas temperature (oC or K) 

wT , sT   wall and steel temperature (oC or K) 

pc    specific heat of air (kJ/kg K) 

wc , ic   specific heat of wall or slab, and insulation (kJ/kg K) 

wk , ik   thermal conductivity of wall or slab, and insulation (W/m K) 

    density of air (kg/m3) 

w , i   density of wall or slab, and density of insulation (kg/m3) 

    fire intensity coefficient 

w    thermal diffusivity of wall or slab 

f , w   emissivity of fire and wall 
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    Stefan-Boltzmann constant 

wd , id   wall or slab thickness, and insulation thickness (mm) 

ch , rh   convective and radiative heat transfer coefficient (W/m2 K) 
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ABSTRACT: The temperature change of large-span steel arch structures normally appears when the structures are 
exposed to solar radiation, which may result in large displacement and stress. Therefore, there has been growing 
attention to both temperature distribution and structural response of the structures under the solar radiation. In order 
to investigate the response of large-span box-sectional steel arch structures formed by rectangular steel tubes, one 
rectangular steel tube specimen was designed and its temperature was measured under solar radiation. A numerical 
method was presented according to transient thermal analysis and then verified by experimental results. Both 
experimental and numerical results showed that the solar radiation had a significant effect on the temperature 
distribution of rectangular steel tubes. Considering the solar radiation, the temperature of rectangular steel tubes is 
about 18.1oC higher than the corresponding ambient air temperature in summer. Moreover, the temperature 
distribution under solar radiation is extremely nonlinear. In order to study the structural response induced by the 
temperature change due to the solar radiation, a steel arch structure model is designed and the structural response due 
to temperature change is also investigated on this model. The results showed that the solar radiation has a remarkable 
effect on the thermal load response of large-span steel structures. The effect of the solar radiation has to be 
considered in the design process of large-span steel arch structures. 
 
Keywords: Effective box-sectional steel arch structures, Temperature change, Solar radiation, Rectangular steel tube, 
Numerical analysis, Structural response 

 
 
1.  INTRODUCTION 
 
In recent years, large-span steel structures, such as arch structures, beam string structures, 
suspen-dome structures, lattice shell structures and cable-strut structures, are widely adopted as the 
roof structures of stadiums, gymnasiums, conference, exhibition center, train stations, airport and so 
on. Most constructed steel structures have a span more than 200 m. For example, the arch structures 
of the Baita Airport, Inner Mongolia, China is 205 m as shown in Figure 1. Due to the large span, 
the steel structure is sensitive to the thermal change, especially when exposed to solar radiation. 
Therefore, the thermal load is usually the control load for large-span steel structures and there has 
been growing attention to the structural behavior of steel structures under thermal change. 
 

 
Figure 1. Baita Airport, Inner Mongolia, China 
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Alinia and Kashizadeh conducted some work on the structural behavior of spherical double layer 
space truss domes under uniform thermal load [1-3]. However, for the steel structures exposed to 
solar radiation, its temperature is much larger and more non-uniformly distributed than the 
corresponding ambient air temperature in summer. If the effect of solar radiation on the temperature 
of steel structures is not considered properly, the steel structure may potentially fail due to 
over-large temperature change. However, only a few published papers were reported on the 
temperature distribution of steel structures under solar radiation. In addition, a number of 
researchers drew inconsistent conclusions on this problem. For example, three maximal 
temperatures under solar radiation for steel structures proposed by Fan et al. [4], Wang et al. [5] and 
Xiao et al. [6] are 50 , 60  and 80 , respectively. Therefore, this inconsistency may make the ℃ ℃ ℃
one confused to determine the thermal effect in the design process. 
 
The available references, on the thermal effect due to the solar radiation, have focused on bridges 
[7-8], dams [9-10] and pavements [11-12]. Considering the large structural difference among 
large-span steel structures, bridges, dams and pavements, the proposed numerical methods in these 
papers are not directly applied to large-span steel structures. Therefore, it is important to understand 
the temperature distribution of large-span steel structures under solar radiation through both 
experimental and numerical studies. 
 
In this study, an experiment first was conducted to provide insights into the temperature distribution 
of steel members under solar radiation in summer, as well as to verify a following numerical 
simulation method. And then the numerical simulation method is presented for the temperature 
distribution analysis of steel members under solar radiation. This method is further verified by the 
test data. Using the numerical simulation method, the temperature distribution of an arch structure 
under solar radiation in summer is analyzed. Meanwhile, the structural behavior under thermal 
effect is also studied to give the temperature-induced response of large-span steel arch structures. 
 
 
2.   EXPERIMENTAL STUDY 
 
2.1  Experiment Program 
 
A rectangular steel tube specimen was designed and measured to obtain its temperature distribution 
under solar radiation as shown in Figure 2. Figure 3 presents twelve measured points designed for 
this specimen. In this test, infra-red temperature meter was used to obtain the temperature value of 
each measured point. 

 
Figure 2. Specimen in Test Site 
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Figure 3. Arrangement of Temperature Measure Points of the Rectangular Steel Tube Specimen 
 
 
2.2  Experiment Result 
 
For the rectangular steel tube specimen, the temperature values of all measure points arranged in 
Figure 3 were obtained at 6:00 am, 8:00 am, 10:00 am, 12:00 am, 13:00 pm, 14:00 pm, 15:00 pm, 
16:00 pm, 17:00 pm, 18:00 pm and 19:00 pm on 22th, 23th and 24th July, 2010.  
 
The temperature-time curve for the maximal temperature point (Point 2) and the minimal 
temperature point (Point 7) are shown in Figure 4 and Figure 5. The temperature values for all 
measure points at 14 pm are given in Figure 6 and Figure 7. The following conclusions can be 
drawn on the test results: 
 
1) The temperature-time curve for Point 2 and Point 7 is similar to sine curve as shown in Figure 4 
and Figure 5. 
 
2) The maximal temperature value obtained in this experiment is 52.3 0C , 18.1 0C  higher than the 
corresponding ambient air temperature with a value of 34.2 0C ; and the maximal temperatures 
usually occur at 12:00~14:00 as shown in Figure 4, Figure 5 and Table 1. 
 
3) The temperature of the specimen begins to increase and then decrease from Point 1 to Point 10 at 
14:00 pm as shown in Figure 6. Therefore, the temperature distribution is non-uniform on the 
whole specimen. However, for the upper steel plate and low steel plate in the rectangular steel tube 
specimen, their temperature distribution is almost uniform. 
 
4) The temperature-time curve of Point 11 is identical to that of Point 12 as shown in Figure 7. 
Therefore, the temperature distribution in thickness direction is uniform. 
 
5) The temperature-time curve of Point 2 is identical to that of Point 11 as shown in Figure 7. 
Therefore, the temperature in the longitudinal direction is uniform if the two ends of rectangular 
steel tubes are close to each other. 
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Figure 4. Time-temperature Curve of Point 2 
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Figure 5. Time-temperature Curve of Point 7 
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Figure 6. Temperature of All Points at 14:00 pm 
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Figure 7. Time-temperature Curves of Point 1 and Point 10 on 22th July, 2010 
 
 

Table 1. Minimal and Maximal Temperature Values 
of the Rectangular Steel Tube Specimen at 14:00 

Item Ttest22 Ttest23 Ttest24 TFEM error-max 
Min temperature 44.7 46.9 46.4 48.98 8.74% 
Max temperature 50.4 51.1 52.3 59.07 14.68% 

 
 
3.   NUMERICAL SIMULATION 
 
3.1  Heat Conduction Equation 
 
According to previous references, the thermal properties of steel material are assumed to be 
uniform and isotropic. Considering that there is no heat generation within rectangular steel tubes, 
the general transient governing equation for heat conduction in a three dimensional solid 
region can be expressed as follows: 
 

2 2 2

2 2 2

T T T T

x y z t

    

       
                                  (1) 

 
where c   ;   is thermal conductivity( 2 0w m C );  is material’s density ( 3kg m ); c is 

specific heat ( 0J kg C ). 
 
3.2  Boundary Conditions 
 
In the process of thermal analysis using a three-dimensional finite element, the temperature 
boundary conditions should be first determined. For the rectangular steel tubes, the temperature is 
affected by solar radiation, convection heat transfer and long wave radiation heat transfer. 
Therefore, the temperature boundary condition is defined as: 
 

 ( ) ( ) ( )a S L

T
h T t T q t q t

n





   


                            (2) 
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Where h  is heat convection coefficient ( 2 0w m C ); aT is ambient air temperature; sq  is solar 

radiation ( 2w m ); lq  is long wave radiation ( 2w m ). 
 
3.3  Solar Radiation Model 
 
The ASHRAE clear-sky model was adopted in this study to evaluate the solar radiation on the 
surface of rectangular steel tubes [13]. In this model, the total global solar radiation is assumed to 
be the sum of direct radiation, diffuse radiation, and the solar radiation reflected from the 
surrounding surface. On a clear day, the value of solar radiation at the earth’s surface is defined as  
 

exp( sin )ND N

A
G C

B 
                                         (3) 

 
Where: NDG = normal direct radiation, 2W m ; A = apparent solar radiation at air mass equal to 

zero, 2W m ; B = atmospheric extinction coefficient;  = solar altitude; NC = clearness number 

Based on the ASHRAE model, the total solar radiation incident on a non-vertical surface can be 
evaluated by Eq. 4 : 
 

max(cos ,0) (sin )s ws g wg NDq CF F C G                           (4) 

 
(1 cos ) 2wsF                                              (5) 

 
 1 cos 2wgF                                              (6) 

 
Where  is the solar radiation absorptivity;  is the angle of incidence between the sun’s rays and 
the normal to the surface;  is tilt angle; C is obviously the ratio of diffuse irradiation on a 
surface to direct normal radiation; wsF  the angle factor between the surface and the sky; wgF is 

the configuration or angle factor from surface wall to ground; g is the solar radiation reflectance 
of ground or horizontal surface 
 
Similarly, the total solar radiation incident on a vertical surface can be given by following 
equations: 
 

max(cos ,0) (sin )s g wg ND
dH

GdV
q C F C G

G
   
 

    
 

                  (7) 

 
20.55 0.437 cos 0.313cos          0.2

0.45                                                   otherwise
dV

dH

G

G

      
 


                  (8) 

 
The parameters A, B, and C can be determined according to the characteristics of solar radiation at 
the experiment site. Unfortunately, this information is not yet available. To overcome this problem, 
the following expressions of parameters A, B, and C for Beijing, near to test site, were adopted to 
evaluate solar radiation [14]. 
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3.4  Long Wave Radiation 
 
The long wave radiation on the surface of rectangular steel tubes can be expressed by the 
Stefan-Boltzmann equation [13]: 
 

4 4 4 4( ( ) ( ))l f wg g ws skyq F T T F T T                               (9) 

 
Where f  is the ratio of the radiation emitted by a surface;  is Stefan-Boltzmann 

constant=  8 2 45.67 10 W m K  ; skyT  is the effective temperature of sky, usually calculated 

by 6aT  ; gT  is the ground temperature. 
 
3.5  Numerical Investigation 
 
A finite element model is established using ANSYS software, and a three-dimensional thermal 
conduction element SOLID70 is used to simulate the rectangular steel tube specimen. The physical 
properties of steel material and the main parameters used in the study are listed in Table 2. 
 

Table 2. Parameters Adopted in Calculation 

Parameters 
Convection coefficient 

2 0( )W m C  
Specific heat capacity 

0( )J kg C  
Thermal conductivity 

0( )W m C  
Values 13.3 480 56 
Parameters Absorptivity Density ( 3kg m ) Emissivity 
Values 0.6 7850 0.8 
Parameters Coefficient A Coefficient B Coefficient C 
Values 1326.54 0.404 0.181 

Parameters Ground radiation reflectance g  Nc   

Values 0.15 1.0  
 
The temperature obtained from the transient thermal analysis of the specimen was also shown in 
Figure 4 through Figure 7 and Table 1. TFEL (obtained from the finite element analysis) was 
generally larger than TT (obtained from test) by a factor of 1.0 to 1.5. Therefore, the strength TFEL 
was generally consistent with the test results, with a maximum difference of 14.68%. 
 
Reasons attributing to the discrepancies may include variance in the solar radiation model, variance 
in solar radiation absorption and ground reflectance, precision of infra-red temperature meter, etc. 
In the test process, the clouds might shelter against solar radiation, and it decreased the temperature 
of the rectangular steel tube specimen. Considering the above arguments, the numerical results for 
the rectangular steel tube specimen were then considered generally precise, and the transient 
models can be used for the following parametric study. 
 
The temperature distribution of the rectangular steel tube specimen at 14:00 on 22th July 2010 is 
shown in Figure 8(a). From this figure, the temperature field under solar radiation is found to be 
very non-uniform. However, because the two ends of rectangular steel tubes are close to each other 
in practice, the temperature field of the specimen is analyzed under the condition that the solar 
radiation cannot irradiate the inner surface of specimen. The corresponding temperature field is 
shown in Figure 8(b). The numerical results showed the temperature is longitudinally uniform if the 
two ends of rectangular steel tube is close to each other. 



305                                        Hongbo Liu, Zhihua Chen and Ting Zhou                                        

 
(a) Consider solar radiation shadow      (b) Not consider solar radiation shadow 

 
Figure 8. Temperature Distribution of the Rectangular Steel Tube Specimen at  

14:00 pm on 22th July 2010 
 
 
4.  APPLICATION 
 
4.1  A Steel Arch Structure Model 
 
In order to understand the temperature distribution and thermal behavior of large-span arch 
structures, a steel arch structure was designed as shown in Figure 10. Its span and rise is 200 m and 
40 m, respectively. The tapered rectangular steel tubes were used as the members. For the tapered 
rectangular steel tube, its flange width is constant with a value of 1.4 m, and its web height ranges 
from 1.4 m at the mid-span to 1.8 m at both ends.  
 
The model consists of 89 structural members with rectangular sections. Each structural member 
includes four areas. Therefore, 356 areas are included in this model. The area number of Area A is 1 
~ 89 from End J to End I. The area number of Area B is 90 ~ 178 from End J to End I. The area 
number of Area C is 179 ~ 267 from End J to End I. The area number of Area D is 268 ~ 356 from 
End J to End I. 

 
Figure 10. The Model of the Arch Structure in ANSYS 

 
4.2  Temperature Distribution Simulation 
 
Using the numerical simulation method presented in this paper, the temperature distribution of the 
steel arch structure model on 21th June was analyzed. The temperature distribution of the model at 
14:00 p.m. is shown in Figure 11. The average temperatures for all areas at 6:00 a.m., 14:00 p.m. 
and 19:00 p.m. are shown in Figure 12. From the figures, the following conclusions are obtained: 
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1) The maximal temperature for the studied model occurred at 14:00 p.m. and the value is 65.28 . ℃  
 
2) The temperature distribution is very no-uniform and the temperature variance is up to 20 . At ℃
14:00 p.m., the average temperature of Area B is the largest; the average temperature of Area D is 
the smallest.  
 
3) The temperature change is large from sunrise to sundown. It is up to 40  during a day℃  

 

 
 

Figure 11. The Temperature Distribution of the Studied Model at 14:00 p.m. 
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Figure 12. The Average Temperatures for All Areas at 6:00 a.m., 14:00 p.m. and 19:00 p.m. 

 
4.3  Thermal Behavior 
 
Assume that the highest and the lowest air temperature for the steel arch structure model location is 
40  and ℃ -20 , respectively. If the effect of solar radiation is not considered, the healing ℃
temperature should be 10 . In order to investigate the effect of solar radiation on the ℃
thermal–induced response of the model, two cases are designed. The solar radiation is not 
considered in the first case, and this case denote as Case A. The positive thermal value in Case A is 
uniform and the value is 30 . The solar radiation is considered in the other case, and this case ℃
denote as Case B. The positive thermal value in Case B is no-uniform load and the value fluctuates 
from 35.57  to 55.28 . ℃ ℃  
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The support conditions at the two ends are assumed to be pinned. Compared with the maximum 
equivalent stress of 84.2 MPa and the maximum node displacement of 99 mm of Case A, the 
corresponding values of Case B are 150.6 MPa (78.86% increased) and 165 mm (66.67% 
increased), respectively. Therefore, the solar radiation has a remarkable effect on the 
thermal-induced response of large span steel structures.  
 
 
5.   CONCLUSIONS 
 
1) From the test result, the following conclusions are drawn: i) the temperature-time curve is 
similar to a sine curve; ii) the temperature obtained in this experiment is 52.3 0C , it is 
18.1 0C higher than the corresponding ambient air temperature; iii) the maximal temperatures 
usually occur during 12:00~14:00 ; iv) the temperature field is very non-uniform under solar 
radiation.  
 
2) The presented numerical simulation method on the temperature distribution of steel members 
under solar radiation is verified by the test data. 
 
3) The solar radiation has a remarkable effect on the temperature-induced response of large-span 
steel structures. 
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ABSTRACT: In continuous steel-concrete composite structures, cracking of the concrete slab in the hogging 
bending moment region decreases the global stiffness of composite structures and reduces the effect of continuity, 
resulting in making the structural behaviors highly nonlinear even for low stress levels. Because of this, special 
consideration is necessary. The purpose of the present study is to investigate the effects of rubber-latex mortar and 
different types of shear connectors on inelastic behavior of composite girders subjected to hogging moment. Two 
overturned simply supported steel-concrete composite girders with different shear connectors such as Studs and 
Perfo-Bond Strips (PBLs) were tested under concentrated load in the mid-span. Based on the experimental 
observations, a three-dimensional FE model capable of analyzing the composite beams subjected to negative 
bending moment was built. Strength and load bearing capacity, sectional strain distribution and movement of 
composite neutral axis before and after cracking were observed in the test and compared with the numerical 
results, and the results predicted by this modeling method are in good agreement with those obtained from the 
tests. Research results indicate that the PBL connectors could slightly improve the rigidity of the composite 
girder under both the serviceability limit state and the ultimate limit state, while Stud specimens have relatively 
better mechanical behavior in regard to the initial crack and the “crack closure” of the test specimens. Besides, 
research results indicate that the current specifications such as AASHTO, JSCE, and EUROCODE-4 can 
provide appropriate values for ultimate strength of a composite girder under negative bending moment. 
Moreover, noise reduction, shear stud stiffness increase and the adhesion bonding effect of rubber-latex mortar 
on interface slip were confirmed in the tests. 
 
Keywords: Steel-concrete composite girder, hogging moment, rubber-latex mortar coating, studs, PBLs 

 
 
1.  INTRODUCTION 
 
In recent years, the composite steel and concrete structures are used extensively for construction of 
both building and bridge structures due to their benefits of combining the advantages of component 
materials and obtaining efficient lightweight structural members, not only for simply supported 
girders, but also for continuous composite girders. For simply supported composite beams, the 
ultimate loading capacity is usually dominated by either flexural or shear bearing capacity, which 
will be governed by the compressive strength of the concrete and tensile strength of the joist steel 
girder. However, for continuous composite girders or composite girders subjected to hogging 
moment, this condition may not be fully satisfied. Negative bending moment acting in the support 
regions of continuous composite beams generate tensile stresses in the concrete slab and 
compressive stresses in the lower steel profile. As a result, the mechanical behavior of these girders 
is strongly nonlinear even for low stress levels, due not only to the slip at the beam-slab interface, 
but also to cracking in the slab, which generally has shortcomings in view of durability and service 
life of the structures [1,2]. Therefore, special considerations for composite girders under negative 
bending moment are necessary. For this reason, experimental studies about inelastic behavior of 
composite girder under negative bending have been done widely. Special attentions were generally 
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given to crack control methods [3, 4], failure modes [5, 6], and long-term behaviors [7] and so on. 
In addition, some numerical models were also created to simulate the composite girders under 
negative bending. Those numerical models keep a watchful eye on the effect of slip on the 
steel-slab interface [8, 9], partial shear connection [10], or improved numerical methods [11].  
 

Concrete slab

Steel girder

Steel girder

Concrete slab

Lower flange
Web
Upper flange

 
Figure 1. Dimensions of Test Specimen 

 
Table 1. Details of Test Specimens 

Shear connectors spacing(mm) Reinforcing bars spacing (mm) 
Specimen 

Connection 
device Longitudinal Transverse Longitudinal bars Stirrup 

Rubber-latex
spraying 

CBS Stud 150 100 100 150 Yes 
CBP PBL 150 240 100 150 Yes 

 
 Table 2. Rubber-Latex Mortar Spraying Details 

Spraying thickness (mm) Details 
Locations CBS CBP 

Spraying times 

Top surface of upper flange 7.7 6.6 2 
Bottom surface of upper flange 3.0 4.8 2 

Web 6.7 6.4 2 
Shear connector 2.1 6.7 2 

Top surface of lower flange 3.0 4.8 2 
Bottom surface of lower flange 5.0 7.0 3 

 

A 
 
 
 
 
 
A 

(a) Front Elevation 

(b) Side Elevation 

(c) Reinforcing Bars (d) Sectional View 

(e) Negative Moment Region in Continuous Composite Girder 

 
 
 
  
(f) Overturned Simply Supported Composite Girder 
 

(g) Stud 
 
 
 
 
 

(h) PBL 
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(a) Steel Girder and Shear Connectors 

 

 
(b) Rubber-Latex Mortar Spaying Construction 

 
Figure 2. Shear Connectors and Rubber-Latex Mortar Spaying 

 

  
Figure 3. Static Loading Test Set-Up 

 
Shear connectors, sometimes known generally as Perfo-Bond Strips (PBLs) or Nelson Studs, are used 
in steel-concrete composite structures. They act as reinforcing members, connecting the steel girder 
with the concrete slab. Stud and Perfo-Bond Strips (PBLs), generally known as flexible and rigid shear 
connectors, are most frequently-used shear connectors in steel-concrete composite girders. Current 
studies mainly pay attention to mechanical behavior of the shear connector itself, such as the ultimate 
load carrying capacity and load-deformation response. Recently, the effects of shear connectors on 
structural behavior of composite girders were performed by some researchers [4, 12, and 13].  
 
Concrete and mortar, including SBR latex, shows various abilities especially in adhesion bonding, 
waterproofing, shock absorption and abrasion resistance. The rubber-latex mortar was used for steel 

▲ 
D 

Rubber-latex mortar spaying 
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structures to reduce the noise as well as the interface slip, enhance the integrity and improve the 
durability of the composite structures. Moreover, the composite structures with rubber-latex mortar 
coating are also reported to have the good impact resistance, weather resistance as well as the good 
constructability and operability behaviors. Some experimental studies were performed recently to study 
the effects of rubber-latex mortar on the mechanical behavior of composite structures [12, 13, and 14].  
 
For this kind of background, this paper presents the experimental and numerical results of test 
composite girders subjected to negative bending, including the strain distribution at salient sections 
along the span and strain development process of reinforcements, load-displacement response, and 
load-carrying capacity as well as the interface slip distribution. The objective of the present study is 
to investigate the influence of rubber-latex mortar coating and to clarify the difference between 
Studs and PBLs on inelastic mechanical behavior of composite girders subjected to negative 
bending or support regions of continuous steel-concrete composite girders.  
 
 
2.  EXPERIMENTAL PROGRAMME 
 
2.1  Details of Test Specimens 
 
Two overturned simply supported steel-concrete composite beams CBS and CBP were tested under 
concentrated load in mid-span, which were used to simulate the support regions of continuous 
composite steel and concrete girder as shown in Figure 1 (e and f). CBS was designed with studs as 
shear connectors whilst CBP was designed with PBLs as shear connection devices. Each of the 
specimens was 4.6m in length and was simply supported at a span of 4m. The concrete slab 
thickness was 250mm with a width of 800mm. Vertical stiffeners were welded at supports, loading 
points to prevent shear buckling failure and crippling of the web before flexural failure. Different 
shear connectors, including 22mm nominal diameter headed shear studs and 12mm thickness PBLs 
were used to connect the concrete slab and the steel girder, and the composite section was designed 
as full shear connection according to JSCE specifications [15]. The typical geometry of test 
specimen is shown in Figure 1, and the detailed sectional properties were illustrated in Table 1. 
Besides, it is worth noting that upper flange, web and lower flange of steel girder are named as 
shown in Figure 1 (b). Moreover, rubber-latex mortar was sprayed on the surface of the steel girder, 
concrete slab and the shear connectors including PBLs and shear studs, as shown in Figure 2 and 
with details listed Table 2. 
 
2.2  Instrumentation 
 
Measurement of strains in the reinforcements, steel girder and concrete slab were conducted by 
mean of electric resistance gauges at sections located at mid-span, 20cm and 60cm from the 
mid-span, respectively. Strain gauges were also employed at the root of the shear studs to measure 
the flexural strain during the loading process. Deflections and transverse deformations were 
measured by mean of deformation gauges at key sections. Since reaction supporting beams were set 
up at the ends, deflections were also measured at the end sections. Measurement of slips between 
the concrete slab and steel beams were also conducted by mean of deformation gauges, and the 
π-gauges for measuring the crack width on the concrete slab were also employed in the test. In 
addition, impact test was performed on the steel girder before the concrete casting to confirm the 
effect of rubber-latex mortar on noise reduction, and the accelerometers were arranged on the 
middle center of the web in the 1/4 span section. 
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2.3  Test Set-up and Loading Procedure 
 
The experiment was performed in the Structural Laboratory of Waseda University. The 5000kN 
loading capacity equipment of “Two Axes Large-scale Apparatus used for Performance Evaluation 
of Structures” was used in the experiment to apply a point load in the mid-span of the overturned 
composite beams. The test specimen was supported by a roller system at two ends. The set-up for 
the steel-concrete composite girder test is illustrated in Figure 3. After the drying shrinkage had 
stabilized, pre-loading was applied to check the reliability of the measure equipment and the 
stability of the test specimen. The behavior of composite girders in elastic, cracking, and inelastic 
ranges was carefully observed through the static tests. The test girder was loaded in four cycles 
with the maximum loads of 200, 400, 700, 1300 kN before the ultimate load was reached. For 
unloading process, the load was removed at the calculated initial cracking load (200 kN) and at the 
stationary cracking load (700 kN) to check the cracking of the concrete slab [16]. The loading was 
terminated when either the maximum stroke of the jack was reached or when the load level of the 
test specimen dropped significantly. 
 
 
3.  NUMERICAL SIMULATION OF EXPERIMENT 
 
3.1  Model Building  
 
The modeling of each numerical model was carried out in three dimensions by using the 
finite-element method and the DIANA software, as shown in Figure 4. Solid elements, shell 
elements, spring elements were used to simulate the concrete slab, steel girder and PBLs, stud 
connectors respectively. For each stud, three springs were employed to simulate the shear and axial 
forces in three directions. Re-bar elements were used for modeling reinforcing bars in the concrete 
slab, and perfect bond between reinforcements and surrounding concrete was assumed. 3cm 
thickness loading plate was also modeled by using shell element. In order to predigest complicated 
numerical simulation, the rubber-latex mortar was not modeled as the separate structural member 
but considered as special treatment for the steel-slab interface and it will enhance the bond stiffness 
as well as the bond strength of the steel-slab interface. Therefore, with the purpose of accounting for 
the slip and the composite action between concrete slab and steel girder, interface elements that 
considering the adhesion bonding effects of rubber-latex mortar were employed in the numerical 
models. Rigid supporting plate and simplified line support were employed to simulate the simply 
supported boundary conditions. 
 

 
Figure 4. FE Model of Test Specimen 
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Table 3. Mix Proportion of Concrete 

Specimen 
Design strength 

(N/mm2) 
Aggregate 
size (mm) 

Slump 
(mm) 

W/C 
(%) 

Air  
(%) 

Unit cement 
(kg/m3) 

Unit salinity
(kg/m3) 

CBS & CBP 27 <20 80±25 <55 4.5±1.5 >230 <0.3 
 

f
t

f`

c

S
tr

e
ss

, f

0.0038

f`

c
/E

c

0.15f`

c

Linear

0.4
crft





   
 

Strain, 


2
2`

0 0

c cf fc c
 
 

        

 
 

Figure 5. Stress-Strain Curve for Concrete 
 
3.2  Material Properties  
 
3.2.1  Concrete 
 
Material property of concrete is determined from material test. Mix proportion of concrete for test 
specimen was illustrated in Table 3. The nominal concrete compressive strengths achieved after 
twenty-eight days of curing for CBS and CBP was 29.1N/mm2. Tensile strength of the concrete was 
calculated according to Eq. (1) suggested by JSCE (2002), in which the ft and f` c  denote tensile and 
compressive strengths of concrete, respectively. The often quoted stress-strain curve due to 
Hognestad [17, 18] was employed to simulate the compression behavior of concrete, shown in 
Figure 5. Experimental tension-stiffness curve proposed by Nakasu et al. [19] is used in the 
numerical analysis to reflect the softening of concrete due to crack.  
 

ft =0.23f` c
2/3                                                                    (1) 

 
3.2.2  Structural steel and reinforcing bars  
 
The uniaxial stress-strain relationships for structural steel and reinforcing bars shown in Figure 6 
were adopted in numerical models based on the material tests. Three steel beam coupons were cut 
out from different components of the upper flange, web, lower flange and PBL with different 
nominal thickness of 16, 22, 25 and 12mm respectively, and the tensile tests were performed. 
Fourteen reinforcing bars of D19 nominal diameter were used for two layers as longitudinal 
reinforcing bars in the concrete slabs, whilst D13 stirrup reinforcing bars were used as torsional 
reinforcement with a nominal diameter of 13mm. Multi-linear stress-strain relationships for 
structural steel and rebar used in the numerical models are shown in Figure 6(b). 
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Figure 6. Multi-Linear Stress-Strain Relationship for Structural Steel and Rebar 

 
3.2.3  Shear connectors 
 
Studs and PBL shear connectors during the concrete casting are shown in Figure 7. In the test 
specimen, it was intended that the shear connections were installed to achieve full shear 
connections, which means the shear connectors should be still reliable even when the test 
specimens are in the ultimate state. Therefore, the present study is limited to full shear connection 
specimens (or the shear degree is larger than 1.0). 
 
In the numerical study, the shear studs were modeled by 3D nonlinear spring elements. For each 
stud, three springs are used, two in horizontal direction and one in vertical direction. A previous 
study [20] shown that the shear force-slip curve is generally nonlinear and it is reasonable to use a 
nonlinear spring in modeling the mechanical behavior of the connectors. The constitutive 
relationship of the spring is given by Eq. (2) suggested by Ollgaard et al. [21] and illustrated in 
Figure 8, in which the ultimate shear force loading capacity of studs was specified by JSCE 
specifications [15], shown as Eq. (3).  

 
Q=Qu(1-e-0.7S)0.4                                                                (2) 

 

  '(31 / 10000) /
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A h d f
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A f





 
 
 
 

                                     (3) 

 
where S: slip of the shear stud (mm), Ass: area of the shank of the stud (mm2), dss: diameter of the 

shank of the stud (mm), hss: height of the stud (mm), f` cd: design compressive strength of concrete 

(N/mm2) (=f` ck / γc), f` ck: the characteristic compressive strength of concrete (N/mm2), fss: design 

tensile strength of the stud (N/mm2) (=f` sk / γs), f` sk: characteristic tensile strength of the stud (N/mm2), 
γc: material factor of concrete (=1.3), γs: material factor of stud (=1.0), γb: member factor (=1.3). 
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(a)  Stud Connectors 

 

 
(b) PBL Connectors 

Figure 7. Shear Connectors during the Concrete Casting 
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Figure 8. Constitutive Relation of Shear Stud 

 
Several authors, such as Ahna et al. [22], Al-Darzi et al. [23], Iwasaki et al. [24], Machacek and 
Studnika [25], Medberry and Shahrooz [26], Ushijima et al. [27], and Valente and Cruz [28] have 
recently studied the behaviour of the PBL connector. And the resistance capacity of PBL shear 
connectors was proposed by JSCE (2007) as follows [15] 
 

  2 2 2 31.45 106.1 10 /u st cd st st bQ d f f                                              (4) 

 



                                              Weiwei Lin and Teruhiko Yoda                                           317 

with the application limit in the following: 
 

 3 2 2 2 373.2 10 488 10st cd std f f        

 
where d is the diameter of the Perfo-Bond strip holes (mm), 

cdf   is the design concrete 

compressive strength (N/mm2), 
st and 

stf  are the diameter(mm) and tensile strength(N/mm2) of 

re-bar. The member factor γb can be taken as 1.3. 
 
However, the previous mentioned tests also proved that the PBL shear connector has relatively 
larger stiffness and smaller slip during the whole loading process (especially when reinforcement 
pass through the holes, like the present PBL specimen as shown Figure 7(b)) in comparison with 
the other types of shear connectors. Thus, in order to predigest complicated calculation, the PBL 
connector was simulated by using shell element and perfect bond was assumed between PBLs and 
surrounding concrete. The goal of the numerical analysis is not to get exact resemblance between 
modeled and measured results on the complicated local behavior on the shear connectors, but to 
model the global behavior of the test specimens. 

 
Table 4. Material Property of Rubber-Latex Mortar 

Appearance oyster white 
Solid content 45.0±1.0% 

PH 9±1 
Viscosity (20℃) <200mPa˖s 

Mean specific gravity 1.00±0.05 
Compressive strength 32.3N/mm2 

Elastic modulus 21kN/mm2 
 
3.2.4  Rubber-latex mortar 
 
Styrene-Butadiene-Rubber (SBR) is a synthetic rubber copolymer consisting of styrene and 
butadiene. It has good abrasion resistance and good aging stability when protected by additives. 
The rubber-latex mixing with SBR was applied for both CBS and CBP, and its material properties 
were illustrated in Table 4. As mentioned above, the rubber-latex mortar was not considered as the 
separate structural member in the numerical analysis, but considered as the potential material for 
increasing the bond stiffness and strength of the steel-slab interface.  

 
 

 
Figure 9. Material Properties of Interface 
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3.2.5 Composite action or interface  
 
In order to account for the composite action between steel girder and concrete slab, the interface 
element was used in the numerical analysis. And the bond-friction interface model suggested by 
Okada et al. [29] was employed in this study, as shown in Figure 9 and Eq. (5)-(6). As can be seen, 
constant bond or friction stress is supposed after breaking of the chemical bond on the steel-slab 
interface, which is developed from Dörr’s bond-slip model [30] and has been verified by the previous 
push-out tests as well as numerical studies.  
 

0�”�¸ ut�”�¸ u0 
t : 
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                                     (5) 

 

�¸ ut�•�¸ u0 
t : 

 

bof f�                                                                       (6) 

 
The maximum bond stress fbo is taken as 2.4 N/mm2 by considering the adhesion bonding effects of 
rubber-latex mortar [12, 13]. Concerning the corresponding slip to the peak bond stress, 0.06mm, 
this is the standard value of Dörr’s model as well as Okada’s model.  
 
 
4.  RESULTS AND DISCUSSION 

 
4.1  Strength and Deformation Response  
 
Totally 12 deformation gauges were employed for measurement of vertical displacement. The 
load-displacement curves obtained from the numerical analyses were compared with the 
experimental data as shown in Figure 10. Both numerical and experimental displacements are taken 
from the vertical deflection at the bottom mid-point of the composite beam, which is the bottom 
point of the concrete slab (Point D in Figure 1(a)). The loads corresponding to the theoretical yield 
and full plastic moments are plotted as the horizontal lines indicated by Py and Pp, respectively. The 
ultimate pure bending moments, Mu,t is to be calculated following the procedure for computing the 
plastic bending moment of composite sections under negative moment specified in Appendix D6.1 
of AASHTO LRFD,2007[31].  
 
It is found that in the linear region, the load-displacement curves from numerical studies agree well 
with the measured results. However, in the nonlinear region after girder yielding, the rigidity of FE 
model is a little bit stronger than the test girder. This is presumably because the residual stress is not 
considered in the finite element analysis, which may result in slightly larger stiffness of FE model 
than that of the test girder. And also, the present modeling method for shear connectors assumes the 
perfect bond between PBL connectors and concrete. At the final stage, the concrete can not sustain 
any increase in applied loading and eventually fails by through crack in the mid-span. The 
numerical results and experimental results are summarized and compared in Table.5. 
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