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ABSTRACT: Under severe earthquakes, flexural or shear yielding of the inelastic links in eccentrically braced 
frames (EBFs) was often observed. The behavior of links could not be well predicted by the traditional advanced 
analysis method when they experienced shear yielding and strain hardening. In this paper, the analytical model of 
links is obtained by using three rotational subsprings and three translational subsprings with zero-length, 
respectively, at each element end to simulate the flexural and shear yielding behavior with strain hardening effect. 
For the other elements in EBFs, a spring with zero-length is provided at each end to consider yielding on the 
cross-sectional level. The yield functions for the links and other elements are derived based on the section 
assemblage concept, and a practical advanced analysis method for EBFs is proposed. The proposed elements have 
the same nodal degree of freedom as conventional element by condensing the non-nodal degree of freedom that 
introduced in the derivation. Numerical analysis shows that the proposed method has a high efficiency and accuracy 
as well as easy determination of the element yielding sequence. 

Keywords: Eccentrically braced frames (EBFs), Advanced analysis, Shear link, Section assemblage concept, Yield 
function, Strain hardening 

 
 
1.  INTRODUCTION 
 
Eccentrically braced frames (EBFs), which combine the advantages of moment resisting frame 
(MRF) and concentrically braced frame (CBF), are one type of hybrid structural system with good 
ductility and lateral stiffness. The links in EBFs are generally designed to yield prior to frame 
structures, acting as the “structural fuse” member. The ductility of EBFs depends on links, which is 
determined by the plastic rotational capacity [1]-3]. Under severe earthquake, the main structures 
are generally designed to be elastic with yielding of links only so that damage on the structures can 
be minimized. 
 
From previous studies, the links had three types, which were shear links, flexural links and 
shear-flexural links. It is also known that the behavior of links had a significance effect on the 
seismic behavior of EBFs and the links might experience shear or/and flexural yielding [4-5]. 
Detailed researches on the static and dynamic behavior of links were conducted by Ricles et al. [6], 
Ramadan et al. [7] and Richards et al. [8], in which the analytical model of links considering the 
flexural yielding, shear yielding and strain hardening were obtained. These models were regarded 
as the “complete element”, in which a plastic hinge with zero-length was assumed at each end of 
link while the middle of link remained elastic without yielding. For each plastic hinge, moment 
hinge and shear hinge were used to simulate the rotational and horizontal deformations. Multiple 
subsprings with elastic-perfectly plastic model were provided at each link end to simulate the strain 
hardening effect. However, there were no easy methods to determine whether the design 
requirements and expected goals were met even though the performances of all the members were 
known. 
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The advanced analysis methods of steel frames, which included the plastic-zone method and the 
plastic-hinge method, have been a subject of extensive research for decades. The plastic-hinge 
method has been the commonly used method because of its simplicity and efficiency, which was 
further modified by using the refined plastic hinge analysis model proposed by Liew et al.[9], Kim 
et al. [10] and Chen [11]. Chan et al. [12] also proposed a new analytical model based on section 
assemblage concept and section spring stiffness. However, these methods could only be used to 
simulate flexural yielding of elements with elastic perfectly-plastic since two plastic hinges were 
provided at element ends. Obviously, the shear yielding behavior and strain hardening effect of 
elements such as links in EBFs could no longer be well predicted by the traditional advanced 
analysis methods. 
 
In this paper, the advanced analytical model of links is proposed by using three rotational 
subsprings and three translational subsprings elements with zero-length, respectively, at each 
element end to simulate the flexural and shear yielding behavior and strain hardening effect. For the 
conventional elements in EBFs, a spring with zero-length is provided at each end to consider 
gradually yielding of elements. The yield functions for all the elements are derived based on the 
section assemblage concept, in which strain hardening effect is only considered in links. A practical 
advanced analysis method for EBFs is proposed by only using one element per member. The 
efficiency and accuracy of the proposed method is validated and the yielding sequence of all the 
members is obtained. The proposed method is also used to evaluate the expected design goals for 
the structures. 
 
 
2.  ADVANCED ANALYSIS METHOD OF CONVENTIONAL ELEMENT 
 
2.1  Stability Functions Accounting for Second-order Effect 
 
Assuming small strains and large displacement, and considering the boundary conditions, the 
element moment-rotation relationship that considers the second-order effects can be written as: 
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in which M1, M2 are the element end moments; E, I, L=elastic modulus, moment of inertia, and 
length of element; θ1, θ2=joint rotations; S1, S2=stability function. 
 
The simplified stability functions reported by Chen [13] are used here, and can be written as: 
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in which 1 /P GA   , 212 /EI GAl  , / ( )l P EI  . μ=section coefficient for shear 

deformation; P=axial force (positive in tension and negative in compression); G=shear modulus. 
 
2.2  Initial and Full Yield Functions 
 
Section assemblage concept [14] is derived on the basis of plate assemblage of a H or I section. It is 
assumed that web takes axial loads and the remaining unyielded part resists moments. For analysis 
of I or H sections, the section is idealized as composed of several rectangular strips. Section 
parameters such as breadth, depth, flange and web thickness are used to calculate section capacity. 
 
Initial yield function. Section stiffness will reduce gradually after the axial load and moment exceed 
first yield value. In the presence of residual stress and axial force, initial yield function can be 
written as 

 /er y r eyM f f P A W        (3) 

in which Mer = first yield moment, Wey= elastic modulus, fr = maximum residual stress. 
 
Residual stress is based on the recommendation by ECCS [15], and the maximum residual stress is 
assumed to be dependent on the ratio of depth/breadth. The distribution is shown in Figure 1. 
 
Full yield function. Section stiffness will be reduced to zero after the axial loads and moments 
exceed full yield value, and residual stress is ignored. 
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Figure 1. ECCS Residual Stress Distribution for I-section 

 
The half depth of plastic zone for axial load can be written as: 
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Upon determination of plastic zone in the section, moment resisted by the remaining unyielded 
zones can be written as 
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in which Mpc=the reduced plastic moment in the presence of axial force, Wpy= plastic modulus, fy= 
yield stress, hw, tw=web depth and thickness, Bf, hf=flange breadth and thickness, h = section depth. 
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The curves of first and full yield surface are determined by Eq.3 and Eq.5, as shown in Figure 2. 
From Eq. 3 and Eq. 5, the Mer and Mpc are controlled by axial loads and residual stress, and section 
spring stiffness Sc [14] can be written as 
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So from Eq. 6, the magnitude of Sc is determined by first yield moment and full yield moment. 
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Figure 2. First Yield and Full Yield Surfaces of Section 

 
2.3  Element Stiffness Formulation Accounting for Plasticity Effect 
 
Advanced analysis of steel frames assumes plastic hinges occur only at both ends, and a spring with 
zero-length at each end is assumed to account for the section yielding. The deformed element with 
end-section pseudo-spring is shown in Figure 3. Owing to the gradual yielding of the end springs, 
the rotational stiffness and displacement on the both sides of each spring are generally unequal. 
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Figure 3. Internal Forces of an Element with End-section Pseudo-spring 

 
Considering the moment equilibrium condition at each spring, the incremental equation can be 
written as 
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in which ΔMe, Δθe= the incremental moment and rotation between the global node and the spring; 
ΔMi, Δθi = the incremental moment and rotation between the spring and the beam at each end. 
 
Combining the section spring stiffness and stability function, the element incremental 
moment-rotation relationship can be written as 
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in which K11= K22= S1EI/L, K12= K21= S2EI/L, S1, S2 as shown in Eq. 2. 
 
Eliminate non-nodal degrees of freedom. With Δθi1 and Δθi2 condensed, Eq. 8 becomes 
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in which {ΔMee} and {ΔMii} are the incremental nodal moments vectors at both ends; {Δθee} and 
{Δθii} are the incremental nodal rotation vectors corresponding to these moments. 
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Whilst loads are only applied at the nodes, the internal incremental moments {ΔMii}={0}, and Eq.9 
can be written as 
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From Eq. 8 to 11, the incremental stiffness relationship accounting for section yielding becomes 
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in which ΔP1 is the increment axial force, β=(Sc1+K11) (Sc2+K22)－K12K21. 
 
 
3.  IMPROVED ADVANCED ANALYSIS ACCOUNTING FOR LINKS 
 
Under severe earthquake, the links are designed to yield firstly by the high moments or shears. The 
analytical model of links considering the static and dynamic behavior have been proposed by many 
researches [6]~[8]. The accuracy of link analytical model is of crucial importance to the overall 
performance of EBFs.  
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3.1  Link Element Model and Yield Surfaces 
 
The advanced analytical model of links that can be accurately modeled is attempted in this paper, as 
shown in Figure 4. The following three assumptions are made: (1) The out-of-plane degrees of 
freedom is neglected; (2) As link is yielding and subsequent strain hardening, there is no interaction 
between the shear and moment; (3) There is also no interaction between the shear and axial force 
[16]. 
 
A plastic hinge includes shear hinge and moment hinge with zero-length is assumed at each end of 
link, and the inner element between two plastic hinges should be constrained to remain elastically 
under any condition, so the deformation is only confined to occur at the ends. The 
load-displacement relationship of link is multilinear hardening modeling accounting for strain 
hardening effect. As the interaction between shear and moment is neglected, the shear hinge and 
moment hinge are independent. Each shear hinge and moment hinge have been divided into three 
translational subsprings and rotational subsprings, and each subspring has specific deformation 
mode and load-displacement relationship, as shown in Figure 4. 

L

V hinge

M hinge

Zero lengthZero length

M hinge

V hinge

 
Figure 4. Link Model 

 
Yield surfaces of links. The effect of residual stress in initial yield function, in which considers the 
interaction between axial forces and moment for flexural links, cannot be ignored. The effect of 
strain hardening is also significant to the yield surface. Section stiffness will be gradually reduced 
to zero when the shear and moment increase and exceed the full yield surface 3. The yield surfaces 
for all kinds of links can be shown in Figure 5. 
 
3.2  Link Strain Hardening 
 
In the EBFs, shear yielding, flexural yielding and shear-flexural yielding may be experienced 
depending on different kinds of links. The load-displacement curves are multilinear hardening 
modeling with the behavior of links for reasonable design. When the shear or moment exceeds V3 
or M3, as shown in Figure 6, the shear hinge or moment hinge is formed. 
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Figure 5. Yield Surfaces of Links  
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In Figure 6, the K values reported by Ricles and Popov [8] are used here, and can be written as: 
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in which K1V= GAweb/e；K1M=6EI/e; E, I, e=elastic modulus, moment of inertia, and length of link; 
Aweb= area of the web of link. 

 

; 0.9y p y pM M V V         (14) 

 
The plastic moment capacity Mp and plastic shear capacity Vp can be expressed as: 
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in which Z=section plastic modulus of link; d=section depth of link; tf, tw=section flange and web 
thickness of link; σy, τy= yield stress in tension and shear. 
 
The V values and M values, as shown in Figure 6, are obtained in many test for links. All the values 
reported by Ricles and Popov [8] are also used here, and can be expressed in Table 1. 

 
Table 1. Yielding Values of the Shear Forces and Moments for  

the Multilinear Inelastic Link Element 
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The link multilinear hardening modeling at each end is divided into three zero-length translational 
subsprings and three zero-length rotational subsprings, and each subspring has an elastic 
perfectly-plastic load-displacement relationship, as shown in Figure 7. The force and stiffness of 
each subspring can be obtained in Table 1 and Eq.13, so the behavior of links in EBFs can be well 
predicted. 
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Figure 7. Load-displacement Relationship of Subsprings 
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3.3  Advanced Analytical Model of Flexural Links  
 
The element stiffness accounting for strain hardening will be influenced by changing in moment at 
each end of flexural link. Based on section assemblage concept and section spring stiffness, the 
yield function and stiffness of flexural links are proposed by considering the interaction between 
axial force and moment. 
 
Initial yield function. The initial yield function is the same as conventional element, as shown in 
Eq.3. 
 
Other yield functions. After the strain hardening of flexural links is considered, the half depth of 
plastic zone for axial load becomes 
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Upon determination of plastic zone in the section, yielding moment Mpy that resisted by the 
remaining unyielded zones can be written as: 
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in which βi=material enhancement factor for moment strain hardening, corresponding to the first, 
second and third yielding values, as shown in Figure 7. As the βi equals β1, β2 or β3, the Mpy 
corresponds to My1, My2 or My3, and β1=1, β2=M2/M1, β3=M3/M1.  
 
Based on the yielding values accounting for moment strain hardening, section spring stiffness Sc 
can be written as 

1

1

1

6

0

c er

y

c p er y
er

c y

S M M

M MEI
S S M M M

L M M

S M M

  


     
  

f or  

f or  

f or  

       (18) 

Assuming the right of link is elastic under any condition, and moment at left is changed, the section 
subspring stiffness and subelement stiffness in extreme conditions can be written as 
 
(a) subspring is full elastic 
The section subspring stiffness Sca= ∞, subelement stiffness KMa can be written as: 
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(b) subspring is partially yielded 
The section subspring stiffness Sca= Sp, subelement stiffness KMb can be written as: 
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(c) subspring is fully yielded 
The section subspring stiffness Sca=0, subelement stiffness KMc can be written as: 
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in which K11= K22= S1EI/L, K12= K21= S2EI/L. S1, S2=stability function accounting for shear 
deformation. 
 
When the link moment exceeds first yielding moment My1, only full elastic or full yield can occur 
in all the subsprings. As changes in moment at left end of flexural links, section spring stiffness of 
each subspring may be equal to Sca1, Sca2 or Sca3. The element stiffness is equal to the sum of 
subelements stiffness. Several conditions of element stiffness K can be expressed in Table 2: 
 

Table 2. Section Subspring Stiffness and Element Stiffness K for Flexural Links 
 M<Mer Mer≤M<My1 My1≤M<My2 My2≤M<My3 M>My3 

Sca1 ∞ Sp 0 0 0 
Sca2 ∞ ∞ ∞ 0 0 
Sca3 ∞ ∞ ∞ ∞ 0 

K KMa 
β1M KMb+ 

(β2M+β3M) KMa 
β1M KMc+ 

(β2M+β3M) KMa 
(β1M+β2M) KMc 

+β3M KMa 
KMc 

 
in which β1M=(K1M－K 2M)/K1M ; β2M=(K2M－K3M) /K1M; β3M=K3M/K1M. K1M, K2M and K3M are as 
shown in Eq.13. When M>My3, all the subsprings at the left of link are in plastic stage. 
 
If the moment at the right of link is changed as the left, the element stiffness K can be formed by 
only changing the KMa, KMb and KMc in Table 2. 
 
3.4  Advanced Analytical Model of Shear Links 
 
When the link is designed as shear link in EBFs, shear failure will precede flexural failure. The 
conventional advanced analytical model cannot predict the behavior of shear yielding.  
 
As the interaction between the shear and axial force is neglected, the stability function S1 and S2 
that consider the shear deformation and ignore the effect of axial force can be written as 

1 2

4 2
,

1 1
S S

 
 

 
 

 
       (22) 

in which β=12μEI/(GAl2).  
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Considering the effect of shear strain hardening, element stiffness of shear links will reduce 
gradually with the shear increasing. Assume α=GA/l, then α1=λα=λGA/l, in which λ=material 
enhancement factor for shear strain hardening. So β becomes 

2 3

12 12EI EI

GAl l

 
 

   (23) 

in which r=12μEI/(αl3). Combined with the Eq. 22 and Eq.23, S1 and S2 can become 
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       (24) 

The element stiffness K accounting for shear strain hardening can be written as: 
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       (25) 

From Eq. 25, different λ corresponds to different element stiffness K. When λ=1, the K is identical 
to the elastic stiffness that considers the shear deformation effect; when λ=0, the incremental shear 
equals zero, and the K is only related to moment.  
 
Whilst loads are only applied at the nodes in EBFs, the shear V is constant along the link. 
According to the shear yielding values in Table 1, several conditions of element material 
enhancement factor λ can be expressed in Table 3. 
 

Table 3. Shear Yielding Values and Element Material Enhancement Factor λ for Shear Links 
 V<V1 V1≤V<V2 V2≤V<V3 V＞V3 
λ1 β1V 0 0 0 
λ2 β2V β2V 0 0 
λ3 β3V β3V β3V 0 
λ 1 λ2+λ3 λ3 0 

 
in which β1V=(K1V－K2V)/K1V, β2V=(K 2V－K 3V) /K1V, β3V=K3V /K1V. The K1V, K2V and K3V are as 
shown in Eq.13. The zero in Table 3 represents the subspring has yielded. When V＞V3, all the 
subsprings are in plastic stage. The element stiffness of shear links K can be formed by only 
changing the λ in Eq.25. 
 
 
4.  NUMERICAL EXAMPLES 
 
4.1  EBF with Flexural Link 
 
An experimental study of EBF K2 with flexural link has been reported by Shi et al.[17], it is used 
for the case study in this paper. The load-displacement curve of K2 is obtained by the experimental 
results. All the beams are H120x70x6x6, columns are H150x120x6x8, and braces are □60x6. The 
loads and dimensions are shown in Figure 8. E=210kN/mm2, fy= 306 N/mm2 for all the members. 
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In the advanced analysis of the EBF, flexural yielding, strain hardening, geometric and material 
nonlinearity, shear deformation and residual stress are explicated. Two kinds of analysis are carried 
out: (1) NC-EBF: the effect of strain hardening is ignored in EBF; (2) C-EBF: the effect of strain 
hardening is considered in EBF. The ultimate loads and displacements of all the analyses are 
compared in Table 4. In the elastic stage, the experimental value is somewhat larger than the results 
of analysis (1) and (2), it may be influenced by the panel zone. In the elastic-plastic stage, the 
ultimate load and displacement of analysis (2) are in close agreement with experimental value, but 
the results obtained from analysis (1) are different from others. The first plastic hinge of analysis (2) 
is formed at column base, and subsequent plastic hinge is formed at beam segment outside of the 
link, it is the same as the experimental result for the element yielding sequence. However, the first 
plastic hinge of analysis (1) is formed at both ends of link, and subsequent plastic hinge is at the 
column base. So it is important to consider the effect of moment strain hardening. The proposed 
practical advanced analysis method is suitable for the analysis of EBFs with flexural link, and has a 
high accuracy. The load-displacement curves obtained by the analyses are shown in Figure 9. 

 
Table 4. Comparison of Ultimate Load and Displacement 

 Ultimate Load (kN) 
Ultimate 

displacement(mm) 
Experimental 220 11.0 

C-EBF 215 12.4 
NC-EBF 201 9.0 
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Figure 8. Eccentrically Braced Frame K2: Flexural-link 

 
 

 
 

Figure 9. Load-displacement Curve of K2 
 

NC-EBF: 
(9.0, 201)

C-EBF 
(12.4, 215)

Experimental: (11.0, 220) 
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4.2  EBF with Shear Link 
 
A one-storey EBF with shear link, based on the provision of Code for Seismic Design of Buildings 
[18], has been designed for the case study in this paper. All the beams are H300x150x6.5x9, 
columns are H350x350x10x16, and braces are □150x8. The dimensions and loads are shown in 
Figure 10. E=206kN/mm2, fy= 235 N/mm2 for all the members. 
 
In the advanced analysis of this EBF, shear yielding, strain hardening, geometric and material 
nonlinearity, shear deformation and residual stress are explicated. Three kinds of analyses are also 
carried out: (1) NC-EBF: the effect of shear yielding and strain hardening is ignored in EBF; (2) 
C-EBF: the effect of shear yielding and strain hardening is considered in EBF; (3) Finite Element 
Analysis: ANSYS is used to analyze in EBF. The ultimate loads and displacements of all the 
analyses are compared in Figure 11. In the elastic stage, the result of analysis (3) is different from 
analyses (1) and (2), it may also be influenced by the panel zone. In the elastic-plastic stage, the 
ultimate load and displacement obtained from analysis (3) are in close agreement with analysis (2), 
but it is much different from analysis (1). As to the element yielding sequence, first of the analysis 
(2) occurs at link with shear yielding, and subsequent plastic hinge is formed at the column base. It 
is the same as the analysis (3), and the stress contour is shown in Figure 12. However, the yielding 
sequence of analysis (1) is at both ends of link with moment yielding, and subsequent is at the 
column base. So the effect of shear links and strain hardening are of crucial importance in EBFs. 
The proposed practical advanced analysis method is also suitable for the analysis of EBFs with 
shear link, and has a high accuracy. The load-displacement curves obtained by the analyses are 
shown in Figure 11. 
 

5600

30
00

640

    
Figure 10. EBF with Shear Link       Figure 11. Load-displacement Curve of EBF  

with Shear Link 
 
4.3  Three-storey EBFs with Shear Links 
 
A global seismic response of two EBFs with shear links is investigated in this paper, as show in 
Figure 13. It is reported by Rozon et al.[19]. The sizes of beams, columns and braces in every 
storey are different because of the different seismic intensity, as shown in Table 5. As the seismic 
intensity of structure A is lower than structure B, all the section dimensions of structure A are 
smaller than structure B. The shear load at each layer is based on static equivalent force method 
using inverse triangle. E=205kN/mm2, fy= 235 N/mm2 for all the members. 
 

NC-EBF:(18.4,1120) 

C-EBF: 
(27.7,971)

FEA:(23.4,970) 
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(a) Shear stress contour 

 
           (b) Mises stress contour 

Figure 12. Stress Contour of EBF with Shear Link 
 
Shear yielding, strain hardening effect, geometric and material nonlinearity, shear deformation and 
residual stress are explicated in the advanced analyses of two EBFs. Two kinds of analyses are 
carried out: (1) NC-EBF: the effect of shear yielding and strain hardening is ignored in two EBFs; 
(2) C-EBF: the effect of shear yielding and strain hardening is considered in two EBFs. In the 
elastic stage, the loads and displacements of analyses (1) and (2) are the same because all the 
members are elastic. In the elastic-plastic stage, whether the effect of shear links is considered will 
influence the ultimate loads and displacements significantly. All the shear links in two EBFs are 
yielding from the analysis (2), and the yielding sequence is 2, 3 and 1, as shown in Figure 13. At 
last yielding occurs at column base, and all the other members are elastic. It is demonstrated that 
the two structures are designed rationally. The design requirements and expected goals of EBFs can 
be easily judged by using the proposed practical advanced analysis method. Numerical analysis 
also shows that the proposed method has a high efficiency as well as easy determination of the 
element yielding sequence. It can also make a conclusion that shear links should be yielded firstly 
and the other members are generally elastic for rational design of EBFs under severe earthquake. 
The load-displacement curves obtained by the analyses are shown in Figure 14.  

 
Table 5. Summary of Selected Shapes and Sizes 

 Structure A Structure B 
Storey Braces Columns Beams Braces Columns Beams 

1 HSS203x203x8 W310x79 W250x45 HSS254x254x8 W310x86 W460x60
2 HSS178x178x8 W310x79 W200x31 HSS203x203x9.5 W310x86 W360x39
3 HSS152x152x8 W250x33 W130x28 HSS152x152x9.5 W250x33 W200x27
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Figure 13. Layout and Elevation of Three-storey EBF 

 

 
Figure 14. Load-displacement Curves of Two EBFs 

 
 
5.  CONCLUSIONS 
 
A simple and effective model for practical advanced analysis of EBFs, which considers shear and 
flexural yielding behavior, geometric nonlinearity, material nonlinearity, shear deformation, 
residual stress, and strain hardening effect, is proposed in this paper. Based on the assumed multiple 
springs with zero-length at each end to simulate the yielding and the strain hardening effect, the 
element stiffness of shear and flexural links can be well predicted at different load level. The yield 
functions for links that derived by using the section assemblage method can be used to evaluate the 
loading bearing capacity of elements in elastic and inelastic range. Comparison analysis is 
conducted on the EBFs with flexural-yielding type and shear-yielding type links, and it shows that 
the strain hardening effect and stiffness variation effect are of crucial importance. Also, the 
proposed method has a high efficiency and accuracy by using one element or member only. 
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