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ABSTRACT

ARTICLE HISTORY

In this paper, an improved explicit-implicit precise integration method (EIPIM) is proposed for nonlinear dynamic analysis
of structures based on the refined precise integration method (RPIM). The RPIM may face a numerical instability problem
when using large time steps while the proposed EIPIM uses an explicit predictor—implicit corrector scheme to provide more
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stable and accurate results and allow for large time steps. When using EIPIM, the unknown displacements at the starting

point are predicted by an explicit function, and the trial displacements at the second step are corrected by the implicit
Lagrange interpolation method. In terms of numerical stability and precision, eight explicit formulas have been evaluated
to develop a better predictor for EIPIM, i.e., two third-order, four fourth-order and two fifth-order functions. Four examples
involving both linear and nonlinear problems illustrate the high stability and numerical efficiency of the proposed method.
It is found that the explicit predictors EIPIM_O31 and EIPIM_0O41 show good performance and are recommended for

nonlinear dynamic analysis.
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1. Introduction

Wind-induced response [1] and wave-induced response [2] are the two
important applications of dynamic analysis in the design process of offshore
steel structures. The precise integration method (PIM) with high accuracy and
explicit recursion was firstly proposed by Zhong and Williams [3-4] for
structural dynamic analysis. In the past decsades, many researchers made
significant contributions on the development and improvement of PIM.
Nowadays, it has been applied to many fields, including optimal control, heat
conduction, wave propagation, partial differential equation, etc. [5]. The
concept of PIM is to convert the second-order ordinary differential equation
(ODE) to a first-order ODE by introducing a vector, through which more
accurate results can be obtained with high numerical stability. Nevertheless, the
size of matrices is doubled when using PIM, leading to increased computational
efforts. Many efforts have been made to reduce computational efforts [6-8] and
handle nonlinear inhomogeneous parts [9-11]. However, very few studies
focused on incorporating PIM into the nonlinear structural dynamic analysis.
Zhang et al. [12] incorporated PIM into dynamic elastic-plastic hardening and
softening problems in which only a motion equation with constant stiffness
matrices is involved. The authors of this paper proposed the refined precise
integration method (RPIM) [13], introducing a new vector representing velocity
that is an improvement over Zhong [3-4, 14] and Gao [15]. In this method, the
operation on doubled matrices is simplified to the operation on 2>2 matrices.
The stiffness matrix is treated as an unknown variable to adapt RPIM into
nonlinear structural problems. However, similar to other explicit and implicit
methods [16], the stability problem may also occur when a large time increment
is adopted even though RPIM is unconditionally stable with a spectral radius of
less than 1.

Both implicit and explicit methods are employed in commercial or
uncommercial packages for structural analysis, for example, ABAQUS [17] and
OpensSees [18]. The explicit procedures, such as the central difference method
(CDM), are conditionally stable and demand smaller time increments to achieve
accurate results. Implicit procedures, such as the Newmark method [19],
trapezoidal rule [20], and Wilson 6-method [21], are unconditionally stable in
the linear analysis but can become unstable in the nonlinear analysis [16].
Though explicit methods avoid the procedure of iteration, having been explored
by many researchers[22-23], truncation error during the procedure will be
accumulated and lead to inaccurate results or difficulty in convergence. For
implicit methods, the error will be eliminated through several steps of iteration,
and the accuracy of results is guaranteed within pre-defined tolerance. Therefore,
the implicit methods can employ larger time increments. The composite implicit
time integration method is a procedure with two sub-steps per time step and the
two times computational effort for a certain time step size is compensated
unconditionally by the achieved stability. Bathe [16, 24] extended the

trapezoidal rule by combing with the three-point Euler backward method in the
second sub-step, and it is verified to be unconditional stability. This method was
also proved to be applicable for large time step sizes in both linear and nonlinear
structural analysis of very flexible and stiff problems [25-26]. Zhang et al. [27]
studied the accuracy of a generalized composite implicit method combining the
Newmark method and three-point backward Euler method, and then an accuracy
analysis framework was recommended for composite schemes. Kim and Choi
[28] improved an implicit composite time integration algorithm with the
weighted residual method for linear analysis, and the weighting parameters are
optimized with a single degree of freedom (DOF) problem. In these studies, the
results with second order accuracy as well as unconditional stability was
achieved.

To incorporate the excellent stability of implicit methods into the explicit
method, many researchers developed the adaptive explicit method, in which an
adaptive time stepping procedure is adopted to control time discretization error
in each step [29]. One of the most popular adaptive strategies is the local error
estimator incorporated in each step. The adaptive Rung-Kutta method [30-31]
provides an estimation of the local truncation error of a single Rung-Kutta step;
thus, the error can be controlled within a limit by changing to a smaller step,
which can be automatically selected. The automatic time step control strategy
by Hulbert and Jang [32], based on the derived local error estimator was
demonstrated with reliable step size behavior. Deokar et al. [33] proposed an
independent posteriori error estimator based on the generalized single step
single solve (GSSSS) framework and adaptive time steps saved much
computational effort. Wang and Zhong [34] employed a priori error analysis in
the proposed time finite element method for structural dynamics. Mayr et al.
[35] developed an adaptive time stepping scheme for fluid-structure interaction
(FSI) problems with a posteriori error estimation by comparing two different
schemes. Meanwhile, other adaptive strategies on numerical time integration for
dynamic structural analysis, such as the algorithm of Bergan and Mollestad
based on current characteristic frequency, and the method of Lages et al. based
on the geometric indicator of displacements history curvature, have been studied
by researchers [36]. Although the adaptive strategies have advantages in terms
of accuracy and efficiency, they are difficult to incorporate into RPIM because
their coefficients have to be recalculated for a different time increment.
Nevertheless, the idea of estimation in each step could be combined with RPIM
to improve stability [37].

Inspired by composite implicit methods and adaptive time stepping
procedures, an explicit-implicit precise integration method (EIPIM) is
proposed in this paper. We propose RPIM to deal with nonlinear dynamic
problems based on PIM by Zhong [3] and an additional theorem of Duhamel
integration by Tan [38]. The unconditional spectral stability and high accuracy
of RPIM have been verified. To possess the advantages of both explicit and
implicit methods, explicit functions are employed in EIPIM to estimate
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displacements for the next step while the implicit Lagrange interpolation
method is adopted in the recursion formula. Eight estimation functions with
three different orders of accuracy are proposed and evaluated in this paper, both
theoretically and practically. We employed four cases involving beam element,
truss element, and shell element to test and verify the stability and efficiency of
EIPIMs with different estimation functions for both linear and nonlinear
dynamic analysis of structures.

2. Conventional central difference method

In dynamic structural problems, the equation of motion is defined as
Mi + Cix + Kx = f(x,1) 1)

in which, M, C, and K are the mass, damping, and stiffness matrices of the
structural system respectively; f(x,t) is the external force vector related to
time and displacements. x, x, and X are the displacement, velocity, and
acceleration vectors of each DOF.

The velocity and acceleration are written as

@

Xesnes2 = (xpsne — x¢) /AL

X = (j‘r+A:/2 - xt—A:/z)/At (3)

where x is a DOF (e.g., displacement or rotation), the subscript t refers to
the current time step and At refers to the time increment in the dynamic
analysis.

The CDM is conditionally stable with the stability limit given in terms of
the system or the elements as

2
At< 4
wmax ( )
2
At < oo (5)

in which w,,,, is the highest eigenvalue of the system and wgment s the
maximum eigenvalue of elements.

The estimation for At is only approximate and in most cases is not a
conservative estimation [17]. In the nonlinear analysis, the stable time limit is
going to change with the highest frequency of model; and thus, the time
increment has to be estimated at every step. Otherwise, a small enough time
increment should be used to ensure stable solutions. An approximation to the
stable time limit can also be written as the smallest transit time of a dilatational
wave across any of the elements in the mesh, which clearly demonstrates the
relationship between stable time limit and element size.

3. RPIM for dynamic structural problems

To deal with nonlinear dynamic analysis, the authors proposed the RPIM
based on the traditional PIM [3] and the additional theorem of Duhamel
integration derived by Tan [39]. A new vector p, representing velocity is
employed, and the matrix for coefficients calculation is converted to a 2>
matrix, significantly simplifying the computation and saving storage space.
3.1. Refined precise integration method (RPIM)

The authors proposed RPIM to deal with nonlinear dynamic problems in
which the stiffness matrix K varies with time in elastic-plastic range. The third
item, Kx in equation of motion Eq.(1) is considered as an unknown variable,

and a new vector F(x,t) combining the external force vector f(x,t) and
internal force Kx is formed. Then, the equation of motion can be rewritten as

MX + Cx = f(x,t) — Kx = F(x,t) (6)
A new vector p, representing the velocity, is introduced as
p=x @)

Writing Eq.(6) and Eq.(7) in matrix form,
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u=[;], w=Hi+F @®
in which
C)]
H= [g —MI—lc]
F= [F(J(c). t)] - [M’lf(x, t)O— M’le] (10)

The absolute solution of Eq.(8) with Duhamel integral is given
mathematically as Eq.(11).

u(t) = exp(Ht) x(0) + ftexp(H(t - ‘r)) F(x,7)dt (11)
0

The total time is divided into a series of step time »n for numerical
integration, and such that the time points are given as,

to=0,t;=7n,t, =20, .., ty =kn, tgy, = (k+Dn, .. (12)

The integration equation of Eq.(11) can be given as Eq.(13) with the mark
uk representing u(k) and t; representing t(k).

Uy = Puy, + J.nexp(H(tk - 7)) F(x,, 1) dt (13)

0

In which the matrix exponent is defined as Eq.(14), and the additional
theorem is proposed by Zhong [3] to give an accurate solution.

@ = exp(Hn) (14

For more easy integration, the formed ‘external force’ F(x,t) iswrittenin
polynomial form as,

FOrte +0) = for +tf i+ + T i T € [0,7] (15)

The recursion formula can then be derived as Eq.(16) by substituting Eq.(15)
into the general solution in Eq.(13).

Vi1 = PV + P fop + 0™ D@ f (16)
in which,
1
P, = W-f exp(H(n — T)) t™dr an)
0

The additional theorem of Duhamel integration by Tan [38] can then be
employed to achieve precise coefficients &,, with the combination of the
exponential matrix by Zhong [3].

With the coefficient f in Rayleigh damping [40] ignored, the damping
matrix C is only proportional to the mass matrix M and then the H matrix is
simplified as a 2>2 matrix. Thus, the coefficient matrix @ becomes a matrix
with two different constant coefficients described as @' , and only constant
elements exist in coefficients ®@,, @,, ®,, and ®,, as well as the linear
operation results @,, ®,, ®,, and ;.

e

) [ P
ol Shel Slel e

(19)
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= ‘1)01] 5 [ ‘511] F [ 521] =
B, =| - =| Iuls,=| 22|
0 [ 1 N &,,I"

%
¢32

Thus, the multiplication between matrices and vectors becomes simple
multiplication between constant values and vectors, and a large amount of
computation time and memory size are saved; this is applicable to both
consistent and lumped mass matrix for structures.

3.2. Implicit method for inhomogeneous term

Explicit method is adopted with Lagrange interpolation in the RPIM;
however, inaccuracy and instability may occur with large time increment due to
the integration in Eq.(13) over the time domain [tk, tk+1]. To alleviate this
problem, an implicit method with three Lagrange integration points is adopted
in the EIPIM.

The Lagrange polynomials ‘external force” F(x,t) within the time period
[tr, txs1] with integration points t,q, ty, tx_q1, tx_, derived given as,

F(xy, ty + 1)

fk+1/3+fk/2_fk—1+fk—2/6_[
n

=frat

fer1/2 = fre+fiea/2 (20)
+ 7 T

+fk+1/6_fk/2+fk—1/2—fk—2/6 3
Ul ‘

Comparing Eq.(20) with Eq.(15), the recursion formula is then established
as,

Upry = Py + (Do fsr + Pifi + Pofics + Pafr2) (21)
in which

D)=, /3+D,/2+D,/6

D, =D+ D2 — D, — D)2
_ (22)
D, =D, +D,/2+ D)2

D, =D, /6 —D;/6

The external forces are known and linearly distributed during each time
increment in structural engineering, such that the external force can be written
as a linear function in the time domain [t,, t,4,] asEq.(23) with an exact result
provided by Duhamel integration.

£ty + ) = i + 7(ess — ) /1 (23)

3.3. Estimation with the explicit method

The explicit method with the three-point forward Lagrange interpolation
function may result in inaccurate values (Fig. 1(a)) or even opposite trends (Fig.
1(b)) when large time increments are adopted for the estimation of x,,, in the
next time increment. As illustrated in Fig. 1, exact values of functions, sin(mxt)
and sin3(nt) respectively, are given in red stars. The functions of the four-point
forward Lagrange interpolation method over the time domain within four-time
increments are shown with colored lines. Time is divided into 30 equal time
increments within [-0.5, 1] for each function and t, is adopted as t = 0.5.
‘Lagrangel’ represents interpolating with points at t;_s, ty_,, tp_; and ¢y,
which are the dotted point with red stars. Similarly, ‘Largrange2’ standards for
interpolating with every two points, the points at t,_¢, ti_4, tx—, and t, etc.
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Fig. 1 Accuracy of the forward Lagrange interpolation with different time increments

As clearly seen in Fig. 1(a), the estimated value for sin(ntk+1) (value for
the next time step at time tk+1 for Lagranel, tk+2 for Lagrane2, etc.) is lower
than the exact result, and larger discrepancies are observed in larger time
increments even with the right variational trend. Nevertheless, the variational
trend of Lagrange interpolation is opposite with large time increments (e.g.,
Largange4 and Largange5) in Fig. 1(b). The deviation accumulates during the
integration with the Duhamel method as well as the recursion formulation in
EQq.(13). Thus, estimation with better methods is required to minimize this error.

Totally eight methods with three different orders of accuracy are introduced
by adopting the Lagrange interpolation method and the Hermite interpolation
method. Due to the ill-condition of high order interpolation function, functions
with higher order (e.g., sixth-order and above) are not introduced or considered
in this paper.

Third- Xg+1estimate = Xg-1 2nvy (24)
order
Xk+1estimate = 3Xk — 3Xg—1 + X2 (25)
o
Xk+1estimate = 2Xk — Xg—1 + T]zak (26)
Fourth-
Xi+1estimate = 4Xk — 6Xp_1 + 4Xy_p — X3 27)
order
Xk+1estimate = —4Xy + 5Xp_q + 4NV + 2004 (28)
om®
Xk+1,estimate — =3y /2 4+ 3xp_1 — Xg_2/2 + 30V (29)
Xk+1estimate = Xk + IXp_1 + X + 67V
(30)
Fifth-order + +6nv,_y
0(775) Xk+1estimate = 15Xk /4 — 3Xy_1 + Xp—2/4 — 3V /2
(31)
+3n%a,/2

The explicit-implicit method with each estimation function from Eq.(24) to
Eq.(31) is defined as EIPIM_O31, EIPIM_032, EIPIM_041, EIPIM_042,
EIPIM_O43, EIPIM_O44, EIPIM_O51, and EIPIM_O52, respectively,
indicating the order of accuracy. The EIPIMs stand for a total of eight methods
with different estimation functions.
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4. The algorithm of EIPIM

For nonlinear analysis with stiffness matrix K depending on displacements
of structures, the recursion formula of EIPIM is given in Eq.(32) based on the
RPIM, before which, the estimation functions in Eq.(24) to Eq.(31) should be
employed for xk+1,estimate and Kk+1,estimate is evaluated with xk+1,estimate
thereafter. In linear analysis, Ky estimate ShOUld be replaced by constant K.

Xip1 = Xy + TV + MM @os fre + @1 (fsr — fio)]
+ UM71(501 K +1,estimateXk+1,estimate
+ & Kpexy + Dy Kj_1 X4
+ ‘531Kk—2xk—2)

Vierr = Too0s + MM @gp i + Pio (fresr — fio)]

-1(5
+ 77M ((DOZ Kk+1,estimatexk+1,estimate

(32)

+ @1, KXy + Py K1 Xy

+ ‘532Kk—zxk—z)

The difference of algorithms between the EIPIM and RPIM is that the
displacements and stiffness matrix should be estimated before the calculation of
displacements and velocities for the next time increment. In this paper, the CDM
is adopted to calculate the required results at the first two or three steps for both
linear and nonlinear problems, as illustrated in Fig. 2. The first two steps are
needed in the EIPIM_031, EIPIM_032, EIPIM_041, and EIPIM_043 because
there is no requirement either on displacement at time tk-1 or velocity at time
tk-2. Acceleration should be updated if involved in estimation formulae, such
as the EIPIM_041 and EIPIM_O52.

‘ Structural matrices M, K, C ‘

! '

‘ Formation of H matrix ‘ ‘ Initial conditions xo, vo ‘

!

‘ Coefficients @, @, ®,, @,, ©,

‘ Coefficients @, @y, &2, s ‘

‘ Extracting needed coefficients ‘

‘ jH+ Fﬁ
Estimation of displacements: x; esimae
Estimation of stiffness matrix: Kjesimate

!

Calculation with CDM
Storing K, x, v

Displacements and velocities: x;, v;

t < total time

Updating K matrix
Updating x, v in recursion formulation ——
Calculation of a if needed

Fig. 2 Algorithm flowchart of EIPIM

5. Stability and precision analysis

In this section, we analyze the two most important characteristics of an
algorithm [41], stability and precision, and compare the performance of EIPIM
with RPIM.

5.1. Stability analysis

The recursion formula is unconditionally stable if the solution will not
magnify without limits at any step time. The authors verified the stability of
RPIM, and unconditional spectral stability in theory with the spectral radius of
@ smaller than 1 in another paper. Nevertheless, the approximation in Duhamel
integration over time tk (current time) and tk+1 (time at next step) in Eq.(13)
may lead to instability due to the unknown function of internal force,
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multiplication of stiffness matrix K, and displacements x. In the RPIM, the
explicit Lagrange interpolation method with four previous K and x is adopted
in recursion formula. As illustrated in Fig. 1, unsuitable functions, with large
time increments for the next step, will produce wrong tendencies. The implicit
Lagrange interpolation method is employed in the EIPIM in Eq.(20) and better
stability will be provided if the estimation of displacement at time tk+1 is
accurate enough.

For the eight EIPIMs, estimation formulas with third-order, forth-order and
fifth-order accuracy involving displacements, velocities, and accelerations may
have different effects on the stability of recursion formula. Among these
methods, EIPIM_032 and EIPIM_0O42 only adopting displacements in
estimation function, which is the Lagrange interpolation method
mathematically, means that only displacements are satisfied at the discretized
time points. Methods with velocity and/or acceleration involved in estimation
function (Hermit interpolation function, in essence), satisfy not only the
displacement but also the velocity/acceleration at certain time points. The
EIPIM_0O41 achieves the fourth-order accuracy with only three parameters,
reducing the accumulation of initial magnitude error—error resulting from
inaccurate initial parameters used to make an estimation. Thus, the EIPIM_041
exhibits the highest stability theoretically. The EIPIM_O51 and EIPIM_0O52
may become unstable with relatively smaller time increments due to the ill-
condition of interpolation functions with higher order accuracy.

5.2. Precision analysis

For both the EIPIM and RPIM, integration of inhomogeneous terms Kx is
the only approximation during the derivation of recursion formula for equation
of motion. The RPIM with the fourth order explicit Lagrange interpolation
function has a precision of O(At®) which is closely related to the time
increment At.

With a similar derivation process, the recursion formulation of Eq.(8) can
be written as,

Upry = PUy +1(PoFyyy + PiFy + D,F_y + P3F ) (33)

Combining the addition theorem and the coefficients in Eq.(22), and
expanding the F,,,, F,_, and F,_, at F, with Taylor series, then Eq.(33)
can be derived as,

= 1
Uiy = Puy + Ud’o(uf{,) —u)

oo

my — ()
+ Z (]—| ‘Dl + ]' (Dz

Jj=0

—2n) _ . .
+( j!n) ¢3> u,((’“)—u,(f)

2 3 34
VIR

1
=uk+77u,({)+2 6

4
@
+ﬁuk

5 /5 31
+ %(guf) +%Hu,((4) + O(T])) + .-

Thus, the EIPIM with implicit Lagrange interpolation function has the
precision of O( At®), the same accuracy as the RPIM in theory.

6. Verification examples

Several examples are analyzed to assess the stability and efficiency of the
proposed EIPIMs in dealing with linear and nonlinear dynamic analysis. The
free vibration and forced vibration with constant and varied external forces of a
cantilever are studied to provide better understanding and easier duplication of
the EIPIMSs, as well as a demonstration in a linear analysis. Besides the proposed
EIPIMs with eight different estimation functions, results from the other three
different methods, namely ODE45(MATLAB), CDM, and RPIM, are given and
compared with EIPIMs in linear dynamic analysis. The results from function
ode45 [42] in MATLAB are used as references, in which the fourth-order and
fifth-order Runge-Kutta algorithm are adopted, commonly used for nonstiff
problems. In nonlinear dynamic analysis, results from MATLAB is not
available because of its disability in nonlinear analysis.
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6.1. Free vibration of a linear elastic cantilever

A linear elastic cantilever with initial displacement as shown in Fig. 3 is
employed to verify the accuracy and stability of the EIPIMs. The beam is
divided into ten beam-column elements with equal length. Three DOFs are
considered for each node, namely axial displacement, vertical displacement, and
rotation. The element mass matrix m and element stiffness matrix k are given
as follows, with elastic modulus E=2.0<1010N/m2, the length of element
1=0.4m (total length of beam L=4m), section area A=0.1m2, second moment of
inertia 1=1/480m4. The damping matrix is proportional to the mass matrix with
the relationship C=0.2M. Elemental matrices are assembled to the global matrix
according to DOFs of each node. The cantilever with initial displacements is
illustrated in Fig. 3 with dashed lines. The maximum displacement at the free
tip is 1m, and the initial displacements vary with the cubic of distances from the
clamped edge at each node. The initial velocity is a zero vector, indicating no
initial velocity.
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Fig. 3 Configuration of a linear cantilever beam

Typical time-displacement curves with certain time increments are
illustrated in Fig. 4. For time increment At = 0.00004s, results from EIPIM with
the fifth order-accuracy, EIPIM_O51, and EIPIM_O52 exhibit instability as
shown in Fig. 4(a), while other methods can still give reasonable predictions of
displacements. This is primarily due to the ill-condition of higher order
interpolation, as discussed in section 3.3. When time increment increases to At
= 0.00011s as shown in Fig. 4(b), the RPIM starts to become unstable at the
very beginning at about 0.003s, and EIPIM_032, EIPIM_042, EIPIM_O51,
and EIPIM_O52 all suffer instability in only 0.03s. As shown in Fig. 4(b),
results from the CDM vary quite a lot from the exact results of MATLAB, while
other methods (EIPIM_O31, EIPIM_041, EIPIM_043, and EIPIM_044)
provide estimations much closer to exact solutions.

It should be noted that the results from the EIPIM_Q042 are the same as
those from the RPIM. This is due to the constant stiffness matrix and the same
estimation method, fourth-order Lagrange interpolation method. To be specific,
the combination of explicit fourth-order Lagrange interpolation method for
estimation and implicit fourth-order Lagrange interpolation method to calculate
displacement at the next step in the EIPIM_0O42 results in the same function
during the time domain, which is also the same as explicit Lagrange
interpolation method in the recursion formula of the RPIM. Due to the constant
stiffness matrix in linear elastic problems, the same coefficient is multiplied to
displacements, and thus EIPIM_0O42 and RPIM yield to the same solutions
resulting from the same function for displacements, which will also be
applicable in section 6.2.

As shown in Fig. 4(c), for the time increment At = 0.00016s, only the
EIPIM_O31 and EIPIM_O41 can provide reasonable results being close to
those from MATLAB. When the time increment increases, the EIPIM can no
longer give stable result. Nevertheless, the stable time limit At = 0.00016s of
the EIPIM_0O31 and EIPIM_0O41 is more than 1.5 times larger than At=0.0001s
of RPIM, indicating superior stability of the EIPIM_O31 and EIPIM_0O41.
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(a) Time-displacement curve with time increment At = 0.00004s
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Fig. 4 Time-displacement curves of the cantilever beam with free vibration

6.2. Forced vibration of a linear elastic cantilever

In this example, a cantilever beam, with the same section and material
properties and the same boundary condition as in section 6.1, is employed. The
differences lie in both null vectors of initial displacement and velocity, and the
constant vertical external force on free tip F=100kN. Similarly, only the
displacements at the free tip are monitored for different time increments as
illustrated in Fig. 5.

At time increment At =0.00007s, the EIPIMs with fifth order accuracy of
estimation, EIPIM_O51, and EIPIM_Q52, start to be unstable within 0.5s, while
stable and reasonable results are obtained from other methods, as shown in Fig.

5(a). The RPIM cannot work well from At =0.00011s and the same results are
provided with those from EIPIM_042, as discussed in section 6.1. The
EIPIM_032, EIPIM_51, and EIPIM_O52 could not remain effective at this
time increment, as shown in Fig. 5(b). Similar to free variation case, the RPIM
and all EIPIMs, except EIPIM_0O31 and EIPIM_041, yield to instability at At
= 0.00016s, while EIPIM_031 and EIPIM_0O41 provide accurate results very
close to those from MATLAB, as illustrated in Fig. 5(c) and (d). Comparing
with the results from different methods in section 6.1 with free vibration, the
stability of different methods are nearly the same except for small differences
in EIPIM_0O44, EIPIM_051, and EIPIM_052, which will be further compared
and discussed at the end of this section.
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Fig. 5 Time-displacement curves of the cantilever with constant force

A varied external force with the same amplitude of load in constant force
case multiplying sine function sin(8xt) is adopted in this part to test the stability
and accuracy of EIPIMs in regard to a varied external force.

At time increment At = 0.00005s, as shown in Fig. 6(a), the EIPIM_0O51
and EIPIM_O52 provide a reasonable estimation of displacements at the
beginning and start to lose stability at about 1.8s with largely oscillated results

from about 2.2s, demonstrating the ill-condition of higher order interpolation
method again. The same as in free vibration and vibration with constant force,
the RPIM starts to be ineffective from time increment At = 0.00011s and yields
instability at the very beginning (Fig. 6(b)), while the EIPIM_O31 and
EIPIM_0O41 still provide accurate results when At =0.00016s (Fig. 6(d)).
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(d) Displacement curves of EIPIM_0O31 and EIPIM 041 with time increment At = 0.00016s

Fig. 6 Time-displacement curves of the cantilever with sine force

The stable time limits of different methods in free vibration forced vibration
with constant force, and varied force are illustrated in Fig. 7; ‘EIPIM ’ is
omitted for EIPIMs to show the tendency of stability clearly. The same stable
time limits are observed for each method, except little differences in
EIPIM_0O44, EIPIM_O51, and EIPIM_052, demonstrating the reliability of

EIPIMs in dealing with different forms of external loads and initial
displacements of the same structure. Among all the EIPIMs, methods with fifth-
order accuracy (EIPIM_O51 and EIPIM_052) exhibit lower stability than the
original RPIM, and EIPIM_0O32 has a little lower stability than RPIM.
EIPIM_0O31 and EIPIM_OA41 have the highest stability, 60% percent higher
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than the RPIM, while the EIPIM_0O44 and EIPIM_043 have relative higher
stability. Conclusions could be drawn that estimation function with fifth order
accuracy and Lagrange interpolation method (EIPIM_032 and EIPIM_042) are
not suitable to be incorporated in EIPIM. Higher order interpolation method
exhibits certain ill-condition as discussed earlier, and the Lagrange interpolation
method only employs the displacements, which lacks the evaluation with
velocity and acceleration. In summary, EIPIM_O31 and EIPIM_O41 are
recommended for linear dynamic analysis due to their excellent stability.
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Methods

Fig. 7 Stable time limits of different methods for cantilever

The normalized CPU time of the RPIM, EIPIM_031, and EIPIM_0O41 at
corresponding stable time limits for free vibration, forced vibration with
constant force, and sine force are listed in Table 1.

Table 1

Comparison of CPU time of RPIM, EIPIM_031, and EIPIM_032

Stable time limit Free Constant Sine
Methods I

(s) vibration force force
RPIM 0.0001 1.00 1.00 1.00
EIPIM_O31 0.00016 0.50 0.67 0.68
EIPIM_041 0.00016 0.65 0.75 0.70

As seen in Table 1, about 60% CPU time is consumed by the EIPIM_0O31
and EIPIM_0O41 compared with the RPIM for free vibration and about 70% for

0.5 T
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forced vibration with constant force and sine force. The efficiency of
EIPIM_O31 and EIPIM_O41 is superior to the RPIM benefiting from the
increased stable time limits. It should also be noted that CPU time of
EIPIM_0O41 for each case is a little longer than that of EIPIM_031, and this is
because accelerations are required to be calculated in each step while there is
no necessity for EIPIM_O31.

6.3. Nonlinear dynamic analysis of truss

In this example, a two-dimensional truss with two DOFs (i.e., horizontal
and vertical displacements) for each node [43-44] is shown in Fig. 8. It is
modeled by the truss element with geometric nonlinearity considered. The truss
is fixed at two ends and external load P=2000kN is applied at nodes 1~7
simultaneously, remaining constant during the analysis. The section and
material information are listed as, section area A=0.01m2, elastic modulus
E=2.06x1011N/m2, density p=7870kg/m3. Its layout and load pattern are
illustrated in Fig. 8.

3m

3m>8=24m

Fig. 8 Loading and boundary conditions of truss

The displacement at node 4 is monitored and the curves at different time
increments are shown in Fig. 9. At time increment At = 0.00025s (Fig. 9(a)), the
EIPIM_O51 and EIPIM_O52 cannot remain stable, while all other methods
provide satisfying results. When time increment increases to 0.00045s (Fig.
9(b)), the RPIM can no longer remain stable and yields oscillation from about
0.06s. At this time increment, EIPIM_0O32 and EIPIM_042, the two methods
with Lagrange interpolation, are unstable as well. It is noteworthy that results
provided by the RPIM and EIPIM_042 vary, differing from the same results by
RPIM and EIPIM_042 in cases with linear elastic problems (section 6.1 and
6.2), resulting from the changing stiffness matrix during the nonlinear dynamic
analysis. Nevertheless, not many differences are observed with regard to the
starting time of instability or the tendency of discrepancy. The EIPIM_0O31 and
EIPIM_0O41 are able to give reasonable results with satisfying accuracy at time
increment At = 0.00065s (Fig. 9(d)), 62.5% higher than the stable time At =
0.0012s of RPIM., when other methods all lose effectiveness (Fig. 9(c)).
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(d) Displacement curves of EIPIM_0O31 and EIPIM 041 with time increment At = 0.00065s

Fig. 9 Time-displacement curves of truss with different methods

Stable time limits of each method for the nonlinear truss are illustrated in stable time limit 0.00045s, a little higher than that of RPIM. In this case,
Fig. 10, and the ‘EIPIM ’ is also omitted as in Fig. 7 for simplicity. As can be EIPIM_O31 and EIPIM_O41 are the most suitable methods for nonlinear
seen, methods with fifth order accuracy exhibit lower stable time limits than the dynamic analysis of trusses.

RPIM, while the stability of EIPIM_0O32 and EIPIM_0O42 with Lagrange
interpolation method is close to that of RPIM. Similar to the linear elastic
problem, EIPIM_031 and EIPIM_0O41 exhibit the most excellent stability with
stable time limit 0.00065s. EIPIM_043 and EIPIM_O44 possess the same
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Fig. 10 Stable time limits of different methods for nonlinear truss

Differing from linear cases, CPU time of EIPIM_O31 and EIPIM_0O41 at
stable time limit 0.0065s is about 85% and 90% respectively of that consumed
by the RPIM at stable time limit 0.0004s. Additional estimation of the stiffness
matrix is involved in nonlinear cases compared with linear cases, which is time-
consuming. Nevertheless, the increased computational effort is compensated by
a larger stable time limit, demonstrating the efficiency of EIPIM_O31 and
EIPIM_0O41 for nonlinear analysis.

6.4. Nonlinear analysis of Mindlin plate

In this verification example, the shell element based on Mindlin plate
theory [43] with geometric nonlinearity is employed to model a plate as shown
in Fig. 11. The four-node shell element with two-point Gauss integration for
bending and one-point Gauss integration for shear is adopted with the shear
correction factor 5/6. For each node, there are five DOFs, two in-plane
translation, one out-plane translation and two rotations [44]. In Fig. 11, a
2m>2m square plate with ten by ten mesh configuration is employed, with
consistent thickness t=0.1m. It is subjected to uniform pressure P=100kN/m2,
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remaining constant during the nonlinear dynamic analysis. Simple boundary
condition with constrained translations and free rotations is employed at nodes
along the four external sides. Elastic material with E=2.06x108N/m2, Poisson’s
ratio v=0.3, and density p=7870kg/m3 is assumed.
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Fig. 11 Configuration of plate

The displacements of the center point O is monitored at different time
increments to obtain the stable step limit of each method. Time-displacement
curves at selected time increments are illustrated in Fig. 12. From this figure,
EIPIM_O51 and EIPIM_052 suffer instability at a small time increment At =
0.0003s, whereas other methods including RPIM are effective with enough
accuracy (Fig. 12(a)). Nevertheless, RPIM is not able to provide stable results
when time increment is raised to 0.00055s, as well as EIPIM_032 and
EIPIM_042, the two methods with Lagrange interpolation estimation (Fig.
12(b)). When time increment augments 0.0008s, reasonable results are still
available from EIPIM_O31 and EIPIM_041, as shown in Fig. 12(d), while all
the other methods yield to instability, as shown in Fig. 12(c). Conclusions can
be drawn that EIPIM_O31 and EIPIM_0O41 are the two methods with better
stability and accuracy, while EIPIMs with the fifth-order accuracy estimation
(EIPIM_O51 and EIPIM_0O52) are unsuitable for nonlinear dynamic problems
of plates.
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Fig. 12 Time-displacement curves of the plate with different methods
To obtain an accurate stable time limit for each method, the time increments about 20% higher stable time increment than the RPIM. Meanwhile,
are enlarged gradually for all methods with the sub-increment 0.00005s. The EIPIM_0O31 and EIPIM_0O41 possess the highest stable time limit, 60% higher
stable time limits for each method are figured with ‘EIPIM ’ omitted as in than that of RPIM, indicating their applicability in nonlinear dynamic analysis
earlier cases, as shown in Fig. 13. Similar to linear cantilever and nonlinear truss, of structures.

EIPIM_O51 and EIPIM_0O52 have the smallest stable time limit, followed by
RPIM, EIPIM_032, and EIPIM_042. The EIPIM_043 and EIPIM_0O44 have
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Fig. 13 Stable time limits of different methods for nonlinear plate

It is noteworthy that CPU time of EIPIM_O31 and EIPIM_041 at the stable
time limit is about 80% of that consumed by RPIM at stable time limit 0.0004s,
lower than that in the case with nonlinear truss. More computational time could
be saved with special procedures to calculate the stiffness matrix since the
estimation of the stiffness matrix is the additional part in EIPIMs compared with
RPIM. High efficiency of EIPIM_031 and EIPIM_0O41 is achieved with a
larger stable time limit for nonlinear analysis, in despite of more
computationally demanding in each step.

7. Conclusions

The refined precise integration method (RPIM) has been used for nonlinear
dynamic analysis, but it has potential risk due to the numerical instability
problem when using large time steps. In this paper, an improved method named
the explicit-implicit precise integration method (EIPIM) is proposed based on
the conventional RPIM. Eight explicit formulas including second-order, third-
order and fifth-order functions have been studied in the framework of the new
method. In general, EIPIM has the advantage of better numerical stability and
higher precision than the traditional RPIM, and therefore, it has wider
applications than RPIM in practical use. Several typical examples demonstrate
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the numerical stability and computational efficiency of the proposed EIPIM in

both linear and nonlinear dynamic analysis.

Several conclusions can be drawn from this study as follows.

(1) EIPIM with higher order interpolation functions does not always perform
as well as the lower order ones. For example, the fifth-order EIPIM_0O51
and EPIM_0O52 exhibit worse stability than RPIM due to the ill-condition
of high order interpolation functions.

(2) EIPIMs with Lagrange interpolation functions such as EIPIM_0O32 and
EIPIM_042 are not better than RPIM in terms of numerical stability and
result precision because only displacements are adopted for the estimation
in the next step. EIPIM_042 provides the same results as RPIM for linear
dynamic problems because they are essentially the same, while the different
results are obtained from nonlinear dynamic cases due to the variable
stiffness matrix.

(3) When fourth-order functions are adopted in the EIPIM, such as EIPIM_043
and EIPIM_044, EIPIMs show better performance than RPIM because of
the improved accuracy of displacements adopted for the next step.

(4) EIPIM_O31 and EIPIM_0O41 exhibit excellent numerical stability in
solving both linear and nonlinear dynamic problems; with the time step
about 60% larger than RPIM. Thus, the two methods allowing for large
time steps are recommended for dynamic analysis of structures.

(5) Generally, EIPIM with Hermit interpolation functions (i.e. EIPIM_031,
EIPIM_0O41, EIPIM_043 and EIPIM_044) is better than RPIM because
the velocities and accelerations (if any) also follow the interpolation
procedure used in displacements at each time step, except EIPIM with fifth-
order functions due to the ill-condition of higher order interpolation method.
The following is an example of two consecutive single-line equations
written according to the specifications:
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