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A B S T R A C T  A R T I C L E  H I S T O R Y 

 

Space lattices are widely used in various metal structural systems to form elements such as columns, beams, trusses, among 

others. These lattices are also used, for example, within the telecommunications industry to constitute the mast that support s 

the transmission devices. The spatial lattices have a large number of elements (legs, diagonals and struts). For its 

representation the equivalent beam-column model is very convenient, due to its low cost and computational effort. In 

previous studies, the author´s analyze of spatial lattice of triangular cross-section, have obtained continuous representation 

models from an energetic approach, as well as the equivalent properties for the modeling of lattice as beam-columns. Also 

adopting an energy approach, the study of four spatial lattice patterns of rectangular cross-section (Pattern 1, 2, 3 and 4) is 

carried out, obtaining the elastic properties and equivalent inertias necessary for the representation of the problem as 

column-beam. For the purpose of validating the proposed method, several numerical examples of spatial lattice 

implementing the beam-column model were evaluated. The results reached allow us to establish an excellent performance 

of the equivalent properties obtained for each of the lattices patterns considered, with the advantage of the low computational 

cost involved in its implementation, modeling and processing.  
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1.  Introduction 

 

Spatial lattice structures are structures made up of a large number of simple 

elements such as legs, diagonals and struts. Due to this large number of elements 

that are part of the lattices, numerical modeling can involve significant 

computational effort and cost. 

Several authors have developed and proposed continuous models for the 

representation of plane lattices, [1,2,3,4,5], while others, are based on an 

energetic approach, have developed continuous models for the representation of 

spatial lattices [6,7,8]. But the main research has been aimed at developing 

simplified representation models that allow less effort and computational cost 

at the time of structural analysis of spatial lattices. In this sense, we can cite [7] 

who developed a continuous 1D model for the representation of a spatial lattice 

of triangular cross-section used to support satellites solar panels. Or also the 

continuous 1D model developed by [9] for the dynamic, static and stability 

analysis of spatial lattices of triangular cross-section. Both indicated models 

were obtained from an energy statement. 

As an alternative to the use of continuous 1D models, some authors have 

developed equivalent models for the discrete representation of spatial lattices 

[10,11,12]. In these developments, the equivalent elastic properties were 

obtained for the representation of the lattice as beam-column. In this particular 

case of what was developed by [9], equivalent elastic and inertia properties were 

obtained, allowing the dynamic and static analysis of spatial lattices of 

triangular cross- section. Four different lattice patterns were considered in the 

analysis. 

These equivalent models of representation can be applied to various 

structural systems consisting of spatial lattices. For example, Páez and Sensale 

[13] analyzed a guyed mast against wind loads, modeling the mast as a beam-

column and the guys as non-linear elastic springs. The equivalent properties 

adopted [14] corresponding only to elastic properties and without considering 

the rotational stiffness of the lattice. 

The continuous 3D model presented by [8] was developed from an 

energetic approach, obtaining a system of 9 differential equations (9DE) for the 

representation of the structural behavior of a spatial lattice of triangular cross-

section. From this model, [9] obtained a simplified 1D continuous model (6DE) 

by reducing the kinematics of the problem to the barycentric axis of the lattice. 

As previously indicated, the developed models allow the representation of 

spatial lattices of triangular cross-section. For this reason and continuing with 

the developed energy methodology [9], the study of four spatial lattice patterns 

of rectangular cross-section (Pattern 1, 2, 3 and 4) is carried out, obtaining the 

elastic properties and equivalent inertias necessary for the representation of the 

problem as column-beam.  

The interest in developing simplified models of representation of spatial 

lattices of rectangular cross-section, is mainly due to the fact that they are widely 

used to constitute various structural systems such as columns, beams, trusses, 

among others. (Fig. 1). 

 

Fig. 1 Lattices of rectangular cross-section 

 

In this way, the development of a simplified representation such that of the 

equivalent beam-column model, contributes to a significant time savings of 

modeling and computational processing of structural systems formed by lattices 

of rectangular cross-section. 

 

2.  Lattices analyzed 

 

Four lattice patterns (Pattern 1, 2, 3 and 4) of rectangular cross-section of 

sides B and D are analyzed (Fig. 2). 

 

 

 

Fig. 2 Lattice analyzed. a) General view. b) Section view 
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Pattern 1 has zig-zag diagonals, Pattern 2 incorporates struts to the previous 

diagonalization, while Pattern 3 has double zig-zag diagonalization, and finally, 

Pattern 4 incorporates struts to the latter (Fig. 3). 

 

Fig. 3 Patterns considered 

 

3.  Energy approach for the analyzed spatial lattice 

 

For the energy approach, it is initially considered that the spatial lattice is 

in an equilibrium configuration. When an external action acts upon it, it is 

deformed adopting a new equilibrium configuration. Given this, the lattice 

nodes experienced kinematically admissible displacements in the main 

directions. These displacements cause the elements that are part of the lattice to 

develop energy contributions [8]. 

From this approach, the energy expressions presented below, correspond to 

the energies developed by the elements (legs and diagonals) that are part of the 

spatial lattice of rectangular cross-section with a diagonal pattern of type Pattern 

1 (Fig. 3). 

 

3.1. Elastic deformation energy 

 

𝑈 =  
1

2

𝐸𝑑𝐴𝑑𝐵

𝐿𝑑𝐵∆
∫ (𝐴1𝐵𝑠𝑖𝑛2𝛼𝐵 + 𝐴2𝐵𝑐𝑜𝑠2𝛼𝐵 + 𝐴3𝐵𝑠𝑖𝑛𝛼𝐵𝑐𝑜𝑠𝛼𝐵)𝑑𝑥 +

𝐿𝑙

0

 + 
1

2

𝐸𝑑𝐴𝑑𝐷

𝐿𝑑𝐷∆
∫ (𝐴1𝐷𝑠𝑖𝑛2𝛼𝐷 + 𝐴2𝐷𝑐𝑜𝑠2𝛼𝐷 + 𝐴3𝐷𝑠𝑖𝑛𝛼𝐷𝑐𝑜𝑠𝛼𝐷)𝑑𝑥

𝐿𝑙

0
+

 
1

2
𝐸𝑙𝐴𝑙 ∫ 𝐴4𝑑𝑥 + 

1

2
𝐸𝑙𝐽𝑙𝑦 ∫ 𝐴5𝑑𝑥 + 

𝐿𝑙

0

1

2
𝐸𝑙𝐽𝑙𝑧 ∫ 𝐴6𝑑𝑥 

𝐿𝑙

0

𝐿𝑙

0
                 (1) 

 

in which the coefficients are: 

 

𝐴1𝐵 = 2uj(x, t)uj(x, t) − 4(ua(x, t)ub(x, t) + uc(x, t)ud(x, t)) +

+
1

2
(ub

′2(x, t) + ud
′2(x, t))∆2                                     (2a) 

 

𝐴2𝐵 = 2vj(x, t)vj(x, t) − 4(va(x, t)vb(x, t) + vc(x, t)vd(x, t)) +

+
1

2
(vb

′2(x, t) + vd
′2(x, t))∆2                                     (2b) 

 

𝐴3𝐵 = 2[(ua(x, t) − ub(x, t))𝑣𝑏
′ (𝑥, 𝑡) − (uc(x, t) − ud(x, t))𝑣𝑑

′ (𝑥, 𝑡) +

(va(x, t) − vb(x, t))𝑢𝑏
′ (𝑥, 𝑡) − (vc(x, t) − vd(x, t))𝑢𝑑

′ (𝑥, 𝑡)]∆          (2c) 

 

𝐴1𝐷 = 2uj(x, t)uj(x, t) − 4(ua(x, t)ud(x, t) + ub(x, t)uc(x, t)) +

+
1

2
(ua

′2(x, t) + uc
′2(x, t))∆2                                     (2d) 

 

𝐴2𝐷 = 2wj(x, t)wj(x, t) − 4(wa(x, t)wd(x, t) + wb(x, t)wc(x, t)) +

+
1

2
(wa

′2(x, t) + wc
′2(x, t))∆2                                    (2e) 

 

𝐴3𝐷 = 2[(ua(x, t) − ud(x, t))𝑤𝑎
′ (𝑥, 𝑡) − (ub(x, t) − uc(x, t))𝑤𝑐

′(𝑥, 𝑡) +

(wa(x, t) − wd(x, t))𝑢𝑎
′ (𝑥, 𝑡) − (wb(x, t) − wc(x, t))𝑢𝑐

′ (𝑥, 𝑡)]∆        (2f) 

 

𝐴4 = 𝑢𝑗
′(𝑥, 𝑡)𝑢𝑗

′(𝑥, 𝑡)                                          (2g) 

 

𝐴5 = 𝑣𝑗
′′(𝑥, 𝑡)𝑣𝑗

′′(𝑥, 𝑡)                                         (2h) 

 

𝐴6 = 𝑤𝑗
′′(𝑥, 𝑡)𝑤𝑗

′′(𝑥, 𝑡)                                         (2i) 

where the notation has been used: (∎)′ ≡
𝜕(∎)

𝜕𝑥
 ;  (∎)′′ ≡

𝜕2(∎)

𝜕𝑥2
 ;  𝑗 = 𝑎, 𝑏, 𝑐, 𝑑                                          

 

3.2. Energy by the external work of the acting loads 

 

3.2.1. Sefl-weight 

𝑊𝑝 = 𝑝𝑗 ∫ 𝑢𝑗(𝑥, 𝑡)𝑑𝑥
𝐿𝑙

0
                                         (3) 

 

3.2.2. Concentrated loads acting on the legst 

𝑊𝑃 = 𝑝𝑢𝑗(𝑡)𝑢𝑗(𝑥, 𝑡) + 𝑝𝑣𝑗(𝑡)𝑣𝑗(𝑥, 𝑡) + 𝑝𝑤𝑗(𝑡)𝑤𝑗(𝑥, 𝑡)                (4) 

 

3.2.3. Distributed loads acting on the legst 

𝑊𝑞 = ∫ (𝑞𝑢𝑗(𝑥, 𝑡)𝑢𝑗(𝑥, 𝑡) + 𝑞𝑣𝑗(𝑥, 𝑡)𝑣𝑗(𝑥, 𝑡) + 𝑞𝑤𝑗(𝑥, 𝑡)𝑤𝑗(𝑥, 𝑡)) 𝑑𝑥
𝐿𝑙

0
   (5)                                       

 

3.2.4. Local moments acting on the legst 

𝑊𝑚 = 𝑀𝑣𝑗(𝑡)𝑤𝑗
′(𝑥, 𝑡) + 𝑀𝑤𝑗(𝑡)𝑣𝑗

′(𝑥, 𝑡)                            (6) 

 

3.2.5. Second order effect by self-weight and by axial loads applied on the legs 

𝑊2° =
1

2
𝑃𝑢𝑗(𝑡) ∫ [(𝑣𝑗

′(𝑥, 𝑡)) 2 + (𝑤𝑗
′(𝑥, 𝑡)) 2 ]

𝐿𝑙

0
𝑑𝑥 +

+
1

2
𝑝𝑗 (𝑡) ∫ [(𝑣𝑗

′(𝑥, 𝑡)) 2 + (𝑤𝑗
′(𝑥, 𝑡)) 2 ]

𝐿𝑙

0
𝑥𝑑𝑥                      (7) 

 

where has been defined: 𝑝𝑗 = 𝜌𝑙𝑔𝐴𝑙 +
1

2
𝜌𝑑𝑔 (

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
+

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
)                                          

and the notation has been used: (∎)′ ≡
𝜕(∎)

𝜕𝑥
 ;  (∎)′′ ≡

𝜕2(∎)

𝜕𝑥2
 ;  𝑗 = 𝑎, 𝑏, 𝑐, 𝑑                                          

 

3.3. Kinetic energy 

 

𝑇 =
1

3
𝜌𝑑𝐴𝑑𝐵

𝐿𝑑𝐵

∆
∫ (𝐵1𝐵 + 𝐵2𝐵)𝑑𝑥 +

𝐿𝑙

0

1

3
𝜌𝑑𝐴𝑑𝐷

𝐿𝑑𝐷

∆
∫ (𝐵1𝐷 + 𝐵2𝐷)𝑑𝑥

𝐿𝑙

0
+

+ 
1

2
𝜌𝑙𝐴𝑙 ∫ 𝐵3𝑑𝑥 +

𝐿𝑙

0

1

2
𝜌𝑙𝐽𝑙𝑦 ∫ 𝐵4𝑑𝑥 +

𝐿𝑙

0

1

2
𝜌𝑙𝐽𝑙𝑧 ∫ 𝐵5𝑑𝑥

𝐿𝑙

0
                 (8) 

 

in which the coefficients are: 

 

𝐵1𝐵 = 𝑢̇𝑗(𝑥, 𝑡)𝑢̇𝑗(𝑥, 𝑡) + 𝑣̇𝑗(𝑥, 𝑡)𝑣̇𝑗(𝑥, 𝑡) + 𝑤̇𝑗(𝑥, 𝑡)𝑤̇𝑗(𝑥, 𝑡) +

+𝑢̇𝑎(𝑥, 𝑡)𝑢̇𝑏(𝑥, 𝑡) + 𝑣̇𝑎(𝑥, 𝑡)𝑣̇𝑏(𝑥, 𝑡) + 𝑤̇𝑎(𝑥, 𝑡)𝑤̇𝑏(𝑥, 𝑡) +

+𝑢̇𝑐(𝑥, 𝑡)𝑢̇𝑑(𝑥, 𝑡) + 𝑣̇𝑐(𝑥, 𝑡)𝑣̇𝑑(𝑥, 𝑡) + 𝑤̇𝑐(𝑥, 𝑡)𝑤̇𝑑(𝑥, 𝑡)                 (9a) 

 

𝐵2𝐵 =
1

4
(𝑢̇𝑏

′2(𝑥, 𝑡) + 𝑣̇𝑏
′2(𝑥, 𝑡) + 𝑤̇𝑏

′2(𝑥, 𝑡) + 𝑢̇𝑑
′2(𝑥, 𝑡) + 𝑣̇𝑑

′2(𝑥, 𝑡) +

+𝑤̇𝑑
′2(𝑥, 𝑡))∆2                                                (9b) 

 

𝐵1𝐷 = 𝑢̇𝑗(𝑥, 𝑡)𝑢̇𝑗(𝑥, 𝑡) + 𝑣̇𝑗(𝑥, 𝑡)𝑣̇𝑗(𝑥, 𝑡) + 𝑤̇𝑗(𝑥, 𝑡)𝑤̇𝑗(𝑥, 𝑡) +

+𝑢̇𝑎(𝑥, 𝑡)𝑢̇𝑑(𝑥, 𝑡) + 𝑣̇𝑎(𝑥, 𝑡)𝑣̇𝑑(𝑥, 𝑡) + 𝑤̇𝑎(𝑥, 𝑡)𝑤̇𝑑(𝑥, 𝑡) +

+𝑢̇𝑏(𝑥, 𝑡)𝑢̇𝑐(𝑥, 𝑡) + 𝑣̇𝑏(𝑥, 𝑡)𝑣̇𝑐(𝑥, 𝑡) + 𝑤̇𝑏(𝑥, 𝑡)𝑤̇𝑐(𝑥, 𝑡)               (9c) 

 

𝐵2𝐷 =
1

4
(𝑢̇𝑎

′2(𝑥, 𝑡) + 𝑣̇𝑎
′2(𝑥, 𝑡) + 𝑤̇𝑎

′2(𝑥, 𝑡) + 𝑢̇𝑐
′2(𝑥, 𝑡) + 𝑣̇𝑐

′2(𝑥, 𝑡) +

+𝑤̇𝑐
′2(𝑥, 𝑡))∆2                                                (9d) 

 

where the notation has been used: (∎)̇ ≡
𝜕(∎)

𝜕𝑡
 ;  𝑗 = 𝑎, 𝑏, 𝑐, 𝑑                                          

 

It should be noted that if we apply the Hamilton's principle to the 

Lagrangian L of the system with the determined energy expressions, a 

continuous 3D model is obtained constituted of 12 differential equations (12DE) 

that represent the behavior of spatial lattice of rectangular cross-section. 

But on the other hand, with the determined expressions as it will be seen in 

the next section, we obtain a simplified 1D continuous model of representation. 

This 1D model leads to obtaining the equivalent properties necessary for the 

representation of the lattice as a discrete beam-column model. 

 

4.  Continuous 1D model 

 

The continuous 3D representation model for the spatial lattice of 

rectangular cross-section has particularity that of the 12 DE system coupled to 

each other, which makes its numerical resolution more complex. Given the fact 

that, a valid alternative for a simplified representation is the construction of a 

continuous 1D model. In this case, the model is made up of a 6 DE system, with 

Pattern 2 Pattern 3 Pattern 4Pattern 1
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a simpler numerical resolution than that of the 3D model. 

From this continuous 1D model and as previously stated, it is possible to 

obtain the equivalent properties necessary for the representation of the spatial 

lattice as a discrete beam-column model. This last form of representation 

constitutes the simplest model capable of numerically evaluating the mechanical 

behavior of spatial lattice, with a very low computational cost. 

The development of a simplified 1D continuous model involves first 

defining a displacement field that allows the displacements of any point P 

located on the cross-section of the lattice (Fig. 4) to be related to the 

displacements experienced by the barycentric axis o of the section. 

Fig. 4 a) Arbitrary point P. b) Sign convention (positive) 

 

Thus, the displacement field is: 

 

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢𝑜(𝑥, 𝑡) − 𝜃𝑤𝑜(𝑥, 𝑡)𝑦 + 𝜃𝑣𝑜(𝑥, 𝑡)𝑧   

𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣𝑜(𝑥, 𝑡) − 𝜃𝑢𝑜(𝑥, 𝑡)𝑧  

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤𝑜(𝑥, 𝑡) + 𝜃𝑢𝑜(𝑥, 𝑡)𝑦                              (10) 

 

At this point, it has been assumed that displacements present linear variation 

and that torsional warping is not considered. 

The six unknown functions represent: 

. uo (x direction) the axial displacement   

. vo and wo (y and z directions, respectively) the transverse displacements  

. uo (around the x axis) the torsional slop 

. vo and wo (around the y and z axes, respectively) the bending slopes  

with which, the displacements of each leg can be expressed as follows: 

 

𝑢𝑎(𝑥, 𝑡) = 𝑢𝑜(𝑥, 𝑡) − 𝜃𝑤𝑜(𝑥, 𝑡)
𝐵

2
+ 𝜃𝑣𝑜(𝑥, 𝑡)

𝐷

2
                                          

𝑢𝑏(𝑥, 𝑡) = 𝑢𝑜(𝑥, 𝑡) + 𝜃𝑤𝑜(𝑥, 𝑡)
𝐵

2
+ 𝜃𝑣𝑜(𝑥, 𝑡)

𝐷

2
                                          

𝑢𝑐(𝑥, 𝑡) = 𝑢𝑜(𝑥, 𝑡) + 𝜃𝑤𝑜(𝑥, 𝑡)
𝐵

2
− 𝜃𝑣𝑜(𝑥, 𝑡)

𝐷

2
         

𝑢𝑑(𝑥, 𝑡) = 𝑢𝑜(𝑥, 𝑡) − 𝜃𝑤𝑜(𝑥, 𝑡)
𝐵

2
− 𝜃𝑣𝑜(𝑥, 𝑡)

𝐷

2
                                          

𝑣𝑎(𝑥, 𝑡) = 𝑣𝑜(𝑥, 𝑡) − 𝜃𝑢𝑜(𝑥, 𝑡)
𝐷

2
                                          

𝑣𝑏(𝑥, 𝑡) = 𝑣𝑜(𝑥, 𝑡) − 𝜃𝑢𝑜(𝑥, 𝑡)
𝐷

2
                                          

𝑣𝑐(𝑥, 𝑡) = 𝑣𝑜(𝑥, 𝑡) + 𝜃𝑢𝑜(𝑥, 𝑡)
𝐷

2
                                          

𝑣𝑑(𝑥, 𝑡) = 𝑣𝑜(𝑥, 𝑡) + 𝜃𝑢𝑜(𝑥, 𝑡)
𝐷

2
                                          

𝑤𝑎(𝑥, 𝑡) = 𝑤𝑜(𝑥, 𝑡) + 𝜃𝑢𝑜(𝑥, 𝑡)
𝐵

2
                                          

𝑤𝑏(𝑥, 𝑡) = 𝑤𝑜(𝑥, 𝑡) − 𝜃𝑢𝑜(𝑥, 𝑡)
𝐵

2
                                          

𝑤𝑐(𝑥, 𝑡) = 𝑤𝑜(𝑥, 𝑡) − 𝜃𝑢𝑜(𝑥, 𝑡)
𝐵

2
                                          

𝑤𝑑(𝑥, 𝑡) = 𝑤𝑜(𝑥, 𝑡) + 𝜃𝑢𝑜(𝑥, 𝑡)
𝐵

2
                                 (11) 

 

Replacing these displacements obtained for the legs (Eqs. 11) in the energy ex-

pressions corresponding to the 3D model (Eqs. 1, 3 to 8), we obtain the energy 

expressions referring to the barycentric axis of the cross-section, that is, the en-

ergy expressions of the 1D model. 

On the other hand the Lagrangian (Lo) of the simplified system results: 

 

𝐿𝑜 = 𝑉𝑜 − 𝑇𝑜                                                 (12) 

 

where Vo = (Uo - Wo) and To are the potential and the kinetic energies, respec-

tively, of 1D model. Whereas Uo is the elastic deformation energy, and Wo is 

the work of external loads. 

Thus, applying the Hamilton's principle to the Lagrangian Lo (Eq. 12), we 

obtain a system of differential and linear equations (6DE) in the variables x and 

t, that represents the behavior of the lattice analyzed in the continuous domain 

(1D model).    

 

(𝐸𝐴)𝑜1𝑢𝑜
′′(𝑥, 𝑡) − (𝜌𝐴)𝑜1𝑢̈𝑜(𝑥, 𝑡) + 𝑟𝑑𝑜1𝑢̈𝑜

′′(𝑥, 𝑡) − 4(𝑝𝑜 + 𝑞𝑢𝑜(𝑥, 𝑡)) = 0 (13)       

 

4𝐸𝑙𝐽𝑙𝑦𝑣𝑜
′′(𝑥, 𝑡) − (𝐺𝐴𝐵)𝑜1(𝑣𝑜

′′(𝑥, 𝑡) − 𝜃𝑤𝑜
′ (𝑥, 𝑡)) + 4(𝑃𝑢𝑜(𝑡) +

𝑝𝑜𝑥)𝑣𝑜
′′(𝑥, 𝑡) + 4𝑝𝑜𝑣𝑜

′ (𝑥, 𝑡) + (𝜌𝐴)𝑜1𝑣̈𝑜(𝑥, 𝑡) − (4𝜌𝑙𝐽𝑙𝑦 + 𝑟𝑑𝑜1)𝑣̈𝑜
′′(𝑥, 𝑡) −

−𝑞𝑣𝑜(𝑥, 𝑡) = 0                                                (14)  

 

4𝐸𝑙𝐽𝑙𝑧𝑤𝑜
′′(𝑥, 𝑡) − (𝐺𝐴𝐷)𝑜1(𝑤𝑜

′′(𝑥, 𝑡) + 𝜃𝑣𝑜
′ (𝑥, 𝑡)) + 4(𝑃𝑢𝑜(𝑡) +

𝑝𝑜𝑥)𝑤𝑜
′′(𝑥, 𝑡) + 4𝑝𝑜𝑤𝑜

′ (𝑥, 𝑡) + (𝜌𝐴)𝑜1𝑤̈𝑜(𝑥, 𝑡) − (4𝜌𝑙𝐽𝑙𝑧 + 𝑟𝑑𝑜1)𝑤̈𝑜
′′(𝑥, 𝑡) −

−4𝑞𝑤𝑜(𝑥, 𝑡) = 0                                                (15)  

 

𝐸𝑙(𝐽𝑙𝑦𝐷2 + 𝐽𝑙𝑧𝐵2)𝜃𝑢𝑜
′′′′(𝑥, 𝑡) − (𝐺𝐽𝑥)01 − [(𝑃𝑢𝑜(𝑡) + 𝑝𝑜𝑥)(𝐷2 +

𝐵2)]𝜃𝑢𝑜
′′ (𝑥, 𝑡) + 𝑝𝑜(𝐷2 + 𝐵2)𝜃𝑢𝑜

′ (𝑥, 𝑡) + (𝜌𝐽𝑥)𝑜1𝜃̈𝑢𝑜(𝑥, 𝑡) − [𝜌𝑙(𝐽𝑙𝑦𝐷2 +

𝐽𝑙𝑧𝐵2) +
1

4
𝑟𝑑𝑜1(𝐷2 + 𝐵2)] 𝜃̈𝑢𝑜

′′ (𝑥, 𝑡) = 0                            (16)  

      
1

4
(𝐸𝐴)01𝐷2𝜃𝑣𝑜

′′ (𝑥, 𝑡) − (𝐺𝐴𝐷)𝑜1 (𝑤𝑜
′ (𝑥, 𝑡) + 𝜃𝑣𝑜(𝑥, 𝑡)) − (𝜌𝐽𝑥𝐷)𝑜1𝜃̈𝑣𝑜(𝑥, 𝑡) +

+
1

4
𝑟𝑑𝑜1𝐷2𝜃̈𝑣𝑜

′′ (𝑥, 𝑡) −
1

2
(𝐴𝑑𝐷𝑠𝑖𝑛3𝛼𝐷 − 𝐴𝑑𝐵𝑠𝑖𝑛3𝛼𝐵)𝐵𝐷𝜃𝑤𝑜

′′ (𝑥, 𝑡) −

−
1

48
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
−

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) 𝐵𝐷∆2𝜃̈𝑤𝑜

′′ (𝑥, 𝑡) = 0                              (17)  

  
1

4
(𝐸𝐴)01𝐵2𝜃𝑤𝑜

′′ (𝑥, 𝑡) − (𝐺𝐴𝐵)𝑜1 (𝑣𝑜
′ (𝑥, 𝑡) − 𝜃𝑤𝑜(𝑥, 𝑡)) − (𝜌𝐽𝑥𝐵)𝑜1𝜃̈𝑤𝑜(𝑥, 𝑡) +

+
1

4
𝑟𝑑𝑜1𝐵2𝜃̈𝑤𝑜

′′ (𝑥, 𝑡) −
1

2
(𝐴𝑑𝐷𝑠𝑖𝑛3𝛼𝐷 − 𝐴𝑑𝐵𝑠𝑖𝑛3𝛼𝐵)𝐵𝐷𝜃𝑣𝑜

′′ (𝑥, 𝑡) −

−
1

48
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
−

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) 𝐵𝐷∆2𝜃̈𝑣𝑜

′′ (𝑥, 𝑡) = 0                               (18)  

      

The introduced notation (EA)o1, (GAB)o1, (GAD)o1, (GJx)o1, (A)o1, (Jx)o1 

= (JxD)o1 + (JxB)o1 and rdo1, correspond to the equivalent beam-column prop-

erties presented in the following section. The subscript o represents the refer-

ence with respect to the barycentric axis of the cross-section, while subscript 1 

represents the type of diagonalization pattern analyzed.     

      

5.  Equivalent properties for the beam-column model 

      

The notation introduced in the expressions of the differential system (Eqs. 

13 to 18) represents the beam-column equivalent properties corresponding to 

Pattern 1, which result: 

 

(𝐸𝐴)01 = 4𝐸𝑙𝐴𝑙 +
1

2
𝐸𝑑(𝐴𝑑𝐷𝑠𝑖𝑛3𝛼𝐷 + 𝐴𝑑𝐵𝑠𝑖𝑛3𝛼𝐵)                        (19)  

      

(𝐺𝐴𝐵)01 = 2𝐸𝑑𝐴𝑑𝐵𝑠𝑖𝑛𝛼𝐵𝑐𝑜𝑠2𝛼𝐵                                                        (20)  

      

(𝐺𝐴𝐷)01 = 2𝐸𝑑𝐴𝑑𝐷𝑠𝑖𝑛𝛼𝐷𝑐𝑜𝑠2𝛼𝐷                                                       (21)  

      

(𝐺𝐽𝑥)01 =
1

4
((𝐺𝐴𝐵)01𝐷2 + (𝐺𝐴𝐷)01𝐵2)                                           (22)  

      

(𝜌𝐴)01 = 4𝜌𝑙𝐴𝑙 + 2𝜌𝑑 (
𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
)                                               (23)  

      

(𝜌𝐽𝑥)01 = (𝜌𝐽𝑥𝐵)01 + (𝜌𝐽𝑥𝐷)01                                                             (24)  

      

(𝜌𝐽𝑥𝐵)01 = [𝜌𝑙𝐴𝑙 +
1

6
𝜌𝑑 (3

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) ] 𝐵2                                 (25)  

      

(𝜌𝐽𝑥𝐷)01 = [𝜌𝑙𝐴𝑙 +
1

6
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+ 3

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) ] 𝐷2                                 (26)  

 

(EA)o1, (GAB)o1, (GAD)o1 and (GJx)o1 are the axial, shear (directions y and z) 

and torsional stiffness, while (A)o1 is the translational inertia and (Jx)o1 = 

(JxD)o1 + (JxB)o1 is the global torsional inertia of the system (Pattern 1) with 

respect to the centroid axis. Regarding the term rdo1, it is related to the inertial 

contribution of the diagonals:    

o
vo

b

z

vo

uo

d barycentric axis

y

a)

c

uo

(x,y,z)

w (z) b)

a

wo

B

v (y)
o

wo

P

D
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𝑟𝑑01 =
1

6
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) ∆2                                             (27)  

 

On the other hand, the relationship between wo(x,t) and vo(x,t), and between 

vo(x,t) and wo(x,t), allow the definition of the following expressions: 

   

(𝐸𝐽𝑦)
01

= 4𝐸𝑙𝐽𝑙𝑦 +
1

4
(𝐸𝐴)01𝐵2                                                           (28)  

 

(𝐸𝐽𝑧)01 = 4𝐸𝑙𝐽𝑙𝑧 +
1

4
(𝐸𝐴)01𝐷2                                                            (29)  

 

(𝜌𝐽𝑦)
01

= 4𝜌𝑙𝐽𝑙𝑦 + (𝜌𝐽𝑥𝐵)01 +
1

4
(𝜌𝐴)01

(𝐸𝐴)01

(𝐺𝐴𝐵)01
𝐵2 + 𝑟𝑑01                 (30)  

      

(𝜌𝐽𝑧)01 = 4𝜌𝑙𝐽𝑙𝑧 + (𝜌𝐽𝑥𝐷)01 +
1

4
(𝜌𝐴)01

(𝐸𝐴)01

(𝐺𝐴𝐷)01
𝐷2 + 𝑟𝑑01                 (31)  

      

 (EJy)o1 and (EJz)o1 are bending stiffness, and (Jy)o1 and (Jz)o1 are the 

global bending inertias with respect to the barycentric axis. Thus, expressions 

19 to 31 result to be the equivalent properties necessary for the simplified mode-

ling of the lattice as beam-column. 

Following a similar mathematical development, the equivalent properties 

for other three diagonal patterns (Pattern 2, 3 and 4) have been derived. These 

will be presented in a corresponding section. 

Therefore, the equivalent properties determined (elastic and inertial) for 

each of the diagonalization patterns analyzed (Pattern 1, 2, 3 and 4), allow to 

implement the simplified beam-column model for the static and dynamic eva-

luation of rectangular cross-section spatial lattices. 

 

6.  Implementation of the equivalent beam-column properties 

 

6.1. Lattice column 

 

Fig. 5 shows the lattice column (Pattern 1) to be analyzed using the 

equivalent beam-column (BC) model and under different boundary conditions 

(Fig. 6).  

 

 

 

 

 

 

 

 

 

 

Fig. 5 Lattice column under study. a) SL-FEM model. b) BC-FEM model 

 

 

Fig. 6 Boundary conditions 

 

For the sake of comparison, the spatial lattice is modeled with the finite 

element method (FEM) using a full 3D model denoted SL-FEM. Each leg is 

modeled using two-node beam elements, and two-node truss elements to 

represent the diagonals. The second FEM model named BC-FEM consist of a 

one dimensional beam-column representation of the lattice with equivalent 

properties obtained, using 6 two-node beam elements. The model was solved 

using the software SAP2000 [15], and the the results from static deflection and 

natural frequencies were compared. 

The geometric and mechanical properties of the lattice analyzed are 

indicated in Table 1, while the equivalent beam-column properties are indicated 

in Table 2.  

As applied loads, a transverse load is considered uniformly distributed in 

the y and z directions of value qvo = qwo = 200 N/m, and an axial load of value 

Puo = 1000 N. 

 

Table 1 

Numerical values of geometrical and mechanical properties of the analyzed 

lattice 

Parameter Notation Value Unit 

Leg length Ll 6.0 m 

Diagonals separation seseparation  0.4 m 

Side B B 0.2 m 

Side D D 0.4 m 

Area of legs Al 2.01x10-4 m2 

Area 2nd moment of legs Jly = Jlz 3.22x10-9 m4 

Area of diagonals side B AdB 5.03x10-5 m2 

Area of diagonals side D AdD 1.13x10-4 m2 

Modulus of elasticity El = Ed 200000 MPa 

Mass density l = d 7850 kg/m3 

 

Table 2 

Beam-column equivalent properties for analyzed lattice 

Properties Notation Value Unit 

Axial stiffnes (direction x) (EA)o1 1.64x108 N 

Shear stiffnes (direction y) seseparation (GAB)o1 7.11x106 N 

Shear stiffnes (direction z) (GAD)o1 1.62x107 N 

Torsional stiffnes (around the x axis) (GJx)o1 4.46x105 N.m2 

Bending stiffnes (around the z axis) (EJy)o1 1.64x106 N.m2 

Bending stiffnes (around the y axis) (EJz)o1 6.55x106 N.m2 

Translational inertia (direction x) (A)o1 1.14x101 kg/m 

Torsional inertia (around the x axis) (Jx)o1 4.57x10-1 kg.m 

Bending inertia (around the z axis) (Jy)o1 2.80 kg.m 

Bending inertia (around the y axis) (Jz)o1 5.03 kg.m 

Inertial contribution of the diagonals rdo1 6.78x10-2 kg.m 

 

The results obtained by implementing the different models (SL-FEM and 

BC-FEM) are reported, allowing to establish the performance of the BC-FEM 

model developed.  

Table 3 and 4 shows respectively the obtained values of the maximum 

lateral displacement in the y (vo(max)) and z (wo(max)) directions, for the different 

boundary conditions. Table 5 shows the obtained values of the maximum axial 

displacement in the x direction (uo(max)), and Table 6 shows the results obtained 

of the first circular frequencies for axial and bending mode types (denoted with 

superscripts a and b respectively). 

 

Table 3 

Static deflection case. Maximum transverse displacements in direction y 

Boundary condition 
vo(max) [mm] 

SL-FEM BC-FEM Difference [%] 

A-A 2.228 2.186 1.92 

F-F 0.552 0.538 2.60 

F-A 1.024 1.002 2.20 

F-L 20.635 20.276 1.77 

 

(GAD)o1

(EJz)o1

(Jx)o1

a)

Pattern 1

(GJx)o1

(A)o1

(Jy)o1

b)

(EJy)o1

(Jz)o1

(EA)o1

(GAB)o1

(EJz)o1

simply supported (A)Fixed (F) free (L)
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Table 4 

Static deflection case. Maximum transverse displacements in direction z 

Boundary condition 
wo(max) [mm] 

SL-FEM BC-FEM Difference [%] 

A-A 0.583 0.571 2.10 

/BF-F 0.164 0.159 3.14 

F-A 0.286 0.278 2.88 

F-L 5.260 5.170 1.74 

 

Table 5 

Static deflection case. Maximum axial displacements 

Boundary condition 
uo(max) [mm] 

SL-FEM BC-FEM Difference [%] 

A-A 

0.0373 0.0367 1.63 F-F 

F-A 

F-L - - - 

 

Table 6 

Natural vibrations case. First natural frequency (a: axial; bv: bending in y; bw: 

bending in z) 

Boundary condition 
1st frequency [rad/seg] 

mode SL-FEM BC-FEM Difference [%] 

A-A 

1a 312.871 312.171 0.22 

1bv 15.866 16.034 1.05 

1bw 30.921 31.338 1.33 

F-F 

1a 313.051 312.171 0.28 

1bv 32.146 32.557 1.26 

1bw 58.973 59.732 1.27 

F-A 

1a 156.523 157.447 0.59 

1bv 23.530 23.632 0.43 

1bw 44.464 44.761 0.66 

F-L 

1a 156.404 157.432 0.65 

1bv 5.750 5.737 0.23 

1bw 11.351 11.346 0.04 

 

The  step between diagonals is a necessary parameter for the passage from 

the discrete domain to the continuous domain of the energy terms provided by 

the diagonals and legs [8]. 

Consequently, the determination of the proposed equivalent properties 

depends on this passage previously indicated. Therefore, a spatial lattice 

(Pattern 1) of square cross-section is analyzed using different  values. This 

allows to establish its influence on the numerical results obtained using the BC-

FEM model with 6 two-nodes beam elements. For the indicated analysis, /side 

ratios (side B or D) are adopted between 0.25 and 2.00 (Fig. 7). The geometric 

and mechanical properties of the lattice analyzed are indicated in Table 7. The 

loads applied correspond to the same as in the previous case. 

 

 

Fig. 7 a) /B = 0.25. b) /B = 0.50. c) /B = 1.00. d) /B = 2.00 

 

 

 

Table 7 

Properties of the analyzed lattice for different values  

Parameter Notation Value Unit 

Leg length Ll 6.0 m 

Diagonals separation seseparation  0.1;0.2;0.4;0.8 m 

Side B = D 0.4 m 

Area of legs Al 2.01x10-4 m2 

Area 2nd moment of legs Jly = Jlz 3.22x10-9 m4 

Area of diagonals AdB = AdD 1.13x10-4 m2 

Modulus of elasticity El = Ed 200000 MPa 

Mass density l = d 7850 kg/m3 

 

The results of the maximum transverse displacements obtained for different 

/B ratios are presented in Tables 8 to 11. 

 

Table 8 

Case A-A. Maximum transverse displacements 

Boundary condition /B 
vo(max) [mm] 

SL-FEM BC-FEM Difference [%] 

A-A 

  0.687 0.00 

0.50 0.610 0.610 0.00 

1.00 0.568 0.573 0.87 

  0.543 1.47 

 

Table 9 

Case F-F. Maximum transverse displacements 

Boundary condition /B 
vo(max) [mm] 

SL-FEM BC-FEM Difference [%] 

F-F 

  0.268 0.00 

0.50 0.192 0.192 0.00 

1.00 0.159 0.159 0.00 

  0.156 0.00 

 

Table 10 

Case F-A. Maximum transverse displacements 

Boundary condition /B 
vo(max) [mm] 

SL-FEM BC-FEM Difference [%] 

F-A 

  0.404 0.25 

0.50 0.317 0.318 0.31 

1.00 0.278 0.277 0.36 

  0.272 1.47 

 

Table 11 

Case F-L. Maximum transverse displacements 

Boundary condition /B 
vo(max) [mm] 

SL-FEM BC-FEM Difference [%] 

F-L 

  5.682 0.02 

0.50 5.363 5.372 0.17 

1.00 5.137 5.194 1.10 

  5.021 3.90 

 

Finally, the performance of the BC-FEM model is evaluated for different 

discretizations of the finite beam elements that are part of it. For this purpose, 

the example of the previous case corresponding to the ratio /B = 1.00 and the 

boundary condition F-L is taken. The discretizations evaluated correspond to a 

number of frames between Ll/Ll and Ll/0.01 (Ll: height lattice). Tables 12 to 15 

show the results obtained from the evaluation. 

 

 

B

a)

 

b)

B

c)



B B

d)


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Table 12 

Performance of the BC-FEM model for different discretization's. Case F-L. 

Maximum axial displacements 

uo(max) [mm] 

Discretization n° frame SL-FEM BC-FEM Difference [%] 

Ll/Ll 

0.0365 

0.0368 0.82 

Ll/1 6 0.0368 0.82 

Ll/0.1 60 0.0368 0.82 

Ll/0.01  0.0368 0.82 

 

Table 13 

Performance of the BC-FEM model for different discretization's. Case F-L. 

Maximum transverse displacements 

uo(max) [mm] 

Discretization n° frame SL-FEM BC-FEM Difference [%] 

Ll/Ll 

5.137 

5.194 1.10 

Ll/1 6 5.194 1.10 

Ll/0.1 60 5.194 1.10 

Ll/0.01  5.194 1.10 

 

Table 14 

Performance of the BC-FEM model for different discretization's. Case F-L. First 

natural frequency axial 

uo(max) [mm] 

Discretization n° frame SL-FEM BC-FEM Difference [%] 

Ll/Ll 

141.689 

126.812 11.73 

Ll/1 6 140.451 0.88 

Ll/0.1 60 140.849 0.60 

Ll/0.01  140.853 0.59 

 

Table 15 

Performance of the BC-FEM model for different discretizations. Case F-L. First 

natural frequency bending 

uo(max) [mm] 

Discretization n° frame SL-FEM BC-FEM Difference [%] 

Ll/Ll 

10.269 

7.203 42.57 

Ll/1 6 10.124 1.43 

Ll/0.1 60 10.246 0.22 

Ll/0.01  10.247 0.21 

 

The internal forces in each element of the lattice (legs, diagonals) are easily 

obtained after knowing the efforts of the BC-FEM model. 

Knowing the bending moment and the normal effort acting in a certain 

section of the BC, the axial efforts in the legs are obtained. 

Being for example, Mwo(x) (bending moment around the axis wo), Mvo(x) 

(bending moment around the axis vo), and Nuo(x) (normal effort in the direction 

uo) the forces acting in the beam-column (BC) at a height x, the axial effort in 

each leg then results: 

 

𝑁𝑙 =
𝑁𝑢𝑜(𝑥)

4
+

𝑀𝜃𝑤𝑜(𝑥)

2𝐵
+

𝑀𝜃𝑣𝑜(𝑥)

2𝐷
                                                             (32)  

 

taking into account in this determination the sign that corresponds to each effort 

and the location of the leg. 

Knowing the shear effort acting in the BC, the axial forces in the diagonals 

are obtained. For example, Svo(x) (shear effort in the direction of the vo axis) and 

Swo(x) (shear effort in the direction of the wo axis) acting in the BC at a height x, 

the axial effort in each diagonal then results: 

 

𝑁𝑑𝐵 =
𝑆𝑣𝑜(𝑥)

2𝑐𝑜𝑠𝛼𝐵
                                                                                             (33)  

 

𝑁𝑑𝐷 =
𝑆𝑤𝑜(𝑥)

2𝑐𝑜𝑠𝛼𝐷
                                                                                             (34)  

 

In this way, from the efforts obtained in the BC-FEM representation model, 

the internal forces acting on each of the elements of the spatial lattice are recov-

ered.  

Taking the previous example corresponding to the relation /B = 1.00, with 

a discretization Ll/1, with F-L boundary conditions, and with a lateral load uni-

formly distributed in the direction of y of value qvo = 200 N/m. 

In this case, the efforts in the BC-FEM representation model and in the x 

section result Mwo(x) = 3373 N.m and Svo(x) = 1160 N. 

Fig. 8 shows the elements of the SL-FEM evaluated. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8 Determination of internal efforts. a) SL-FEM. b) BC-FEM 

 

Table 16 compares the internal efforts for the diagonal and leg evaluated, 

obtained in the SL-FEM model and from the resulting efforts in the BC-FEM 

model applying the Eqs. 32 to 34. 

 

Table 16 

Internal efforts in elements of spatial lattice. Case F-L 

Internal efforts [N] 

Element Effort SL-FEM BC-FEM Difference [%] 

Leg Axial Nl 4117 4226 2.35 

Diagonal Axial Nd 663 649 2.16 

 

6.2. Lattice frame 

 

Fig. 9 shows the case of a lattice frame analyzed using the equivalent beam-

column (BC). This is subject to a 2000 N/m vertical uniformly distributed load 

on the beam. The lattice frame is represented by the SL-FEM (Fig. 9a) and BC-

FEM (Fig. 9b) models, comparing the numerical results for the maximum 

vertical deformation and for the first natural frequencies.  

It should be noted that in the SL-FEM model 508 finite elements were used 

for the discretization of the problem, while in the BC-FEM model only 24 

elements were used, which is, less than 5 % of what was used in the spatial 

model. 

 

 

Fig. 9 Lattice frame. a) SL-FEM space model. b) BC-FEM equivalent model 

 

The geometric and mechanical properties are indicated in Table 17. 

Mwo(x);

S
vo(x)

Leg

evaluated

a)

x

Mvo(x)

Diagonal

evaluated

;

x

N
uo(x)

S
wo(x)

b)
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Table 17 

Numerical values of geometrical and mechanical properties of the lattice frame 

Element Parameter Notation Value Unit 

C
o
lu

m
n

 

Leg length Ll 7.35 m 

Diagonals separation D 0.7 m 

Side B B 0.5 m 

Side D D 0.3 m 

Area of legs Al 2.01x10-4 m2 

Area 2nd moment of legs Jly = Jlz  3.22x10-9 m4 

Area of diagonals side B AdB 1.13x10-4 m2 

Area of diagonals side D AdD 5.03x10-5 m2 

Modulus of elasticity El = Ed 200000 MPa 

Mass density l = d 7850 kg/m3 

B
ea

m
 

Leg length Ll 9.0 m 

Diagonals separation D 0.9 m 

Side B B 0.7 m 

Side D D 0.3 m 

Area of legs Al 2.01x10-4 m2 

Area 2nd moment of legs Jly = Jlz  3.22x10-9 m4 

Area of diagonals side B AdB 1.13x10-4 m2 

Area of diagonals side D AdD 5.03x10-5 m2 

Modulus of elasticity El = Ed 200000 MPa 

Mass density l = d 7850 kg/m3 

 

Table 18 demonstrates the values obtained for the maximum vertical 

deformation of the beam, while Table 19 demonstrates the values for the first 

bending frequencies (transverse to the plane and longitudinal to this) and the 

torsional frequency of the lattice frame. 

 

Table 18 

Static deflection case. Maximum vertical displacement of the beam 

Boundary condition 
Vertical displacement [mm] 

SL-FEM BC-FEM Difference [%] 

F-F 7.790 7.632 2.07 

 

Table 19 

Natural vibrations case. First natural frequencies bending and torsional (b: 

bending; t: torsional) 

Boundary condition 
1st frequency [rad/seg] 

mode SL-FEM BC-FEM Difference [%] 

F-F 

1b(transverse) 3.155 3.079 2.47 

1b(longitudinal) 8.319 8.430 1.33 

1t(torsional) 5.014 5.153 2.77 

 

Finally, the Figs. 10 to 13 show each of the evaluated responses. 

 

 

Fig. 10 Static deflection case. Maximum vertical displacement of the beam 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11 Natural vibrations case. First bending frequency transverse to the plane of 

the lattice frame 

 

 

Fig. 12 Natural vibrations case. First bending frequency longitudinal to the plane of 

the lattice frame 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13 Natural vibrations case. First torsional frequency of the lattice frame 

 

7.  Equivalent properties for different patterns 

      

With mathematical statements similar to those suggested for the lattice 

structure (Pattern 1) described above, three other patterns were analyzed 

(Pattern 2, 3 and 4). New differential equations are stated resulting in the 

corresponding equivalent properties. Table 18 shows the obtained equivalent 

properties. The parameters with subscripts s represent the contributions of the 

struts for Pattern 2 and Pattern 4. 
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Table 20 

Equivalent properties. Rectangular cross-sectional lattice 

Equivalent properties 

Pattern 1 

Pattern 2 

Pattern 2 

Pattern 4 
  

(EA)0 4𝐸𝑙𝐴𝑙 +
1

2
𝐸𝑑(𝐴𝑑𝐵𝑠𝑖𝑛3𝛼𝐵 + 𝐴𝑑𝐷𝑠𝑖𝑛3𝛼𝐷) 4𝐸𝑙𝐴𝑙 +

1

2
𝐸𝑑(𝐴𝑑𝐵𝑠𝑖𝑛3𝛼𝐵 + 𝐴𝑑𝐷𝑠𝑖𝑛3𝛼𝐷) 

(GAB)0 2𝐸𝑑𝐴𝑑𝐵𝑠𝑖𝑛𝛼𝐵𝑐𝑜𝑠2𝛼𝐵 2𝐸𝑑𝐴𝑑𝐵𝑠𝑖𝑛𝛼𝐵𝑐𝑜𝑠2𝛼𝐵 

(GAD)0 2𝐸𝑑𝐴𝑑𝐷𝑠𝑖𝑛𝛼𝐷𝑐𝑜𝑠2𝛼𝐷 2𝐸𝑑𝐴𝑑𝐷𝑠𝑖𝑛𝛼𝐷𝑐𝑜𝑠2𝛼𝐷 

(GJx)0 
1

4
((𝐺𝐴𝐵)𝑜𝐷2 + (𝐺𝐴𝐷)𝑜𝐵2) 

1

4
((𝐺𝐴𝐵)𝑜𝐷2 + (𝐺𝐴𝐷)𝑜𝐵2) 

(A)0 4𝜌𝑙𝐴𝑙 + 2𝜌𝑑 (
𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) 4𝜌𝑙𝐴𝑙 + 2𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) + 2𝜌𝑠 (

𝐴𝑠𝐷

𝑡𝑎𝑛𝛼𝐷
+

𝐴𝑠𝐵

𝑡𝑎𝑛𝛼𝐵
) 

(Jx)0 (𝜌𝐽𝑥𝐷)𝑜 + (𝜌𝐽𝑥𝐵)𝑜 (𝜌𝐽𝑥𝐷)𝑜 + (𝜌𝐽𝑥𝐵)𝑜 

(JxD)0 [𝜌𝑙𝐴𝑙 +
1

6
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+ 3

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
)] 𝐷2 [𝜌𝑙𝐴𝑙 +

1

6
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+ 3

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) +

1

6
𝜌𝑠 (

𝐴𝑠𝐷

𝑡𝑎𝑛𝛼𝐷
+ 3

𝐴𝑠𝐵

𝑡𝑎𝑛𝛼𝐵
)] 𝐷2 

(JxB)0 [𝜌𝑙𝐴𝑙 +
1

6
𝜌𝑑 (3

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
)] 𝐵2 [𝜌𝑙𝐴𝑙 +

1

6
𝜌𝑑 (3

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) +

1

6
𝜌𝑠 (3

𝐴𝑠𝐷

𝑡𝑎𝑛𝛼𝐷
+

𝐴𝑠𝐵

𝑡𝑎𝑛𝛼𝐵
)] 𝐵2 

rdo 
1

6
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) ∆2 

1

6
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) ∆2 

Equivalent properties 

Pattern 3 

Pattern 2 

Pattern 4 

Pattern 4 
  

(EA)0 4𝐸𝑙𝐴𝑙 + 𝐸𝑑(𝐴𝑑𝐵𝑠𝑖𝑛3𝛼𝐵 + 𝐴𝑑𝐷𝑠𝑖𝑛3𝛼𝐷) 4𝐸𝑙𝐴𝑙 + 𝐸𝑑(𝐴𝑑𝐵𝑠𝑖𝑛3𝛼𝐵 + 𝐴𝑑𝐷𝑠𝑖𝑛3𝛼𝐷) 

(GAB)0 4𝐸𝑑𝐴𝑑𝐵𝑠𝑖𝑛𝛼𝐵𝑐𝑜𝑠2𝛼𝐵 4𝐸𝑑𝐴𝑑𝐵𝑠𝑖𝑛𝛼𝐵𝑐𝑜𝑠2𝛼𝐵 

(GAD)0 4𝐸𝑑𝐴𝑑𝐷𝑠𝑖𝑛𝛼𝐷𝑐𝑜𝑠2𝛼𝐷 4𝐸𝑑𝐴𝑑𝐷𝑠𝑖𝑛𝛼𝐷𝑐𝑜𝑠2𝛼𝐷 

(GJx)0 
1

4
((𝐺𝐴𝐵)𝑜𝐷2 + (𝐺𝐴𝐷)𝑜𝐵2) 

1

4
((𝐺𝐴𝐵)𝑜𝐷2 + (𝐺𝐴𝐷)𝑜𝐵2) 

(A)0 4 [𝜌𝑙𝐴𝑙 + 𝜌𝑑 (
𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
)] 4 [𝜌𝑙𝐴𝑙 + 𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) +

1

2
𝜌𝑠 (

𝐴𝑠𝐷

𝑡𝑎𝑛𝛼𝐷
+

𝐴𝑠𝐵

𝑡𝑎𝑛𝛼𝐵
)] 

(Jx)0 (𝜌𝐽𝑥𝐷)𝑜 + (𝜌𝐽𝑥𝐵)𝑜 (𝜌𝐽𝑥𝐷)𝑜 + (𝜌𝐽𝑥𝐵)𝑜 

(JxD)0 [𝜌𝑙𝐴𝑙 +
1

3
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+ 3

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
)] 𝐷2 [𝜌𝑙𝐴𝑙 +

1

3
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+ 3

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) +

1

6
𝜌𝑠 (

𝐴𝑠𝐷

𝑡𝑎𝑛𝛼𝐷
+ 3

𝐴𝑠𝐵

𝑡𝑎𝑛𝛼𝐵
)] 𝐷2 

(JxB)0 [𝜌𝑙𝐴𝑙 +
1

3
𝜌𝑑 (3

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
)] 𝐵2 [𝜌𝑙𝐴𝑙 +

1

3
𝜌𝑑 (3

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) +

1

6
𝜌𝑠 (3

𝐴𝑠𝐷

𝑡𝑎𝑛𝛼𝐷
+

𝐴𝑠𝐵

𝑡𝑎𝑛𝛼𝐵
)] 𝐵2 

rdo 
1

3
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) ∆2 

1

3
𝜌𝑑 (

𝐴𝑑𝐷

𝑠𝑖𝑛𝛼𝐷
+

𝐴𝑑𝐵

𝑠𝑖𝑛𝛼𝐵
) ∆2 
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8.  Conclusions 

 

In the present research, a study was carried out of four spatial lattice 

patterns of rectangular cross-section, obtaining the elastic properties and 

equivalent inertias necessary for the representation of the problem as column-

beam. 

The proposed representation method, BC-FEM, based on the equivalent 

properties determined, has been validated numerically from comparing the 

results obtained in various case studies. From the results presented, the 

following conclusions can be deduced: 

(1) The availability of a representation of lower complexity such as the 

beam-column formulation, reduces significantly the time needed for the model 

construction. This indicated formulation can be carried out from the equivalent 

properties determined in the research. 

(2) The discretization of the geometry problem does not affect the 

performance of the static response of the model, even if the domain is 

represented by a single element. However, the dynamic response is affected by 

the discretization, but a Ll/1 ratio is sufficient to achieve adequate performance 

of the model. This robustness of the model allows a significant reduction in 

computational cost. 

(3) Comparing the results of the different responses evaluated with the 

results obtained from the SL-FEM model, for a discretization of not less than 

Ll/1, the maximum difference found for the totality of the cases evaluated turned 

out to be less than 4 %. 

(4) Being  a necessary parameter in the energy approach to obtain the 

equivalent properties, these determined properties showed excellent 

performance even for cases in which the /side ratio was higher than the unit. 

This indicates the appropriate use of the BC model with these equivalent 

properties even for lattice cases with important diagonal spacing. 

(5) The internal efforts that determine the structural behavior of each 

element of the spatial lattice (axial efforts), are easily recoverable from knowing 

in the BC-FEM model the forces acting at the height x of interest and applying 

the proposed analytical equations. 
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