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ABSTRACT

ARTICLE HISTORY

Space lattices are widely used in various metal structural systems to form elements such as columns, beams, trusses, among
others. These lattices are also used, for example, within the telecommunications industry to constitute the mast that supports
the transmission devices. The spatial lattices have a large number of elements (legs, diagonals and struts). For its
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representation the equivalent beam-column model is very convenient, due to its low cost and computational effort. In

previous studies, the author’s analyze of spatial lattice of triangular cross-section, have obtained continuous representation
models from an energetic approach, as well as the equivalent properties for the modeling of lattice as beam-columns. Also
adopting an energy approach, the study of four spatial lattice patterns of rectangular cross-section (Pattern 1, 2, 3 and 4) is
carried out, obtaining the elastic properties and equivalent inertias necessary for the representation of the problem as
column-beam. For the purpose of validating the proposed method, several numerical examples of spatial lattice
implementing the beam-column model were evaluated. The results reached allow us to establish an excellent performance
of the equivalent properties obtained for each of the lattices patterns considered, with the advantage of the low computational

cost involved in its implementation, modeling and processing.
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1. Introduction

Spatial lattice structures are structures made up of a large number of simple
elements such as legs, diagonals and struts. Due to this large number of elements
that are part of the lattices, numerical modeling can involve significant
computational effort and cost.

Several authors have developed and proposed continuous models for the
representation of plane lattices, [1,2,3,4,5], while others, are based on an
energetic approach, have developed continuous models for the representation of
spatial lattices [6,7,8]. But the main research has been aimed at developing
simplified representation models that allow less effort and computational cost
at the time of structural analysis of spatial lattices. In this sense, we can cite [7]
who developed a continuous 1D model for the representation of a spatial lattice
of triangular cross-section used to support satellites solar panels. Or also the
continuous 1D model developed by [9] for the dynamic, static and stability
analysis of spatial lattices of triangular cross-section. Both indicated models
were obtained from an energy statement.

As an alternative to the use of continuous 1D models, some authors have
developed equivalent models for the discrete representation of spatial lattices
[10,11,12]. In these developments, the equivalent elastic properties were
obtained for the representation of the lattice as beam-column. In this particular
case of what was developed by [9], equivalent elastic and inertia properties were
obtained, allowing the dynamic and static analysis of spatial lattices of
triangular cross- section. Four different lattice patterns were considered in the
analysis.

These equivalent models of representation can be applied to various
structural systems consisting of spatial lattices. For example, Paez and Sensale
[13] analyzed a guyed mast against wind loads, modeling the mast as a beam-
column and the guys as non-linear elastic springs. The equivalent properties
adopted [14] corresponding only to elastic properties and without considering
the rotational stiffness of the lattice.

The continuous 3D model presented by [8] was developed from an
energetic approach, obtaining a system of 9 differential equations (9DE) for the
representation of the structural behavior of a spatial lattice of triangular cross-
section. From this model, [9] obtained a simplified 1D continuous model (6DE)
by reducing the kinematics of the problem to the barycentric axis of the lattice.

As previously indicated, the developed models allow the representation of
spatial lattices of triangular cross-section. For this reason and continuing with
the developed energy methodology [9], the study of four spatial lattice patterns
of rectangular cross-section (Pattern 1, 2, 3 and 4) is carried out, obtaining the
elastic properties and equivalent inertias necessary for the representation of the
problem as column-beam.

The interest in developing simplified models of representation of spatial
lattices of rectangular cross-section, is mainly due to the fact that they are widely
used to constitute various structural systems such as columns, beams, trusses,
among others. (Fig. 1).
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Fig. 1 Lattices of rectangular cross-section

In this way, the development of a simplified representation such that of the
equivalent beam-column model, contributes to a significant time savings of
modeling and computational processing of structural systems formed by lattices
of rectangular cross-section.

2. Lattices analyzed

Four lattice patterns (Pattern 1, 2, 3 and 4) of rectangular cross-section of
sides B and D are analyzed (Fig. 2).
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Fig. 2 Lattice analyzed. a) General view. b) Section view
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Pattern 1 has zig-zag diagonals, Pattern 2 incorporates struts to the previous
diagonalization, while Pattern 3 has double zig-zag diagonalization, and finally,
Pattern 4 incorporates struts to the latter (Fig. 3).

Pattern 1 Pattern 4

Pattern 2 Pattern 3

Fig. 3 Patterns considered

3. Energy approach for the analyzed spatial lattice

For the energy approach, it is initially considered that the spatial lattice is
in an equilibrium configuration. When an external action acts upon it, it is
deformed adopting a new equilibrium configuration. Given this, the lattice
nodes experienced Kkinematically admissible displacements in the main
directions. These displacements cause the elements that are part of the lattice to
develop energy contributions [8].

From this approach, the energy expressions presented below, correspond to
the energies developed by the elements (legs and diagonals) that are part of the
spatial lattice of rectangular cross-section with a diagonal pattern of type Pattern
1 (Fig. 3).

3.1. Elastic deformation energy
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in which the coefficients are:

Arp = 2u;(x, Duy(x, 1) — 4(ua(x, Dup(x,t) + uc(x, hug(x, t)) +

+2 (U2 (5 0) + uF (x,1))A (22)

Azp = 2vi(x, Dv;(x,t) — 4(Va(x, vy (x,t) + v (%, ) vya(x, t)) +
+ % (V2(x,©) + v2(x, D)4 (2b)

Aszp = 2[(ua(x, 0 — up(x 0)vh(x, 0) — (ue(x 0 — ug(x,0)v)(x, 0) +
(va®x ) = v (x,0))up (x, ) — (ve(x,0) — va(x, 0)ug(x, t)]A (2c)

Ayp = 2u;(x, Duj(x, 1) — 4(ua(x, Dug(x, 1) + up (%, Duc(x, 1) +
+2 (U2 (% 0 + uf (x,1))A? (2d)

Ayp = 2w (x, w;(x, 1) — 4(wa(x, Dwq(x,t) + wy, (%, w(x, t)) +

+2 (W2 D) + w2 (% 0)A2 (2e)

Asp = 2[(ua(x, t) —ug(x, t))W(;(x, t) — (ub(x, t) —uc(x, t))wc’(x, t) +

(Wa(x, ) — wa(x D)ugp(x, £) — (wp (%, ) — welx, ©))ul(x, 0)]A (29
Ay = W@ Dw(x, ) (29)
As = v (%, DY) (x,0) (2h)
A = w)'(x, Ow/' (x, ) (2i)
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where the notation has been used: (m)’ = % ; (m)' = ‘7;;) ;j=ab,cd
3.2. Energy by the external work of the acting loads
3.2.1. Sefl-weight
W, =p; ['ux tdx @)
3.2.2. Concentrated loads acting on the legst
Wp = py; (O (x, £) + p,; (v (x, 1) + b, (Ow; (%, 1) ()]

3.2.3. Distributed loads acting on the legst
W, = fOL’ (quj(x, Ou;(x,t) + g, (x, v (x, t) + q,; (x, )W (x, t)) dx (5)

3.2.4. Local moments acting on the legst
Wi = M,,; (0w} (x, 1) + M,,; (v (x, £) (6)

3.2.5. Second order effect by self-weight and by axial loads applied on the legs
Wye = 1P, (0) [ [(vj’(x, t)) 24 (w;(x, t)) 2] dx +
+%P,- ® foLl [(v]-’(x, t)) i (w]-'(x, t)) 2] xdx %)

where has been defined: p; = p, g4, + %pdg ( Adap_ | Adp )

sinag sinap.
2
and the notation has been used: (m)’ = % ; (m)' = % ;j=ab,cd

3.3. Kinetic energy
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Bip = 1 (x, ) (x, t) + v (x, v (x, t) + Wy (x, )w; (x, t) +
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Byp =5 (2 (x,0) + 02 (%, 0) + W2 (6, 0) + 2206 £) + 5206, 6) +

W2 (x, £))A2 (9d)
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where the notation has been used: (m) = j=ab,cd

It should be noted that if we apply the Hamilton's principle to the
Lagrangian L of the system with the determined energy expressions, a
continuous 3D model is obtained constituted of 12 differential equations (12DE)
that represent the behavior of spatial lattice of rectangular cross-section.

But on the other hand, with the determined expressions as it will be seen in
the next section, we obtain a simplified 1D continuous model of representation.
This 1D model leads to obtaining the equivalent properties necessary for the
representation of the lattice as a discrete beam-column model.

4. Continuous 1D model

The continuous 3D representation model for the spatial lattice of
rectangular cross-section has particularity that of the 12 DE system coupled to
each other, which makes its numerical resolution more complex. Given the fact
that, a valid alternative for a simplified representation is the construction of a
continuous 1D model. In this case, the model is made up of a 6 DE system, with
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a simpler numerical resolution than that of the 3D model.

From this continuous 1D model and as previously stated, it is possible to
obtain the equivalent properties necessary for the representation of the spatial
lattice as a discrete beam-column model. This last form of representation
constitutes the simplest model capable of numerically evaluating the mechanical
behavior of spatial lattice, with a very low computational cost.

The development of a simplified 1D continuous model involves first
defining a displacement field that allows the displacements of any point P
located on the cross-section of the lattice (Fig. 4) to be related to the
displacements experienced by the barycentric axis o of the section.

’\L B ﬂb
4 c d barycentric axis
|
| -
‘ Ve
| P /e/
ol ~ vo
D o vy T Vo
} z Owo
[
Y Pxy.2)
£ b a
a) w (2) b)
Fig. 4 a) Arbitrary point P. b) Sign convention (positive)
Thus, the displacement field is:
u(x,y,2,t) =u,(x,t) — 0,,,(x, )y + 0,,(x, t)z
U(X, ¥,z t) = VD(X, t) - euu(x! t)Z
w(x,y,z,t) =w,(x,t) + 0,,(x, t)y (10)

At this point, it has been assumed that displacements present linear variation
and that torsional warping is not considered.
The six unknown functions represent:
. Uo (x direction) the axial displacement
. Vo and w, (y and z directions, respectively) the transverse displacements
. Byo (around the x axis) the torsional slop
. By and By, (around the y and z axes, respectively) the bending slopes
with which, the displacements of each leg can be expressed as follows:
B D
U, (x,t) = uy,(x, t) — 0,,,(x, t) S+ 6,0(x, 1) 7
Up (,6) = Up (%,6) + Oo (5,60 2 + Oy (%, £) 7
u(x, t) = u,(x,t) + 6,,,(x, t)g — 0,0 (x, t)g
Ug(%,6) = o (%, ) = Biuo (,) 7 = Byg (%, £)
Va(x,t) = v,(x, t) — Oy, (x, t)g
v (x,t) = v,(x, t) — O,,(x, t)g
Ve (2, £) = 0, (2, £) + By (6, 1) >
va(,£) = 0, (2, 6) + O (6, 1) 2
Wa (6, 8) = W, (2, £) + B (6, £) 2
wy(x, ) = w,(x, t) — 0, (x, t)g
WC(X, t) = Wa(x' t) - Huo(xr t)g
wy(x,t) = wy(x, t) + 0,,(x, t)g (11)
Replacing these displacements obtained for the legs (Egs. 11) in the energy ex-
pressions corresponding to the 3D model (Egs. 1, 3 to 8), we obtain the energy
expressions referring to the barycentric axis of the cross-section, that is, the en-

ergy expressions of the 1D model.
On the other hand the Lagrangian (L,) of the simplified system results:

Ly=V, =T, (12

where V, = (U, - W,) and T, are the potential and the Kinetic energies, respec-
tively, of 1D model. Whereas U, is the elastic deformation energy, and W, is
the work of external loads.
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Thus, applying the Hamilton's principle to the Lagrangian L, (Eq. 12), we
obtain a system of differential and linear equations (6DE) in the variables x and
t, that represents the behavior of the lattice analyzed in the continuous domain
(1D model).

(EA)alug(x: t) - (pA)aluu(x' t) + rdalug(x' t) - 4(po + quo(x' t)) =0 (13)

4El]lyvt;’(x' t) - (GAB)OI(U;(X' t) - 9\2/0 (x, t)) + 4’(Puo(t) +
pox)v,;’(x, t) + 4povz; (x' t) + (pA)olﬁa (x! t) - (4PL/ly + rdol)i}(;’(x: t) -
Qo (X, t) =0 (14)

4'El]lzwz;’(xr t) - (GAD)al(Wo”(x: t) + 9;0(3(, t)) + 4’(Puo(t) +
D)W, (x,£) + 4p,wo (x, 1) + (0A) 01 W, (%, £) — (4pJ1z + Taor )W (x, 1) —
—4qu,o(x,0) =0 (15)

El(]lyDZ +]lzBZ)91;.’z;’(xr t) - (G]x)OI - [(Puo(t) + pox)(DZ +
BZ)]QL'O(% t) + pa(DZ + Bz)elrm(xr t) + (p]x)oléuo(xv t) - [pl(]lyDz +
JuB?) + 21401 (D + B 61 (x,£) = 0 (16)

2 (EA)01 D265, (x,£) = (GAp) o1 (W6 (5, 6) + 0,0 (5,6)) = (0 xp)on Bo (2, ) +
+ irdalDzé,Q’o(x, t) — % (Agpsindap — Aggsindag)BDO,y, (x,t) —

-1 (ﬂ - ﬂ) BDA2G!, (x,t) = 0 an

4ghd sinap  sinap

%(EA)MBZQZO(?C, t) - (GAB)al (vt; (X, t) - gwo(xv t)) - (p]xB)oléwo(x' t) +
+ irdaleéxa (e, t) — % (Agpsindapy — Aggsin®ag)BDO,, (x,t) —

—Lpy (2 — 248 ppAZGy, (x,t) = 0 (18)

48 d sinap sinag

The introduced notation (EA)o1, (GAB)o1, (GAD)o1, (GIX)o1, (0A)o1, (2IX)o1
= (pdxp)or + (0Ixs)o1 and ree1, correspond to the equivalent beam-column prop-
erties presented in the following section. The subscript o represents the refer-
ence with respect to the barycentric axis of the cross-section, while subscript 1
represents the type of diagonalization pattern analyzed.

5. Equivalent properties for the beam-column model
The notation introduced in the expressions of the differential system (Egs.

13 to 18) represents the beam-column equivalent properties corresponding to
Pattern 1, which result:

(EA)y; = 4E,A; + %Ed(Astin%D + Agpsin®ap) (19)
(GAg)or = 2E4Agpsinagcosag (20)
(GAp)or = 2E4A4pSinapcos?ay, (21)
(6): o1 = 5 (GAB)rD? + (GAp)o1B?) (22)
(pA)o1 = 4p,A; + 2pq (S;L:D + S;L:B) @3
(pl:)or = (Plxs)o1 + (PJxp)o1 (24)
(PJxplor = [plAl + %Pd (3 S;L:D + S;La:) ] B? (25)
(pJxplor = [plAl + ipa (;jsn + 3%) ] D? (26)

(EA)o1, (GAg)o1, (GAb)e1 and (GJy).1 are the axial, shear (directions 'y and z)
and torsional stiffness, while (oA)o is the translational inertia and (pJ)o =
(0dwo)or + (0dxe)ar IS the global torsional inertia of the system (Pattern 1) with
respect to the centroid axis. Regarding the term rqo, it is related to the inertial
contribution of the diagonals:
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1 A A
Tao1 = Pa (i + i) A (27)

sinap  sinap

On the other hand, the relationship between G.(X,t) and vo(x,t), and between
Bo(x,t) and wo(x,t), allow the definition of the following expressions:

(Ely),, = 4By + 7 (EA)o, B2 28)
(EJ o1 = 41, + 3 (EA)g, D? (29)
(01y)gy = 491y + (Plan)or + 5 (PA)o1 (e B + oy (30)
(0l or = 4001z + (Plendon +5 (PADor {eqi D? + T (31)

(Edy)or and (EJ;)o1 are bending stiffness, and (pJy)or and (pJ;)o are the
global bending inertias with respect to the barycentric axis. Thus, expressions
19 to 31 result to be the equivalent properties necessary for the simplified mode-
ling of the lattice as beam-column.

Following a similar mathematical development, the equivalent properties
for other three diagonal patterns (Pattern 2, 3 and 4) have been derived. These
will be presented in a corresponding section.

Therefore, the equivalent properties determined (elastic and inertial) for
each of the diagonalization patterns analyzed (Pattern 1, 2, 3 and 4), allow to
implement the simplified beam-column model for the static and dynamic eva-
luation of rectangular cross-section spatial lattices.

6. Implementation of the equivalent beam-column properties
6.1. Lattice column

Fig. 5 shows the lattice column (Pattern 1) to be analyzed using the
equivalent beam-column (BC) model and under different boundary conditions

(Fig. 6).

Pattern 1

-

’ (EA)
> (GAS)o1
N (Gt
A (G301
ENos
-~ — (Ed2)o1
- (Ed2)ox
et (PA)or
N (PIx)or
AN (p‘]y)ol
AN (PI2)or

Fig. 5 Lattice column under study. a) SL-FEM model. b) BC-FEM model

&

Fixed (F) simply supported (A) free (L)

Fig. 6 Boundary conditions

For the sake of comparison, the spatial lattice is modeled with the finite
element method (FEM) using a full 3D model denoted SL-FEM. Each leg is
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modeled using two-node beam elements, and two-node truss elements to
represent the diagonals. The second FEM model named BC-FEM consist of a
one dimensional beam-column representation of the lattice with equivalent
properties obtained, using 6 two-node beam elements. The model was solved
using the software SAP2000 [15], and the the results from static deflection and
natural frequencies were compared.

The geometric and mechanical properties of the lattice analyzed are
indicated in Table 1, while the equivalent beam-column properties are indicated
in Table 2.

As applied loads, a transverse load is considered uniformly distributed in
the y and z directions of value gy, = gwo = 200 N/m, and an axial load of value
Py = 1000 N.

Table 1
Numerical values of geometrical and mechanical properties of the analyzed
lattice

Parameter Notation Value Unit

Leg length L 6.0 m

Diagonals separation seseparation A 0.4 m

Side B B 0.2 m

Side D D 0.4 m

Area of legs Al 2.01x10* m?

Area 2™ moment of legs Jiy=Jiz 3.22x10° m*

Area of diagonals side B Ads 5.03x10° m?

Area of diagonals side D Adp 1.13x10* m?
Modulus of elasticity Ei=Eq 200000 MPa
Mass density pI=pa 7850 kg/m?

Table 2
Beam-column equivalent properties for analyzed lattice

Properties Notation Value Unit

Axial stiffnes (direction x) (EA)a1 1.64x10° N

Shear stiffnes (direction y) seseparation (GAB)a 7.11x10° N

Shear stiffnes (direction z) (GAp)o1 1.62x107 N
Torsional stiffnes (around the x axis) (GIx)or 4.46x10° N.m?
Bending stiffnes (around the z axis) (Edy)or 1.64x10° N.m?
Bending stiffnes (around the y axis) (Ed2)or 6.55x10° N.m?
Translational inertia (direction x) (pA)or 1.14x10* kg/m
Torsional inertia (around the x axis) (pIx)or 4.57x10* kg.m
Bending inertia (around the z axis) (pJy)ot 2.80 kg.m
Bending inertia (around the y axis) (pJ2)or 5.03 kg.m
Inertial contribution of the diagonals Tdot 6.78x10? kg.m

The results obtained by implementing the different models (SL-FEM and
BC-FEM) are reported, allowing to establish the performance of the BC-FEM
model developed.

Table 3 and 4 shows respectively the obtained values of the maximum
lateral displacement in the y (Vomax) and z (Womax) directions, for the different
boundary conditions. Table 5 shows the obtained values of the maximum axial
displacement in the x direction (Usmax), and Table 6 shows the results obtained
of the first circular frequencies for axial and bending mode types (denoted with
superscripts a and b respectively).

Table 3
Static deflection case. Maximum transverse displacements in direction y

Vo(max) [Mm]

Boundary condition

SL-FEM BC-FEM Difference [%]
A-A 2.228 2.186 1.92
F-F 0.552 0538 2.60
F-A 1.024 1.002 2.20
F-L 20.635 20.276 177
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Table 4 Table 7
Static deflection case. Maximum transverse displacements in direction z Properties of the analyzed lattice for different values A
N Wo(max) [mm] Parameter Notation Value Unit
Boundary condition
SL-FEM BC-FEM Difference [%] Leg length L 6.0 m
A-A 0.583 0.571 2.10 Diagonals separation seseparation A 0.1;0.2;0.4;0.8 m
IBF-F 0.164 0.159 3.14 Side B=D 0.4 m
F-A 0.286 0.278 2.88 Area of legs Al 2.01x10* m?
F-L 5.260 5.170 1.74 Area 2" moment of legs Jy =i 3.22x10° m*
Area of diagonals Adg = Adb 1.13x10* m?
Tables dulus of elastici = 200000
Static deflection case. Maximum axial displacements Modulus of elasticity Ei=Ed MPa
Mass density pI= pd 7850 kg/m?®

Uo(max) [mm]

Boundary condition

SL-FEM BC-FEM Difference [%] The results of the maximum transverse displacements obtained for different
AA A/B ratios are presented in Tables 8 to 11.
F-F 0.0373 0.0367 1.63 Table 8
F-A Case A-A. Maximum transverse displacements
F-L - - -
V mm
Boundary condition AIB einer) (M)
SL-FEM BC-FEM Difference [%]
Table 6
Natural vibrations case. First natural frequency (a: axial; by: bending in y; by: 0.25 0.687 0.687 0.00
bending in z) AA 0.50 0.610 0.610 0.00
N 1% frequency [rad/seg] 1.00 0.568 0.573 0.87
Boundary condition
mode SL-FEM BC-FEM Difference [%] 2.00 0.535 0.543 1.47
12 312.871 312.171 0.22
AA Table 9
) @1bv 15.866 16.034 1.05 Case F-F. Maximum transverse displacements
®1bw 30.921 31.338 1.33
. Vomax [mm]
O1a 313.051 312.171 0.28 Boundary condition AIB
SL-FEM BC-FEM Difference [%]
F-F ©1by 32.146 32.557 1.26
0.25 0.268 0.268 0.00
®1bw 58.973 59.732 1.27
0.50 0.192 0.192 0.00
o1 156.523 157.447 0.59 F-F
1.00 0.159 0.159 0.00
F-A O1bv 23.530 23.632 0.43
2.00 0.156 0.156 0.00
1w 44.464 44,761 0.66
12 156.404 157.432 0.65 Table 10
E-L . 5750 5737 0.23 Case F-A. Maximum transverse displacements
V mm
O1bw 11.351 11.346 0.04 Boundary condition B o(max) [mm]
SL-FEM BC-FEM Difference [%)]
The A step between diagonals is a necessary parameter for the passage from
- . - . : 0.25 0.405 0.404 0.25
the discrete domain to the continuous domain of the energy terms provided by
the diagonals and legs [8]. EA 0.50 0.317 0.318 0.31
Consequen_tly, the determipation gf Fhe proposed equivalent propert_ies 1.00 0.278 0.277 036
depends on this passage previously indicated. Therefore, a spatial lattice
(Pattern 1) of square cross-section is analyzed using different A values. This 2.00 0.268 0272 L47
allows to establish its influence on the numerical results obtained using the BC-
FEM model with 6 two-nodes beam elements. For the indicated analysis, A/side Table 11

ratios (side B or D) are adopted between 0.25 and 2.00 (Fig. 7). The geometric
and mechanical properties of the lattice analyzed are indicated in Table 7. The
loads applied correspond to the same as in the previous case.

Fig. 7 a) A/B = 0.25. b) A/B = 0.50. ¢) A/B = 1.00. d) A/B = 2.00

Case F-L. Maximum transverse displacements

Vo(max) [mm]

Boundary condition AIB
SL-FEM BC-FEM Difference [%)]
0.25 5.683 5.682 0.02
0.50 5.363 5.372 0.17
F-L
1.00 5.137 5.194 1.10
2.00 4.825 5.021 3.90

Finally, the performance of the BC-FEM model is evaluated for different
discretizations of the finite beam elements that are part of it. For this purpose,
the example of the previous case corresponding to the ratio 4/B = 1.00 and the
boundary condition F-L is taken. The discretizations evaluated correspond to a
number of frames between Ly/L, and L,/0.01 (L;: height lattice). Tables 12 to 15
show the results obtained from the evaluation.
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Table 12
Performance of the BC-FEM model for different discretization's. Case F-L.
Maximum axial displacements

Uo(max) [mm]
Discretization n° frame SL-FEM BC-FEM Difference [%]
L/l 1 0.0368 0.82
Li/1 6 0.0368 0.82
0.0365
Li/0.1 60 0.0368 0.82
L/0.01 600 0.0368 0.82

Table 13
Performance of the BC-FEM model for different discretization's. Case F-L.
Maximum transverse displacements

Uo(max) [mm]

Discretization n° frame SL-FEM BC-FEM Difference [%]
L/l 1 5.194 1.10
Li/1 6 5.194 1.10
5.137
Li/0.1 60 5.194 1.10
L,/0.01 600 5.194 1.10

Table 14
Performance of the BC-FEM model for different discretization's. Case F-L. First
natural frequency axial

Uo(max) [mm]

Discretization n° frame SL-FEM BC-FEM Difference [%]
L/l 1 126.812 11.73
Li/1 6 140.451 0.88

141.689
Li/0.1 60 140.849 0.60
L,/0.01 600 140.853 0.59

Table 15
Performance of the BC-FEM model for different discretizations. Case F-L. First
natural frequency bending

Uo(max) [mm]

Discretization n° frame SL-FEM BC-FEM Difference [%]
Li/Li 1 7.203 42.57
Li/1 6 10.124 1.43
10.269
Li/0.1 60 10.246 0.22
L,/0.01 600 10.247 0.21

The internal forces in each element of the lattice (legs, diagonals) are easily
obtained after knowing the efforts of the BC-FEM model.

Knowing the bending moment and the normal effort acting in a certain
section of the BC, the axial efforts in the legs are obtained.

Being for example, Mg,,(x) (bending moment around the axis W), Mao(X)
(bending moment around the axis Vo), and Ny (normal effort in the direction
Uo) the forces acting in the beam-column (BC) at a height x, the axial effort in
each leg then results:

Nl — Nuyo (%) + Mowo (%) + Megyo (X) (32)
4 2B 2D

taking into account in this determination the sign that corresponds to each effort
and the location of the leg.

Knowing the shear effort acting in the BC, the axial forces in the diagonals
are obtained. For example, S,o(X) (shear effort in the direction of the v, axis) and
Swo(X) (shear effort in the direction of the w, axis) acting in the BC at a height x,
the axial effort in each diagonal then results:

_ Spo(x)

NdB - 2cosap (33)
_ Swo (X)

Nop = 2cosap (34)
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In this way, from the efforts obtained in the BC-FEM representation model,
the internal forces acting on each of the elements of the spatial lattice are recov-
ered.

Taking the previous example corresponding to the relation 4/B =1.00, with
a discretization L/1, with F-L boundary conditions, and with a lateral load uni-
formly distributed in the direction of y of value g,, = 200 N/m.

In this case, the efforts in the BC-FEM representation model and in the x
section result Mayw(X) = 3373 N.m and S,,(x) = 1160 N.

Fig. 8 shows the elements of the SL-FEM evaluated.
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Fig. 8 Determination of internal efforts. a) SL-FEM. b) BC-FEM

Table 16 compares the internal efforts for the diagonal and leg evaluated,
obtained in the SL-FEM model and from the resulting efforts in the BC-FEM
model applying the Eqgs. 32 to 34.

Table 16
Internal efforts in elements of spatial lattice. Case F-L

Internal efforts [N]

Element Effort SL-FEM BC-FEM Difference [%]
Leg Axial Ni 4117 4226 2.35
Diagonal Axial Ng 663 649 2.16

6.2. Lattice frame

Fig. 9 shows the case of a lattice frame analyzed using the equivalent beam-
column (BC). This is subject to a 2000 N/m vertical uniformly distributed load
on the beam. The lattice frame is represented by the SL-FEM (Fig. 9a) and BC-
FEM (Fig. 9b) models, comparing the numerical results for the maximum
vertical deformation and for the first natural frequencies.

It should be noted that in the SL-FEM model 508 finite elements were used
for the discretization of the problem, while in the BC-FEM model only 24
elements were used, which is, less than 5 % of what was used in the spatial
model.

B N
[ D | {
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> &
> f i
(p
g 1} ?;‘:1
4 i
K =
&M o
A a) b)
Y 53

Fig. 9 Lattice frame. a) SL-FEM space model. b) BC-FEM equivalent model

The geometric and mechanical properties are indicated in Table 17.
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Table 17
Numerical values of geometrical and mechanical properties of the lattice frame
Element Parameter Notation Value Unit
Leg length L 7.35 m
Diagonals separation D 0.7 m
Side B B 0.5 m
Side D D 0.3 m
% Area of legs Al 2.01x10* m?
8 Area 2" moment of legs Jy=Jdz  3.22x10° m*
Area of diagonals side B Ads 1.13x10* m?
Area of diagonals side D Adp 5.03x10° m?
Modulus of elasticity Ei=Eqd 200000 MPa
Mass density pI=pd 7850 kg/m?®
Leg length L 9.0
Diagonals separation D 0.9
Side B B 0.7 m
Side D D 0.3 m
% Area of legs Al 2.01x10* m?
® Area 2" moment of legs Jy=Jdz  3.22x10° m*
Area of diagonals side B A 1.13x10* m?
Area of diagonals side D Adp 5.03x10° m?
Modulus of elasticity Ei=Eq 200000 MPa
Mass density I = pd 7850 kg/m®

Table 18 demonstrates the values obtained for the maximum vertical
deformation of the beam, while Table 19 demonstrates the values for the first
bending frequencies (transverse to the plane and longitudinal to this) and the
torsional frequency of the lattice frame.

Table 18
Static deflection case. Maximum vertical displacement of the beam

Vertical displacement [mm]

Boundary condition

SL-FEM BC-FEM Difference [%]

F-F 7.790 7.632 2.07

Table 19
Natural vibrations case. First natural frequencies bending and torsional (b:
bending; t: torsional)

1% frequency [rad/seg]

Boundary condition

mode SL-FEM BC-FEM Difference [%]
@1b(transverse) 3.155 3.079 2.47
F-F ®1b(longitudinal) 8.319 8.430 1.33
1ttorsional) 5.014 5.153 2.77

Finally, the Figs. 10 to 13 show each of the evaluated responses.

Fig. 10 Static deflection case. Maximum vertical displacement of the beam
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Fig. 11 Natural vibrations case. First bending frequency transverse to the plane of
the lattice frame

Fig. 12 Natural vibrations case. First bending frequency longitudinal to the plane of
the lattice frame

SN

—

25

2E

=<

Fig. 13 Natural vibrations case. First torsional frequency of the lattice frame
7. Equivalent properties for different patterns

With mathematical statements similar to those suggested for the lattice
structure (Pattern 1) described above, three other patterns were analyzed
(Pattern 2, 3 and 4). New differential equations are stated resulting in the
corresponding equivalent properties. Table 18 shows the obtained equivalent
properties. The parameters with subscripts s represent the contributions of the
struts for Pattern 2 and Pattern 4.
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Table 20

Equivalent properties. Rectangular cross-sectional lattice
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Equivalent properties

Pattern 1

Pattern 2

(EA)0

(GAg)o

(GADb)o

(Gx)o

(PA)o

(pIx)o

(pIxo)o

(pdxe)o

I'do

1

4EA, + EEd (Agpsin®ag + Agpsinap)
2E4Aqpsinagcos®ag
2E4Agpsinapcos?ay,

%((GAB)UDZ +(GAp)oB?)

Aap Aap )

4pA; + 2 (
Pl + 2pa sinap sinag

(p]xD)u + (p]xB)u

1 Aap Aap
A+ 500Gy + 5|
[pl ot 6pd sinayp + sinag

1 Aap Aap )]
A +=pq(3 —— || B?
[pl ot 6pd ( sinap + sinag

1 Aap Aap
_ A?
6pd (sinaD + sina3>

A A A
iy + 2 (2 ) 4 2p, (222

1 Aap Agp 1 Asp
[PlAL+gPa( +3 )+Eps( >

1 A A 1 A
[PzAt+gPd(3 L+ dB)+gPs(3 2

1

4EA, + EEd(Astin3aB + Agpsiniap)
2E,Aqpsinagcos®ag
2E4Agpsinapcos?ay

%((GAB)DDZ +(GAp)oB?)

sinap  sinag tanap

(p]xD)o + (p]xB)o

sinap sinag tanap

sinap  sinag tanap

1 Aap Aap
_ A2
6 Pa (sinzxu + sinaB)

ASB

tanag

ASB

tanag

ASB
tanag

)

)|
)|

Equivalent properties

Pattern 3

Pattern 4

(EA)

(GAg)o

(GAD)o

(Gx)o

(PA)

(pIx)o

(pJxp)o

(pIxa)o

AE A, + Eq(Aggsindag + Agpsindap)
4E,Agpsinagcosiag
4E,Aqpsinapcos?ay,

3 (GA),D + (645,59

Aap Aap
4[outy+ pa (2 + 22|
[pl LT Pa sinap  sinag

(pJxp)o + (PJxB)o

1 Aap Aap
A+ D?
[pl ot 3 Pa (sinaD +3 sinaB)]

1 Aap Agp
A+ (3 - +.—>]BZ
[pl ! 3pd sinap  sinag

1 Awp | Aap
= + A?
3 Pa (sinaD sinaB)

4 [PzAz + pa (

AE A + Eg(Aggsindag + Agpsindap)
4E,Aggsinagcosiag
4E,Agpsinapcos?ay,

7(GARD? + (GAp),B?)

A A 1 A
: a_ / dB ) 2, ( sD
sinap  sinag 2 tanap

(pJxp)o + (PIxB)o

sinap sinag tanap

1 Aap Agp 1 Agp
[P1A1+§Pd (3 +—)+gps (3;

sinap  sinag tanap

1 A A
_Pd(-dD+ 4dB)A2
3 sinap  sinag

ASB

tanag

tanag

ASB

tanag

)

1 A A 1 A A
[P1A1+§Pd( LI dﬂ)‘*’gps( D, g AsB )]DZ

)|
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8. Conclusions

In the present research, a study was carried out of four spatial lattice
patterns of rectangular cross-section, obtaining the elastic properties and
equivalent inertias necessary for the representation of the problem as column-
beam.

The proposed representation method, BC-FEM, based on the equivalent
properties determined, has been validated numerically from comparing the
results obtained in various case studies. From the results presented, the
following conclusions can be deduced:

(1) The availability of a representation of lower complexity such as the
beam-column formulation, reduces significantly the time needed for the model
construction. This indicated formulation can be carried out from the equivalent
properties determined in the research.

(2) The discretization of the geometry problem does not affect the
performance of the static response of the model, even if the domain is
represented by a single element. However, the dynamic response is affected by
the discretization, but a Li/1 ratio is sufficient to achieve adequate performance
of the model. This robustness of the model allows a significant reduction in
computational cost.

(3) Comparing the results of the different responses evaluated with the
results obtained from the SL-FEM model, for a discretization of not less than
Ly/1, the maximum difference found for the totality of the cases evaluated turned
out to be less than 4 %.

(4) Being 4 a necessary parameter in the energy approach to obtain the
equivalent properties, these determined properties showed excellent
performance even for cases in which the A/side ratio was higher than the unit.
This indicates the appropriate use of the BC model with these equivalent
properties even for lattice cases with important diagonal spacing.

(5) The internal efforts that determine the structural behavior of each
element of the spatial lattice (axial efforts), are easily recoverable from knowing
in the BC-FEM model the forces acting at the height x of interest and applying
the proposed analytical equations.
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