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A B S T R A C T  A R T I C L E  H I S T O R Y 

 

This research introduces an efficient cross-sectional analysis algorithm utilizing innovative Gaussian segmental elements 

for arbitrary-shaped steel sections. Steel members with arbitrary-shaped sections are gradually widely employed in 

engineering due to their mechanical benefits. Achieving accuracy in cross-sectional analysis remains crucial for the 

understanding of their comprehensive structural behavior and enhancing design optimization. Traditional fiber-based cross-

sectional analysis methods prioritize accuracy but often compromise computational efficiency. The proposed algorithm 

leverages the Gaussian quadrature method, renowned for its precise approximation of definite integrals, to address complex 

cross-sectional geometries. In addition, a refined line-segment model is introduced to solve the overlapping problem by 

configuring eccentricities at the ends of segments. The paper elaborates on the derivation of the novel Gaussian segmental 

element designed for modeling the arbitrary-shaped section, determining the section properties, generating full yield 

surfaces, and calculating the moment-thrust-curvature relationships. Notably, the algorithm balances accuracy and 

computational efficiency by strategically selecting integration Gauss points and weights across thicknesses. Three groups 

of examples are provided to demonstrate the accuracy and efficiency of the proposed method for the cross-sectional analysis 

of arbitrary-shaped steel sections. 
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1.  Introduction 

 
Steel members with arbitrary-shaped sections are gradually widely used in 

contemporary steel constructions due to their elevated flexibility forms and 

structural efficacy. In addition, robotic welding machines and building 

information modeling eliminate the constraints of fabricating such sections. 

Accurate and efficient cross-sectional analysis of the arbitrary-shaped sections 

is crucial in understanding their mechanical behavior and optimizing their 

design for practice design. One widely employed approach is the fiber-based 

method, which facilitates the analysis of complex cross-sectional geometries 

and material properties, allowing for a comprehensive investigation of essential 

parameters like cross-section properties [1-5], full yield surface [6-8], and 

moment-curvature relationships [9-11].  

Accurate calculations of cross-sectional properties are vital for analyzing 

and designing members with arbitrary-shaped steel sections. Researchers have 

thoroughly explored various techniques for calculating cross-sectional 

properties encompassing torsional, shear, and nonsymmetrical section 

properties [12-14]. For example, Waldron [1] introduced the sectorial method 

of analysis, emphasizing its potential to incorporate warping restraint effects for 

torsional analysis in thin-walled beams. However, complexities in calculating 

sectorial functions hindered its applicability. Expanding this discourse, Chai 

Hong and Acra [2] delved into torsional and flexural properties of multicellular 

cross-sections, proposing an algorithm to tackle indeterminate shear flows and 

thus analyze sections with complex geometries. Li et al. [3] introduced a 

numerical procedure for analyzing arbitrary beam-columns, accounting for 

residual stresses and geometric imperfections, crucial in designing high-

strength steel structures. Shortly after, Bourihane et al. [15] developed a beam-

column element for stability analyses of beams comprising thin-walled open 

sections under various loading conditions. Elkaimbillah et al. [16] extended this 

research and proposed a refined beam-column element for the nonlinear 

dynamic behavior of thin-walled open-section composite beams. Hancock and 

Rasmussen [17, 18] further analyzed members with nonsymmetrical cross-

sections accounting for the misalignment between the cross-sectional centroid 

and shear center. More recently, Chen et al. [19] introduced an efficient line-

element method for second-order analysis of steel members with 

nonsymmetrical thick-walled sections, addressing twisting effects and warping 

degrees of freedom alongside a two-dimensional finite-element cross-section 

analysis method implemented in the educational software MASTAN2 [20]. 

While these studies offer significant insights, limitations persist. Challenges 

remain in analyzing sections with complex geometries or substantial torsion.  

Notably, cross-sectional analysis for arbitrary-shaped steel sections has 

seen notable advancements, particularly in understanding their yield capacity 

and section properties. The concept of the yield surface, encompassing axial 

force and bending responses, plays a pivotal role in determining section 

behavior [21-24]. While conventional methodologies, such as the one proposed 

by McGuire et al. [6], have provided valuable insights for symmetric sections, 

addressing nonsymmetrical shapes remains challenging. Nonsymmetrical 

sections are extensively used for their structural efficiency, necessitating 

accurate analysis techniques. In this context, the approach proposed by Liu et 

al. [7] introduces a cross-section analysis method that calculates yield surfaces 

for both symmetric and nonsymmetrical sections. This method harnesses the 

Quasi-Newton divergence-free algorithm and integrates the fiber-based model. 

More recently, Chen et al. [8] developed an improved line-element formulation 

to model nonsymmetrical sections’ geometric and material nonlinear behaviors. 

The proposed methodology not only generates yield surfaces of arbitrary steel 

sections but also employs gradients for effective plastic flow control. However, 

it is acknowledged that the complexities associated with generating the fiber 

model may introduce challenges in terms of applicability for complex 

geometries and computational efficiency. 

The moment-thrust-curvature relationships of steel sections offer crucial 

insights into their structural behavior under bending. These relationships 

illuminate how the sections respond to axial load and bending moments, thereby 

effectively guiding engineers in designing and analyzing these components [25-

30]. Duan et al. [9] examined the moment-curvature relationships for dented 

tubular sections under combined biaxial bending and axial load. Their work 

introduced closed-form moment-thrust-curvature expressions for dented and 

undented tubular sections. Additionally, Liew et al. [10] extended the concept 

of moment-thrust-curvature relationships to address inelastic and geometrically 

non-linear structural problems involving elements subjected to combined axial 

load and bending. Their numerical discretized cross-section method yielded 

moment-thrust-curvature relationships for I-sections, rectangular box-sections, 

and circular or elliptical hollow sections. Exploring moment-thrust-curvature 

relationships enriches the broader investigation into the cross-sectional analysis, 

complementing the studies on yield surfaces, cross-sectional properties, and 

section capacity checks.  

Generally, the previous studies predominantly focused on symmetric 

sections and often implemented the time-consuming fiber-based models. To fill 

the research gap, this paper presents a novel algorithm for precisely determining 

cross-section properties, the full yield surface, and the moment-thrust-curvature 

of the cross-sections. The proposed algorithm leverages the Gaussian 

quadrature method, renowned for its precise approximation of definite integrals 

[31-36], to address complex cross-sectional geometries. Additionally, a refined 

Coordinate Method was introduced to eliminate the interaction between the 

adjacent elements in the line-segment model by configuring eccentricities at the 

ends of segments. The paper elaborates on the derivation of the novel Gaussian 

segmental element (GSE) and provides three groups of examples to demonstrate 

the accuracy and efficiency of the proposed GSE for the cross-sectional analysis 

of arbitrary-shaped steel sections. 
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2.  Cross-section modeling using gaussian segmental element  

 

The fiber-based approach is widely used for cross-sectional analysis [3, 7, 

8, 11, 19], where full section meshing or excessive fiber generation is required 

to obtain the accurate section properties, yield surfaces, or the moment-

curvature. Despite its utility, the fiber-based approach introduces its own set of 

challenges, notably the intricate fiber mesh generation algorithm. This 

algorithm necessitates extensive effort to ascertain the number of fibers and 

their geometric details, such as center coordinates and area, thus complicating 

the process of building and meshing sections. Addressing these challenges, an 

innovative cross-sectional modeling and analysis methodology using GSE is 

developed in this paper, offering an efficient alternative to conventional fiber-

based models. 

 

2.1. Gaussian segmental element  

 

This study introduces a novel method employing the GSE based on the line 

finite element method, aiming to enhance the efficiency and accuracy of cross-

sectional analysis. The Gaussian integration strategy is applied for area 

integration in the cross-sectional plane, offering a better balance between 

computational cost and accuracy compared to the classical 2D finite element 

method, which uses a fiber section obtained from meshing the geometric model. 

The cross-sectional configuration is generated using a line-segment approach, 

consisting of a series of segments and points, as illustrated in Fig. 1(b). Each 

segment is aligned with the central axis of the section plate and is defined by 

two points representing its start and end. These segments are not only defined 

by the two points but are also associated with the thickness of the section plate.  

Furthermore, the initially established global axis system, denoted as Z-O-Y, 

determines each point's coordinates, with Gaussian points systematically 

distributed along the section's thickness and length based on the integral range 

(Fig. 1c). In this research, a GSE has three columns of Gauss integral points 

along the section plate thickness and seven rows of Gauss integral points along 

its length.  

The distribution of Gauss points directly governs the integration accuracy 

of the proposed GSE. With Gauss–Legendre quadrature, increasing the number 

of Gauss points enhances the order of accuracy for evaluating sectional integrals, 

allowing accurate results with far fewer sampling points than uniform fiber 

partitioning. In the present study, three Gauss points through the thickness and 

seven Gauss points along the segment length are adopted as a practical balance 

between accuracy and efficiency for thin-walled steel sections, where the 

through-thickness stress variation is typically mild under the adopted sectional 

assumptions. For problems involving sharper stress gradients (e.g., locally thick 

regions, pronounced nonlinearity localization, or refined residual-stress 

patterns), accuracy can be further improved by increasing the Gauss points 

and/or refining the line-segment representation, analogous to mesh refinement 

in fiber-based models. 

 

 
Fig. 1 Cross-section modeling using the Gaussian line-segment approach 

 

A local axis system denoted as zi-oi-yi is established to obtain the 

distribution of Gauss points in each segment, as depicted in Fig. 1 (c), in which 

three Gauss points are distributed along the thickness, and seven Gauss points 

along the length of each segment. This distribution configuration of Gauss 

points in a segment is both efficient and sufficient for most common cases. In 

extreme cases, such as when the segment is too thin or too thick, the distribution 

of Gauss points can be automatically adjusted based on the width-to-thickness 

ratio. The coordinates of each Gauss integration point within its respective local 

axis system are determined by the following equations: 

 

( ), ,       1 3, 1 7i i

m n m n it m ny = = =  (1) 

  

( ), ,       1 3, 1 7i i

m n m n iL m nz = = =  (2) 

 

where the subscripts m and n represent the mth and nth Gauss points in the 

section plate's thickness and length directions. The coefficients, ,

i

m n  and ,

i

m n , 

representing the location of Gauss points distributed on each segment in two 

directions, should vary for each segment due to its length-to-thickness ratio. ti 

and Li denote the thickness and length of the ith segment in the line-segment 

model, respectively. The locations and the weight factors for the Gauss points 

used in this research are given in Tables 1 and 2. 

 

Table 1 

The locations and weight factors of Gauss points in the thickness direction 

Gauss point m 1 2 3 

,  i

m n  -0.387298 0 0.387298 

Hm 0.277778 0.444444 0.277778 

Table 2  

The location and weight factors of Gauss points in the length direction  

Gauss point n 1 2 3 4 5 6 7 

,

i

m n  0.02545 0.12923 0.29708 0.5 0.70292 0.87077 0.97455 

Hn 0.06474 0.13985 0.19092 0.20897 0.19092 0.13985 0.06474 

 

2.2. Refined line-segment model with eccentricity at segment ends 

 

Modeling tree-type sections like I-sections and T-sections using the line-

segment approach poses a challenge in the conventional Coordinate Method 

[37], primarily due to overlapping areas between the flange and the web. A 

refined line-segment model is introduced to solve the problem by configuring 

eccentricities at the ends of segments as shown in Fig. 2. Eccentricities  and 

, are introduced at the start and end of segment i (defined in the local zi-

oi-yi system) to eliminate overlap between intersecting plates (e.g., flange–web 

intersection). The sign of  and follows the local axis convention (as 

illustrated, 𝑒𝑖
𝑠 < 0and 𝑒𝑖

𝑒 > 0). The updated segment ending coordinates are 

obtained using Eqs. (3)–(6). 

 

i
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i

Ee

i

Se i
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Fig. 2 Refined line-segment model with end eccentricities 

 

The updated geometrical information of points and segments of the 

improved line-segment model can be obtained by following expressions. 

 
i i i

iE E EYe e Y= +  (3) 

  
i i i

iE E EZe e Z= +  (4) 

  
i i i

iS S S
Ye e Y= +  (5) 

  
i i i

iE S S
Ze e Z= +  (6) 

 

where, i
S

Y , i
S

Z , i
EY  and i

EZ  are used to define the start and end point 

coordinates of the ith segment, as per the global axis system. These values 

represent the positioning of the points before considering the eccentricities. In 

addition, 
i i

E S
i

i

Y Y

L


−
=  and 

i i

E S
i

i

Z Z

L


−
=  represent the projections of the length 

Li in the horizontal and vertical directions, respectively. 

 

2.3. Differences between the fiber-based section modeling and GSE section 

modeling  

 

The proposed GSE section modeling streamlines geometry input by 

requiring only point coordinates, segment thickness, and relevant connection 

details. This simplification allows for the rapid creation of analysis models, 

circumventing complex modeling procedures. Conversely, the fiber-based 

model necessitates a more intricate approach that begins with the creation of an 

outline for the actual section by detailing coordinates of each corner point and 

loop information to form a closed geometric shape, followed by the 

implementation of a mesh algorithm to generate numerous fibers, each requiring 

the recording of centroid coordinates and cross-sectional area for analysis. The 

fiber-based method can be particularly cumbersome and time-consuming, 

especially when dealing with complex cross-sections. The proposed method 

eliminates the need for fiber meshing by employing a limited number of Gauss 

points to accelerate the procedure of the cross-sectional analysis. 

From a numerical perspective, both the fiber-based model and the proposed 

GSE aim to evaluate the same sectional integrals (e.g., axial force, bending 

moments, and section properties) by sampling stress/strain over the cross-

sectional area. The key difference lies in the sampling and integration strategy. 

The fiber-based method discretizes the cross-section into a large number of 

small area patches (fibers) and typically performs summation using low-order 

quadrature (often equivalent to midpoint/rectangular integration), such that 

accuracy improves primarily by increasing the number of fibers. In contrast, the 

proposed GSE represents each plate component by a line segment with an 

associated thickness and evaluates the sectional integrals using Gauss–Legendre 

quadrature points and weights distributed in the thickness and length directions 

of each segment. This strategy can achieve high integration accuracy with 

substantially fewer evaluation points, thereby improving computational 

efficiency while preserving accuracy for thin-walled steel sections. 

 
3.  Cross-sectional analysis using gse 

 

3.1. Sectional property calculation 

 
In arbitrary-shaped steel sections, the principal coordinate system of the 

cross-section, represented as the w-o-v axis in Fig. 1, is essential, especially for 

the nonsymmetrical sections [20]. This system incorporates an inclined angle, 

symbolized as  , which determines the orientation between the geometric y-

o-z coordinate system and the principal w-o-v coordinate system. The angle  

can be computed using the expression outlined below, which plays a crucial role 

in accurately defining the cross-sectional geometry. 

 

 (7) 

 

in which, ,   and  represent the cross-section moment of inertia along 

the respective axes. These values are crucial for understanding the stiffness 

properties of the arbitrary-shaped steel sections and can be calculated using the 

following equations:
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where, Ns stands for the number of segments and Ai is the area of the ith segment. 

Yc and Zc are the centroidal coordinates of the cross-section. The equations 

consider the eccentricities at both ends of each segment and the thickness of the 

section plate, overcoming the overlapping areas between the flange and the web 

in the conventional Coordinate Method. The inclusion of additional 

eccentricities in these calculations significantly improves the accuracy and 


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versatility in assessing the properties of various steel sections. It is important to 

note that the calculations for the warping constant and torsional constant in this 

study rely on the thin-walled assumption. Detailed expressions for these section 

properties can be found in the referenced literatures [20, 38].  

 

3.2. Yield surface generation 

 

 

In this research, the GSE is adapted to generate the full yield surface of the 

arbitrary-shaped steel sections to improve the computational efficiency. In 

accordance with the Euler-Bernoulli hypothesis, there is a linear strain 

distribution along the vertical direction of the entire section, as illustrated in Fig. 

3. For strains within the elastic limit, the strain-stress relationship remains linear, 

permitting the use of Hooke's Law for stress determination. However, when 

strain exceeds the elastic limit, stress must be calculated using the material's 

specific strain-stress curve. The full yield surface of the arbitrary-shaped steel 

sections referring to the principal axis system w-o-v can be effectively 

determined using equations derived for the GSE, offering a viable alternative to 

the fiber model. 

 
3 7

,
1 1 1

( ) ( ) ( )m n
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i
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in which, xP , vM  and wM  represent the ultimate axial and bending 

capacities of the section, respectively; ( )sf   denotes the stress-strain 

relationship for the material. vn and wn denote the coordinates of the neutral axis 

in the v-o-w axis system; ,

i

m nv  and ,

i

m nw  are the coordinates of the Gauss point 

situated in the mth row and nth column on the ith segment, and ,
i
m n  represents 

the strain at the corresponding Gauss point, which can be determined using the 

following calculation: 

 

,, /i
u m n n

i
m n d d =  (14) 

 

in which,  represents the ultimate strain at the topmost part of the entire 

section; dn is the depth of the neutral axis, as shown in Fig. 3, under a specified 

axial load level.  

To acquire the data points of the full-yield surface, the interactive curve of 

Mv versus Mw under varying axial loads Pa will be calculated, ranging from 

minimum to maximum axial strengths. This process involves rotating the 

inclined angle between the principal axis and the neutral axis from 0 to 2π. In 

this context, the ultimate strain  in the vertical direction is assumed to be the 

edge yield strain. The depth of the neutral axis, dn, can be determined using the 

Quasi-Newton algorithm. 

 

( )1 1
k k

k k kU L
n L a Lk k

U L

d d
d d P P

P P

+ + −
+ −

−
=  (15) 

 

in which,  represents the depth of the neutral axis in the subsequent 

iteration.  and  denote the depths of the neutral axis when the axial 

strengths are less than and greater than Pa, respectively. 
k

UP  and 
k

LP  denote 

the axial resistances calculated using  and . Upon determining the depth 

of the neutral axis under a specified axial load, one data point of the full yield 

surface can be obtained through Eqs. (9)-(11). 

 

 
Fig. 3 Assumed strain/stress distribution for yield-surface generation 

 

 
Fig. 4 Flowchart of the full-yield surface generation by Gaussian line-segment model 
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The analysis flowchart for generating the full yield surface using the GSE 

formulation is depicted in Fig. 4, successfully implemented in MSASect2 [39]. 

As shown in the flowchart, the analysis begins with inputting basic geometric 

data, such as the coordinates of points in the line-segment model. Following this, 

the Gaussian line-segment model, as proposed in this study, is employed, 

obviating the necessity for mesh generation. The minimum (tension) and 

maximum (compression) axial capacities of the section will be subsequently 

calculated. 

Following this, and based on the axial load step setting, the initial axial load 

Pa is set as the minimum axial capacity. At this axial load level, the inclined 

angle of the neutral axis, 𝜃𝑛  changes from 0 to 2π. The section’s moment 

capacities (𝑀𝑣  and 𝑀𝑤) are then calculated at each angle. This procedure is 

repeated for various axial load levels, incrementally increasing from the 

minimum to the maximum axial capacity. By conducting these calculations, a 

series of data points are generated, which collectively create the complete yield 

surface for the arbitrary-shaped steel sections. 

 

3.3. Moment-thrust-curvature calculation 

 

For the moment-thrust-curvatures analysis using the GSE formulation, a 

combination of the displacement-based method and the Quasi-Newton approach 

is utilized in the incremental and iterative procedures. The process begins by 

determining the axial strain of the section under a given axial load. Subsequently, 

the strain at the extreme Gauss point of the Gaussian line-segment model is 

incrementally increased until the ultimate strength is reached. Concurrently, the 

location of the neutral axis is ascertained at each strain increment, enabling the 

calculation of the corresponding curvature and moment resistance. The initial 

axial strain of the section under axial load Pa can be calculated using the 

following iterative procedure. 

 

( )1 1
k k

k k kU L
n L a Lk k

U L

P P
P P

 
 + + −

+ −
−

=  (16) 

 

where,  represents the strain of the section at the next iterative step.  and 

 are the strains from the previous iterative step, with the resistances being 

less and more than the applied axial load Pa, respectively.  

Additionally, a similar iteration algorithm can be utilized to compute the 

location of the neutral axis, dn, as per Eq. (13). Following this, the moment 

resistance of the section can be determined using the stress integration method, 

as expressed in Eqs. (10) or (11), while applying the Gauss segmental 

formulation. The corresponding curvature of the section can be calculated using 

the following formula. 

 

/i i i

T nd =  (17) 

 

in which, 
i

T represents the strain of the section top at the ith moment step, 

which increments from the initial strain  under the applied axial load Pa to 

the ultimate strain of steel. Utilizing the incremental procedure, the complete 

moment versus curvature curve under the applied axial load Pa can be obtained.  

 

 

Fig. 5 Yield surface module in MSASect2 [39] 

 

4.  Numerical implementation  

 

The cross-sectional analyses approach using the GSE has been effectively 

integrated into the educational cross-sectional analysis software MSASect2 [39]. 

Developed by the second author in collaboration with their team, this software 

is equipped with robust analysis features. These include assessments of cross-

sectional properties, yield surfaces, moment-thrust-curvature relationships, 

member buckling strength, and section buckling strength. With the 

incorporation of the GSE formulations, MSASect2 [39] now facilitates more 

extensive analyses and comparative studies. Fig. 5 showcases the software's 

user-friendly interface, specifically designed for the yield surface function. It 

allows users to choose between the traditional fiber-based method and the 

Proposed GSE approach. This interface significantly enhances the practicality 

of MSASect2 [39], empowering users to efficiently compare and assess 

different methodologies for analyzing yield surfaces. 

 

5.  Validation examples 

 

This section presents three sets of examples to demonstrate the accuracy 

and efficiency of the proposed method using GSE for the cross-sectional 

analysis of arbitrary-shaped steel sections. Section properties, yield surfaces, 

and moment-thrust-curvature curves for several arbitrary-shaped steel sections 

are calculated and compared with those from the fiber-based model. All 

computational times reported in this paper were measured on a Dell Precision 

3660 workstation (Windows 11 Home, Version 10.0.22631 Build 22631; Intel 

Core i9-12900K, 16 cores/24 threads, 3.2 GHz base), and both the fiber-based 

and GSE-based models were executed under identical software settings to 

ensure a fair comparison. 

 

5.1. Example 1 – Validation of section properties calculation  

 

In this example, the proposed GSE is employed to calculate various 

geometrical properties for arbitrary-shaped sections with open- and closed-

section shapes. While basic cross-sectional properties such as area ( )A , 

moments of inertia about geometrical axes ( yI  and zI ), warping constant 

( )I , and torsional rigidity ( )J , are usually straightforward to be calculated, 

advanced geometrical properties mainly related to nonsymmetrical sections (i.e., 

Wagner coefficients, v , w  and   as well as the shear center coordinates 

SY  and SZ ) are crucial and require further consideration. Accordingly, four 

sectional shapes, as shown in Fig. 6, are analyzed to show the reliability of the 

proposed algorithm. 

Tables 3-6 present comparisons between the results obtained from the 

present study and those from the fiber-based model (benchmarks) and 

traditional Coordinate Method [37]. The proposed algorithm demonstrates 

1k

n
+ k

L

k

U

a
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reliability and efficiency, as it yields almost identical results for all section types 

compared to the fiber-based model with much less computational time. In 

addition, the proposed method can calculate the basic cross-sectional properties 

such as area (A) and moments of inertia about geometrical axes ( yI  and zI ) 

more accurately compares to the traditional Coordinate Method.

 

 
Fig. 6 Schematic diagram of cross-section shapes investigated 

 

Table 3  

Section properties for section a  

Parameter Fiber-based model Coordinate Method Diff. Present Study Diff. 

Computational  

time (sec.) 
0.91 Less than 0.01 - Less than 0.01 - 

𝑨 (m2) 2.833E-02 2.850E-02 0.60% 2.832E-02 0.04% 

𝑰𝒚 (m4) 1.772E-03 1.779E-03 0.40% 1.772E-03 0.00% 

𝑰𝒛 (m4) 1.625E-03 1.642E-03 1.05% 1.627E-03 -0.12% 

𝑱 (m4) 2.278E-06 2.288E-06 0.44% 2.281E-06 -0.13% 

𝑰𝒘 (m6) 9.246E-05 9.258E-05 0.13% 9.258E-05 -0.13% 

𝒀𝒔 (m) 4.232E-01 4.232E-01 0.00% 4.232E-01 0.00% 

𝒁𝒔 (m) -1.161E-01 -1.161E-01 0.00% -1.162E-01 -0.09% 

𝝓 4.189E+01 4.211E+01 0.53% 4.210E+01 -0.50% 

𝜷𝒗 (m) -4.370E-01 -4.390E-01 0.46% -4.387E-01 -0.39% 

𝜷𝒘 (m) 9.290E-01 9.280E-01 -0.11% 9.282E-01 0.09% 

𝜷𝝎 -1.065E-01 -1.059E-01 -0.56% -1.058E-01 0.66% 

 

Table 4  

Section properties for section b 

Parameter Fiber-based model Coordinate Method Diff. Present Study Diff. 

Computational  

time (sec.) 
0.25 Less than 0.01 - Less than 0.01 - 

𝑨 (m2) 1.984E-03 1.984E-03 0.00% 1.984E-03 0.00% 

𝑰𝒚 (m4) 2.641E-05 2.640E-05 -0.04% 2.640E-05 -0.04% 

𝑰𝒛 (m4) 1.427E-05 1.427E-05 0.00% 1.427E-05 0.00% 

𝑱 (m4) 2.823E-05 2.808E-05 -0.53% 2.812E-05 -0.39% 

𝑰𝒘 (m6) 5.984E-09 5.849E-09 -2.26% 5.889E-09 -1.59% 

𝒀𝒔 (m) 0.0 0.0 - 0.0 - 

𝒁𝒔 (m) 0.0 0.0 - 0.0 - 

𝝓 0.0 0.0 - 0.0 - 

𝜷𝒗 (m) 0.0 0.0 - 0.0 - 

𝜷𝒘 (m) 0.0 0.0 - 0.0 - 

𝜷𝝎 0.0 0.0 - 0.0 - 
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Table 5  

Section properties for section c 

Parameter Fiber-based model Coordinate Method Diff. Present Study Diff. 

Computational  

time (sec.) 
0.09 Less than 0.01 - Less than 0.01 - 

𝑨 (m2) 4.960E-02 5.000E-02 0.81% 4.960E-02 0.00% 

𝑰𝒚 (m4) 2.166E-03 2.179E-03 0.60% 2.178E-03 0.55% 

𝑰𝒛 (m4) 1.573E-03 1.572E-03 -0.06% 1.571E-03 -0.13% 

𝑱 (m4) 4.491E-04 4.333E-04 -3.52% 4.330E-04 -3.58% 

𝑰𝒘 (m6) 1.823E-04 1.812E-04 -0.60% 1.812E-04 -0.60% 

𝒀𝒔 (m) -2.741E-01 -2.741E-01 0.00% -2.742E-01 0.04% 

𝒁𝒔 (m) 1.674E-01 1.674E-01 0.00% 1.675E-01 0.06% 

𝝓 -7.000E+00 -7.000E+00 0.00% -6.997E+00 -0.04% 

𝜷𝒗 (m) -2.659E-01 -2.680E-01 0.79% -2.682E-01 0.86% 

𝜷𝒘 (m) -6.778E-01 -6.732E-01 -0.68% -6.734E-01 -0.65% 

𝜷𝝎 1.543E-01 1.535E-01 -0.52% 1.535E-01 -0.52% 

 

Table 6  

Section properties for section d 

Parameter Fiber-based model Coordinate Method Diff. Present Study Diff. 

Computational  

time (sec.) 
0.92 Less than 0.01 - Less than 0.01 - 

𝑨 (m2) 2.096E-01 2.100E-01 0.19% 2.096E-01 0.00% 

𝑰𝒚 (m4) 3.224E-01 3.229E-01 0.16% 3.228E-01 0.12% 

𝑰𝒛 (m4) 1.022E-01 1.023E-01 0.10% 1.023E-01 0.10% 

𝑱 (m4) 9.265E-02 9.265E-02 0.00% 9.265E-02 0.00% 

𝑰𝒘 (m6) 1.333E-02 1.333E-02 0.00% 1.333E-02 0.00% 

𝒀𝒔 (m) 1.570E-01 1.571E-01 0.06% 1.571E-01 0.06% 

𝒁𝒔 (m) -3.660E-01 -3.660E-01 0.00% -3.660E-01 0.00% 

𝝓 8.058E+01 8.058E+01 0.00% 8.058E+01 0.00% 

𝜷𝒗 (m) 7.978E-01 7.910E-01 -0.85% 7.930E-01 -0.60% 

𝜷𝒘 (m) 2.896E-01 2.935E-01 1.35% 2.932E-01 1.24% 

𝜷𝝎 -1.762E+00 -1.775E+00 0.74% -1.775E+00 0.74% 

 

5.2. Example 2 – Validation of yield surface generation  

 

This example presents an evaluation of the proposed method for generating 

yield surfaces for arbitrary-shaped steel sections, as illustrated in Fig. 7. Four 

sections are considered: an L-section, a T-section, a lipped channel section, and 

an irregular open section. These sections are modelled using the proposed 

method GSE, in which three and seven Gauss points are used along the thickness 

and length direction of a segment. The yield curves (i.e., 𝑝-𝑚𝑦, 𝑝-𝑚𝑧, 𝑚𝑧-𝑚𝑦, 

𝑝 -𝑚𝑣 , 𝑝 -𝑚𝑤 , and 𝑚𝑣 -𝑚𝑤 ) are plotted in Figs. 8-11, with 𝑦 -𝑧  and 𝑣 - 𝑤 

representing the geometric and principal axes, respectively. For comparison 

purposes, the results from the fiber-based cross-sectional analysis method [8] 

and equations given by ANSI/AISC-360-16 [30] and McGuire et al. [6] are also 

provided.  

 

 
Fig. 7 Typical nonsymmetrical sections for generation of yield surface 

 

The results presented in Figs. 8-11 show that the proposed algorithm can 

accurately generate yield surfaces that closely match those obtained from the 

advanced fiber-based model [8]. This demonstrates that the commonly used 

number of Gauss points for integration is sufficient and that further increasing 

the number of Gauss points, with additional computational effort, can yield 

more convergent results. Notably, the proposed method obtains these results 

with significantly reduced computational time compared to the fiber-based 

model. From a practical standpoint, reduced computational time is most 

beneficial when yield surfaces must be generated repeatedly, such as in 

parametric studies of arbitrary/built-up sections, design iterations and 

optimization, or when assessing multiple member types within a project. 

Although the time saving for a single section may appear modest in absolute 

terms, the computational benefit accumulates quickly when the yield surface is 

sampled over many axial-load levels and neutral-axis orientations. The 
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consistent time reductions observed in the validation studies (e.g., Table 7 for 

moment–thrust–curvature calculations) indicate that the proposed approach can 

improve analysis throughput without compromising accuracy. 

Conversely, the calculation methods proposed by ANSI/AISC-360-16 [30] 

and McGuire et al. [6] are not suitable for analyzing nonsymmetrical sections. 

The former relies on conservative linear interaction curves for the yield surface, 

which tends to fall inside the precisely generated yield surface. Meanwhile, the 

equation provided by McGuire et al. [6] occasionally overestimates section 

capacities, as illustrated in Fig. 8 for equal leg angle sections.  

Based on the findings presented in Figs. 8-11, this example provides 

additional evidence supporting the efficiency and reliability of the proposed 

method for modeling nonsymmetrical sections and accurately generating their 

yield surfaces. In contrast, existing calculation methods, such as those described 

in ANSI/AISC-360-16 [31] and McGuire et al. [6], are insufficient when dealing 

with arbitrary-shaped steel sections. The results obtained from the proposed 

method provide further evidence of its accuracy and computational efficiency 

over these existing methods, further highlighting the importance of employing 

more advanced and specialized techniques for accurate analysis of yield 

surfaces in such cases. 

 

 

 

Fig. 8 Comparison results for the yield surface of section A 
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Fig. 9 Comparison results for the yield surface of section B 
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Fig. 10 Comparison results for the yield surface of section C 
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Fig. 11 Comparison results for the yield surface of section D 

 

5.3. Example 3 – Validation of moment-thrust-curvature calculation 

 

In this example, the moment-thrust-curvatures of three different sections 

(Fig. 12) are investigated to evaluate the accuracy and validity of the proposed 

method GSE. Similar to the previous example, three Gauss points are used along 

the thickness and seven along the length of each segment. The sections are 

analyzed using a bi-linear steel material model with Young's modulus of 200 

GPa. Moment-curvature curves under different axial loads (0, 0.1Py, 0.2Py, 

0.4Py, 0.6Py, and 0.8Py, with Py denoting the cross-sectional axial capacity) 

are provided. The comparative results are given in Figs. 13-15, where My and 

φy, indicate the initial yield moment and curvature, respectively. Results from 

the fiber-based method introduced by Chen et al. [11] and SE::MC [31] serve 

as the benchmark. In addition, results from the closed-form solutions introduced 

by Chen and Atsuta [32] for I-sections are also provided in Fig. 13.   
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(a) W8x31 (b) Lipped channel section (c) Irregular open section 

Fig. 12 The dimensions of the analyzed sections 

 

 

  

(a) P/Py = 0.0, 0.2, and 0.6 (b) P/Py = 0.1, 0.4, and 0.8 

Fig. 13 Moment-thrust-curvatures of W8x31 

 

 

  

(a) P/Py = 0.0, 0.2, and 0.6 (b) P/Py = 0.1, 0.4, and 0.8 

Fig. 14 Moment-thrust-curvatures of the lipped channel section 

 
 

  

(a) P/Py = 0.0, 0.2, and 0.6 (b) P/Py = 0.1, 0.4, and 0.8 

Fig. 15 Moment-thrust-curvatures of the irregular open section 
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Table 7  

The computational time for fibre-based and proposed model 

Section P/Py Fiber-based model (sec.) 
Present Study 

(sec.) 
Time reduction 

(a) W8x31 

0.0 2.03 0.43 78.8% 

0.1 1.58 0.46 70.9% 

0.2 2.71 0.98 63.8% 

0.4 2.17 0.72 66.8% 

0.6 3.02 1.71 43.4% 

0.8 2.86 1.21 57.7% 

(b) Lipped channel section 

0.0 1.93 0.51 73.6% 

0.1 1.53 0.52 66.0% 

0.2 2.39 0.96 59.8% 

0.4 2.15 0.79 63.3% 

0.6 2.89 1.61 44.3% 

0.8 2.21 1.46 33.9% 

(c) Irregular open section 

0.0 1.78 0.56 68.5% 

0.1 1.97 0.63 68.0% 

0.2 2.13 0.83 61.0% 

0.4 2.47 0.78 68.4% 

0.6 2.92 1.21 58.6% 

0.8 3.04 1.04 65.8% 

Note: timings were obtained on the same workstation under identical software settings 

 

The moment-thrust-curvatures obtained from the proposed method using 

GSE closely matched those from the fiber-based model using less 

computational time (Table 7). Based on these results, the proposed method 

using GSE has been demonstrated to be highly efficient, accurate, and reliable 

for the moment-thrust-curvature generation of arbitrary-shaped steel sections. 

 

6.  Conclusion 

 

This paper proposes a Gaussian segmental element (GSE) framework for 

efficient cross-sectional analysis of arbitrary-shaped steel sections. This method 

employs a mesh-free line-segment representation with Gaussian quadrature for 

stress integration and introduces a refined line-segment model with end 

eccentricities to address overlap issues in tree-type geometries and improve 

geometric representation. Complete formulations and numerical procedures are 

presented and implemented in MSASect2, enabling the calculation of cross-

section properties, full yield surfaces, and moment–thrust–curvature 

relationships. Validation against established benchmarks demonstrates that the 

proposed approach can deliver accurate sectional responses for a range of open 

and closed, symmetric and nonsymmetric sections, while reducing the 

computational effort associated with conventional fiber discretization. Future 

work will focus on (i) extending the geometric modeling to curved boundaries 

via segment refinement strategies, (ii) developing adaptive rules for segment 

subdivision and Gauss-point selection for highly localized response, and (iii) 

incorporating more general torsion/warping property evaluation for cases where 

thin-walled assumptions are not appropriate, together with broader validations 

for additional section families and material models. 
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